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A B S T R A C T   

Reactive transport modeling is known to be computationally intensive when applied to 3D problems. Trans
forming sequential computing on the computer processor units (CPU) into parallelized computation on the high- 
performance parallel graphic processor units (GPU) is a classical approach to increasing computational perfor
mance. Another complementary approach is to decompose a complex 3D modeling problem into a set of simpler 
1D problems using streamline approaches which can be easily parallelized, therefore reducing computation time. 
This paper investigates solutions to the equations governing dissolution and transport using streamlines coupled 
with a parallelization approach. In addition, an analytical solution to the dissolution and transfer equations of 
uranium describing the In-Situ Leaching (ISL) mining recovery is found using an approximation series to the 2nd 
order. The analytical solution is compared to the 1D numerical resolution along the streamlines and to the 3D 
simulation results superimposed on the streamline. Both approaches give similar results with a relative error of 
<2 % (2%). The proposed methodology is then applied to a case study in which the classical 3D resolution is 
compared to the newly suggested streamline solution, demonstrating that the streamline approach increases 
computational performances by a factor ranging from hundred to thousand depending on the complexity of the 
grid-block model.   

1. Introduction 

In-Situ Leaching (ISL) is a common method used to recover minerals 
in the mining industry, particularly for uranium deposits such as those 
exploited in Kazakhstan (Uranium Production by Country, 2022; Bru
neton and Cuney, 2016; International Atomic Energy Agency, 2009). 
Given the geological/ mineralogical heterogeneity of deposits, and the 
complexity of the physicochemical processes involved during the 
leaching of minerals by the ISL method, the dissolution/precipitation 
modeling of compounds is computationally resource-intensive, specif
ically for 3D modeling. However, the number of mineable uranium de
posits mined at a cost of less than USD 80 per kilogram is currently 
decreasing, requiring an efficient non-expensive optimization modeling 
approach to better extract the commodities. According to the Organi
zation for Economic Co-operation and Development (OECD) (OECD, 
2020; OECD, 2008), the number of such “easily” mineable resources 

decreased by as much as 55% during these last 15 years, and only about 
2.0 million tons of such uranium deposits are currently available for 
mining (OECD, 2020). Currently, deeper low grade mineralized layers 
must be exploited; their ore quality decreases as they are characterized 
by lower amounts of fine- to medium-grained size sandstone enriched 
with often clay minerals (montmorillonite, smectite, and illite). There
fore, there is a need to conduct more detailed analyses of both geological 
modeling and geotechnological test-site and production modes in the 
field. Thus, an increase in the performance of calculations is required to 
conduct this detailed analysis. It can be achieved by using high- 
performance intensive calculation methods such as performing calcu
lations on the graphics processor unit (GPU) instead of the classical 
computer processor unit (CPU). In addition, if calculations can be easily 
parallelized such that the full GPU performance can be used, the 
reduction in the amount of calculations required will be significant. The 
streamlines approach presents several advantages: it transforms a three- 
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dimensional problem into a set of simplified one-dimensional paral
lelizable equations that can be solved along the streamlines. Historically, 
1D numerical solutions along streamlines were first introduced by 
Bommer and Schechter (1979) (Bommer and Schechter, 1979) to solve a 
uranium leaching problem. Since this early paper, several works have 
investigated modeling in-situ uranium leaching including 1D, 2D, and 
3D models (Gromov, 1978; Grenthe et al., 2004; Zheng and Wang, 1999; 
Kuljabekov, 2014; Panfilov et al., 2016; Aizhulov et al., 2022). 

This study discusses the In-Situ Leaching (ISL) method used in 

uranium mining in Kazakhstan and the need for increased computa
tional efficiency in modeling the complex physicochemical processes 
involved in mineral leaching. The article proposes solutions to the 
dissolution/transport equations for the ISL process using streamlines 
coupled with a parallelization approach on a hexagonal well pattern. 
Additionally, it presents a novel analytical solution to the uranium 
dissolution and transfer equations in ISL mining, which is compared to 
1D numerical resolution and 3D simulation results. The study empha
sizes the importance of improving computational efficiency to meet the 

Fig. 1. Computational domain for modeling fluid flow in an ISL mining operation with a hexagonal well pattern.  

Fig. 2. Modeling of the the pressure field in an ISL mining exploitation with a hexagonal well pattern.  
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demands of deeper, low-grade mineralized layers in the mining industry. 
The study first introduces the methods and flow transport model 

used to simulate the in-situ process, followed by a brief description of the 
reactive chemical transport model involved in the dissolution/precipi
tation of minerals. The implementation of the streamline approach on a 
parallel graphic card is then presented. A novel 1D analytical solution to 
the dissolution/transport equations for the ISL process is detailed. 
Finally, the paper presents results from a case study that compares the 
parallelized streamline approach with 3D simulation results. 

2. Material and methods 

An area of constant permeability with a uniform distribution of 
mineral/rock is considered and divided into hexagonal cells with in
jection wells (in red) located at its vertices and a pumping productive 
well (in blue) at its center (Fig. 1). The wells’ screens are with a length of 
approximately eight meters long and are centered along the height of the 
layer. Constant pressure is imposed at the lateral boundaries of the re
gion, together with impermeability conditions on the upper and lower 
boundaries. Well flow rates are imposed to be constant; the flow rate 
balance is maintained, i.e. the sum of flow rates on injection wells is kept 
equal to the flow rate of the production well. 

Numerical modeling of the ISL requires finding solutions to a system 
of partial differential equations and generally consists of two major 
steps: (i) estimating the pressure p [Pa] and velocity u [m s− 1] fields 
using the Darcy’s law and conservation laws (Eqs. (1)–(2)); (ii) solving 
the equations governing mass transfer for the chemical components and 
the conservation of the solute mass (Panfilov et al., 2016; Aizhulov et al., 
2022; Bear, 2014; Darcy, 1856; Danaev et al., 2005; Chang et al., 2006): 

uϕ = −
k
μ.(∇p+ ρlg) (1)  

ρl.∇.(uϕ) = q (2)  

where ϕ [m3 m− 3] is porosity, k [m2] the intrinsic permeability, μ [Pa s] 
the dynamic viscosity, ρl [kg m− 3] the fluid density, g = 9.80665 [m s− 2] 
the gravitational acceleration, ∇ [m− 1] the gradient operator, ∇. [m− 1] 
the divergence operator, and q [kg m− 3 s− 1] the flow rate sources. The 
fluid density and velocity are assumed to be spatially constant, so that ρl 
can be extracted from the divergence term and the time derivative of the 
velocity is zero (∂t(uϕ) = 0 ) in the conservation Eq. (2). Substituting Eq. 
(2) into (1) gives the following stationary pressure flow mass conser
vative equation (Panfilov et al., 2016): 

∇.(uϕ)+∇.

(
k
μ.(∇p+ ρlg)

)

= q* (3)  

with q* = q/ρl [s− 1] the reduced source term which is positive for in
jection or negative for pumping. Iterative methods are commonly used 
for solving the pressure and velocity fields governed by elliptic equa
tions (Danaev et al., 2005; Chang et al., 2006). The implicit and explicit 
approaches for calculating the pressure include the following numerical 
methods: Jacobi Iteration (JI), Point Gauss-Seidel Iteration (PGSI), Line 

Gauss-Seidel Iteration (LGSI), and Point Successive Over-relaxation 
(PSO) (Press et al., 2007). The main problem with the classical numer
ical iterative approaches mentioned above is that they require highly 
time-consuming computational resources. Calculation speed on stan
dard desktop computers can be significantly improved using high- 
performance computing parallel technologies like CUDA on a GPU 
(CUDA, 2013). The pressure distribution for a hexagonal well pattern 
with the above mentioned boundary conditions are shown in Fig. 2. 

Several methods exist for solving ISL mass transfer problems (Pen
kovskij Ben Simon et al., 2014; Regnault et al., 2015; Collet et al., 2022). 
However, these methods largely rely on computationally expensive 3D 
kinetics process modeling (Collet et al., 2022). The main concept of this 
study is to use a streamline-based method that splits the 3D chemical 
kinetics problem into a set of 1D chemical kinetics calculations along the 
streamlines that traverse the 3D space under investigation. This 
approach can significantly accelerate computer time because the prob
lem can be easily parallelized. In addition, analytical solutions can often 
be found for 1D mass transfer problems for the sulfuric acid ISL of 
uranium as demonstrated in previous studies (Kuljabekov, 2014; Pan
filov et al., 2016; Golubev et al., 1978; Penkovski and Rybakova, 1989; 
Kancel, 2008; Alibayeva et al., 2009; Alibayeva et al., 2010). 

One of the major issues in any mass transfer numerical simulations is 
finding the reaction rate coefficients for specific chemical components: 
kinetic rate constants are the key parameters in numerical modeling. 
These critical kinetic rate constants can only be obtained in laboratory 
conditions through experimental data. Literature reports several ex
periments and kinetic rate constants for uranyl minerals leached by 
sulfuric acid (Bhargava et al., 2015; Steefel et al., 2005; Faraji et al., 
2020a; Kurmanseiit et al., 2022) which describe the results and inter
pretation of pipe-leaching experiments. The material used in this work 
comes from the South Tortkuduk deposit consisting of medium-fine- 
grained sand with a uranium content of 0.077%, with coffinite being 
the dominant mineral (90%). The rate constants for leaching this ore 
have been determined in previous laboratory studies (Kurmanseiit et al., 
2022). 

The acidic leaching agent being slightly denser than groundwater, 
gravitational effects must be accounted for in the pressure equation as it 
can impact the flow direction. Due to these gravitational effects, the 
injected fluid, being denser, tends to move downwards, while the lighter 
groundwater flows towards the production well. Incorporating gravi
tation effects into the Computational Fluid Dynamics (CFD) can signif
icantly complicate the streamline simulation method because it requires 
streamlines to be recalculated at every iteration. This is a known limi
tation of the streamline method (Thiele, 2001; Datta-Gupta and King, 
1995; Batycky et al., 1997; King and Datta-Gupta, 1998; Crane and 
Blunt, 1999; Oladyshkin et al., 2008; Gerritsen et al., 2009; Thiele et al., 
2010; Wen et al., 2014; Alhashmi et al., 2015; Datta-Gupta and King, 
2007). 

3. Reactive chemical transport 

Since the total mass of the elements involved in a chemical reaction 
is preserved (Kurmanseiit et al., 2022), it is assumed that the density of 
the solution remains unchanged during the ISL process. Simple chemical 
reactions involving reagents, solid minerals, and leached minerals can 
be represented as follows: 

ν1M(s) + ν2R(aq) = ν3P(aq) + ν4W(l);UO3(s) +H2SO4(aq) = UO2SO4(aq) +H2O(l)

(R1)  

where R(aq) is the reagent, i.e., sulfuric acid (H2SO4), M(s) is the solid 
mineral consisting of uranium trioxide (UO3), P(aq) is the leached min
eral product uranyl sulfate (UO2SO4) and water W(l) (H2O) (Uranium 
Production by Country, 2022). The dissolution reaction is exothermic 
with a negative enthalpy, estimated to be ΔH = − 117.0 kJ mol− 1 

(Torrero et al., 1997) (Table 1). The liquid phase consists of three 

Table 1 
Thermodynamic data of some uranium species.  

Label Species1 Δf G0
m (kJ mol− 1) Δf H0

m (kJ mol− 1) S0
m (J mol− 1 K− 1) 

M UO3(s) − 1145.7 ± 1.2 − 1224 ± 1.2(1) 96.1 ± 0.4 
R H2SO4(l) − 690.1 − 814.0 156.9 
P UO2SO4(l) − 1714.5 ± 1.8 − 1908.8 ± 2.2 46.01 ± 6.17 
W H2O(l) − 237.14 − 285.83 69.95 

Data from (Grenthe et al., 2004; Torrero et al., 1997); 1All standard enthalpy 
values are at temperature T = 25 ◦C and pressure. P = 1 atm; the Gibbs free 
energy: ΔG = ΔH − TΔS. (1) CODATA reference values (Cox et al., 1984).  

M.B. Kurmanseiit et al.                                                                                                                                                                                                                        



Hydrometallurgy 220 (2023) 106107

4

components: water, sulfuric acid and uranyl sulfate. 
The solid phase consists of uranium trioxide and all other solid 

components. From reaction (R1) the mass balance equations for ura
nium trioxide concentration CM, sulfuric acid concentration CR, and 
uranyl sulfate concentration CP are given by: 

∂tCM = − ν1ω/(1 − ϕ)
∂tCR + u.∇CR = ∇.(D∇CR) − ν2ω/ϕ
∂tCP + u.∇CP = ∇.(D∇CP) + ν3ω/ϕ

(4)  

where CM, CR, and CP are the molar concentration [mol L− 1] of the 
uranium trioxide, sulfuric acid and uranyl sulfate, respectively, t is the 
time [day]; ∂t is the time derivative [day− 1], u is the fluid flow velocity 
[m day− 1], νi is the stoichiometric coefficient of component i in the 
chemical reaction (R1), ω is the reaction rate [mol L− 1 day− 1] for the 
chemical reaction described by the Law of Mass Action (LMA), ϕ is the 
porosity, ρs is the molar density of the solid rocks [mol m− 3], and D is the 
dispersion coefficient [m2 day− 1]. The boundary conditions are case- 
dependent and will be defined later in section 5 Eq. (13). In most min
ing applications, the diffusion terms ∇.(D∇Ci) ≈ 0, leading to a 
simplified set of convective Eq. (4) as follows: 

∂tCM = − ν1ω/(1 − ϕ)
∂tCR + u.∇CR = − ν2ω/ϕ
∂tCP + u.∇CP = ν3ω/ϕ

(5) 

The second order reaction rate constants k [L mol− 1 day− 1], which 
are temperature-dependent, can be expressed as (Gromov, 1978; 
Grenthe et al., 2004; Zheng and Wang, 1999; Kuljabekov, 2014; Panfilov 
et al., 2016): 

ω = k CMCR (6) 

The ability of acid to penetrate uraninite/coffinite inclusions in rock 
determines the interaction between the lixiviate and solids (Kurmanseiit 
et al., 2022). The reaction between liquid and solid components is a 
complex process and cannot always be described by a first or second- 
order kinetic LMA using stoichiometric coefficients from dissolution 
reaction (such as Guldberg-Waage or van’t Hoff’s law). Instead, an 
empirical expression with stoichiometric exponents is often used: 

ω = k CMCβ
R(aq) (7)  

where β is an empirical parameter with a value between 0 and 2, 
0 < β ≤ 2, where β = 2 for the mass action Guldberg-Waage’s law. For 
the dissolution of uranium reaction (R1), β has been found to be equal to 
1/3, β = 1/3, according to sources (Kuljabekov, 2014; Torrero et al., 
1997). At high concentrations, the terms Ci express activities of 
component i, but in roll-front type uranium deposits, where uranium 
concentrations are typically low (about 500 mg/kg), the affinity will be 

approximated by the concentration. 
Solving the set of differential Eqs. (3), (5) and (7) for a given 

geological model, mineralogical heterogeneity, and boundary condi
tions of an in-situ leaching (ISL) mining implementation scheme is 
computationally resource-intensive (Penkovskij Ben Simon et al., 2014; 
Regnault et al., 2015; Collet et al., 2022; Kurmanseiit et al., 2022). 
However, high-performance computational methods can improve nu
merical performance, such as implementing parallelization and using 
GPUs. One possible method is the streamline approach, which simplifies 
the problem by transforming a 3D problem into a set of one-dimensional 
equations to be solved along streamlines. In this study, we used a 
simplified chemical kinetic model of uranium dissolution to solve the 
equations. 

4. Streamline approach and implementation 

Streamlines are paths followed by particles in a three-dimensional 
flow and are useful in understanding fluid motion in continuous me
chanics, oil and gas reservoir modeling, and reactive transport. The 
widely accepted Stream-Based Flow Modeling approach is effective in 
capturing the physics of flow displacement with an approximate 1D 
model along each streamline. Over the past two decades, much attention 
has been given to streamline-based flow modeling, leading to the widely 
accepted Stream-Based Flow Modeling (SFM) approach as an effective 
and complementary technology to classical flow simulation methods 
such as finite volume and finite differences (Thiele, 2001). Streamlines 
are intensively used (Thiele, 2001; Datta-Gupta and King, 1995; Batycky 
et al., 1997; King and Datta-Gupta, 1998; Crane and Blunt, 1999; Ola
dyshkin et al., 2008; Gerritsen et al., 2009; Thiele et al., 2010; Wen et al., 
2014; Alhashmi et al., 2015; Datta-Gupta and King, 2007). The advan
tage of the streamline-based method is its ability to use a dimensionless 
variable change to express the transport equation as a function of the 
time of flight (TOF) along the streamline trajectory. This approach 
captures the physics of the flow displacement with an approximate 1D 
model along each streamline (Peng et al., 2009). 

The Pollock’s tracing method (Pollock, 1988) is a popular algorithm 
for tracing streamlines of a velocity field given at the nodes of a 3D 
Cartesian cell mesh. The method can be implemented in three steps: (i) 
resolving the pressure equation for calculating the velocity field; (ii) 
tracing the streamline trajectories from the velocity field; and (iii) 
resolving the 1D reactive transport equation along the streamlines. 
Pollock’s algorithm involves calculating the total flux entering and 
exiting each cell using Darcy’s Law, solving transport equations along 
streamlines using time-of-flight (TOF) instead of spatial coordinates, and 
determining the streamline exit point and exit time given any entry 
point in each coordinate direction. Assuming a piecewise linear 

Fig. 3. 2D Schematic of regular square cells illustrating Pollock’s algorithm. The streamline flow enters the cell (i,j) with an input velocity vξi which is linearly 
estimated throughout the cell to calculate the smallest exit time δtm, and the exit coordinates ξe (see text). The streamlines are then traced from the current cell to the 
adjacent cell. 
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approximation of the interstitial velocity field v = u/ϕ [m s− 1] within 
cells, the following simple formulation can be derived for the velocity at 
any location (Thiele, 2001): 

vx = vx0 + gx(x − x0) = dx
/

dt; gx =
(
vxδx − vx0

)/
Δx (8)  

where vx0 is the velocity component along the x-axis of the grid at x =

x0, and gx is the velocity gradient in the x-direction. Similar expressions 
are obtained for the y- and z- directions. To write synthetic formulas 
valid for any direction, let ξ ϵ {x, y, z} be the x-, y- or z- coordinate. Given 
an arbitrary entry point 

(
ξi ∈

(
xi, yi, zi

) )
(Fig. 3), the exit-times out of 

each face are obtained by integrating velocities vξi , ξi ∈
{
xi, yi, zi

}
ac

cording to: 

δtξ =
1
gξ

ln

[
vξ0 + gξ(ξe − ξ0)

vξ0 + gξ(ξi − ξ0)

]

ξ ∈ {x, y, z} (9)  

where ξe =
(
xe, ye, ze

)
represents the unknown exit coordinates. The 

streamline exits the cell from the face having the smallest exit time δtm =

min
ξ∈{x,y,z}

(
δtξ

)
. After that, the exit locations can be determined by solving 

Eq. (9) for ξe ∈
(
xe, ye, ze

)
using the minimum time δtm: 

ξe =
1
gξ

ln
[
vξi exp

(
gξδtm

)
− vξ0

]
+ ξ0; ξ ∈ {x, y, z} (10) 

Pollock’s formulation is originally derived for an orthogonal grid 
block. However, an isoparametric transformation (Cordes and Kinzel
bach, 1994) can be employed to convert a corner-point geometry grid 
into unit cubes or curvilinear coordinates (Prévost et al., 2001) for use 
on any unstructured grid commonly utilized in reservoir simulation. 
Fig. 3 illustrates this approach, where the differential equations remain 
the same for each streamline, differing only by their initial and boundary 
conditions (i.e., input and exit velocities). One of the advantages of 
Pollock’s algorithm is that it does not require the resolution of differ
ential equations for each cell since each 1D domain has its specific 
length and initial and boundary conditions. Fig. 4 shows the streamline 
paths traced in (a) 3D space and (b) top view, calculated using Pollock’s 
algorithm for a hexagonal injection schema with a production well at the 
center. To display streamlines more effectively, the visualization domain 
is reduced to a section of the block from 30 m to 160 m in the x direction 
and from 35 m to 165 m in the y direction (Fig. 4; Fig. 7a; Fig. 9). 

5. 1D analytical solution to the reaction transport equation 

The pressure equation, including the gravity term, is solved using a 

classical finite differences method on a regular grid in the three- 
dimensional space with given boundary conditions and injection/pro
duction rates. The resulting velocity field is used to calculate streamlines 
or stream tubes using Pollock’s algorithm for solving the kinetic eq. A 
local parametric system attached to each streamline simplifies the 
problem into a 1D transport problem with reactive transport terms. This 
approximation of the full 3D problem neglects radial diffusive terms and 
only a 1D solution is required to evaluate the in-situ leaching (ISL) 
process. The Eq. (5) is rewritten in terms of concentrations (Ci) and time- 
of-flight (TOF) along the streamline. The convective spatial derivative 
with respect to the curvilinear coordinate is defined as the partial de
rivative against the TOF (∂τ = u ∂s), and the TOF is the time necessary 
for a single particle to travel from the origin of the streamline to a 
curvilinear coordinate (s) under the influence of the flow velocity field 
(u). The resulting equation is as follows: 

(1 − ϕ)∂tCM + ν1ω = 0
ϕ (∂tCR + u ∂xCR) + ν2ω = 0
ϕ (∂tCP + u ∂xCP) − ν3ω = 0

ω = k CM Cβ
R

(11)  

where indices 1, 2 and 3 represent M, R, and P, respectively. The TOF 
τ(s) along the streamline at the curvilinear dimensionless coordinate 
(s = x/l, s ∈ [0, 1]) is defined as τ(s) =

∫ s
0 dζ/u(ζ), with x the curvilinear 

distance along the streamline and l is the total length. This provides a 
measure of the time taken for a single particle entering the streamline at 
t = 0 to travel to a point along the streamline defined by the curvilinear 
coordinate s under the influence of the flow velocity field u. Introducing 
the two parameters (if porosity varies, it is spatial-dependent quantity) 
λ1 = ν1k/(1 − ϕ) and λ2 = − λ3 = ν2k/ϕ, Eqs. (11) can be simplified 
into (reminding ν1 = 1): 

∂tCM + λ1CMCβ
R = 0

∂tCR + ∂τCR + λ2CMCβ
R = 0

∂tCP + ∂τCP − λ3CMCβ
P = 0

(12) 

The initial and boundary conditions are: 

CM |t=0 = C0
M(τ);CR|t=0,τ≥0 = 0;CR|t>0,τ=0 = Cinj

R ;CP|t=0 = 0;CP|τ=0 = 0
(13) 

These initial conditions mean that: (i) at initial time t = 0, the ura
nium concentration along the streamline is equal to C0

M(τ) = CM(τ,0); 
(ii) a constant concentration in acid CR is continuously injected at t > 0, 
and that the system is not productive at the initial time t = 0. 

Fig. 4. Paths of streamlines are traced in (a) 3D space and (b) top view using Pollock’s algorithm for a hexagonal injection pattern with a production well located at 
the center. 
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5.1. 1D asymptotic solution to the hyperbolic system 

Given arbitrary initial data, an asymptotic analytical solution to the 
hyperbolic Eqs. (12) can be derived. The concentrations of acid and 
water, CR, are generally much higher than the initial molar concentra
tions of ore and liquid, CM and CP. As such, they are assumed to be of the 
order ε = C0

M, where 0 < ε≪1. A series approximation to the second 
order in ε is used to provide a solution to the system as follows (Kulja
bekov, 2014; Panfilov et al., 2016): 

CM = ε+O
(
ε2);CR = C0

R + ε C1
R +O

(
ε2);CP = C0

P + ε C1
P +O

(
ε2) (14) 

The zero-terms C0
i , where i ∈ {R,P}, satisfy a shock wave-type 

equation similar to saturation or Buckley-Leverett equations. The 
boundary conditions are defined by Eq. (13). The exact solution of a 
hyperbolic equation has a simple form in which the concentration of 
acid in water, C0

R(τ, t) = C0
R(t − τ), depends only on the difference be

tween the current time, t, and the time of flight along the streamline, τ. 
For a specific case, the solution is a step shock wave, which can be 
expressed using the Heaviside function, H(s), as follows (Kuljabekov, 
2014; Panfilov et al., 2016): 

C0
R(τ, t) = Cinj

R H(t − τ);H(s) =
{

1; s > 0
0; s ≤ 0 (15) 

In a coordinate system attached to the streamline, the dynamic front 
wave τ(s) = t represents the propagation of the injected-solution front. 
When the TOF τ is greater than the current time t (τ > t), the concen
tration of acid in water is zero C0

R(τ > t, t) = 0, and it reaches its 
maximum value when τ = t, at which point the uranium ore starts to 
dissolve. To solve the linear terms C1

i ,i ∈ {R,P}, we substitute Eqs. (14)– 
(15) into Eq. (12) which leads to the following linear system: 

∂tC1
R + ∂τC1

R + λ2CM
(
Cinj

R
)β

H(t − τ) = 0;C1
R

⃒
⃒

t=0,τ≥0 = 0

∂tC1
P + ∂τC1

P − λ2CM
(
Cinj

R
)βH(t − τ) = 0;C1

P

⃒
⃒

t=0,τ≥0 = 0
(16)  

where λ2 is a constant, and CM is the molarity of the solution. The 
equations describe the concentration of reactants in the system as a 
function of time and TOF along the streamline. Assuming a constant 
porosity along the streamline path, so that no clogging occurs during the 
leaching process (i.e. λ1 and λ2 are spatially and time-independent), the 
solutions to Eq. (16) are the exponentials given by (Kuljabekov, 2014): 

C1
R(τ, t) = − τ λ2C0

M

(
Cinj

R
)β

e− λ1(Cinj
R )

β
(t− τ)H(t − τ)

C1
P(τ, t) = − C1

R(τ, t) = τ λ2C0
M

(
Cinj

R
)β

e− λ1(Cinj
R )

β
(t− τ)H(t − τ)

(17) 

The solutions are expressed as a function of the molar concentration 
of acid, CR(τ, t). The time-evolution of the uraninite concentration, 
CM(τ, t), at the location τ in the ore depends on the total amount of acid, 
CR(τ, t), which has percolated through the ore, as given by: 

CM(τ, t) = C0
M(τ) e− H(t− τ)

∫ t

0
λ1(Cinj

R (τ,ζ) )
β
dζ (18) 

By using the first-order approximation term of the reagent concen
tration Cinj

R from Eq. (15) and assuming that the coefficient λ1 is sta
tionary (i.e. porosity does not evolve through time, making λ1 time- 
independent), Eq. (18) can be simplified into a more classical form, as 
shown in (Kuljabekov, 2014; Panfilov et al., 2016): 

CM(τ,t)=C0
M(τ)e− λ1(Cinj

R )
β
(t− τ)H(t− τ) =C0

M(τ)
{

1 −
(

1 − e− λ1(Cinj
R )

β
(t− τ)

)
H(t − τ)

}

(19) 

Under the above approximations, the final one-dimensional analyt
ical solutions for a leaching process occurring along any streamline can 
be derived. These solutions are summarized in Eq. (20). 

Final 1D solution: Assuming a constant rate of acid injection, the 1D 
analytical solution for the set of differential Eq. (12) yields a shock wave 

followed by a decreasing exponential function. The final solution can be 
expressed as follows: 

CM(τ, t) = CM(τ, 0)
{

1 −
(

1 − e− λ1(Cinj
R )

β
(t− τ)

)
H(t − τ)

}

CR(τ, t) =
{

Cinj
R − τ λ2CM(τ, 0)

(
Cinj

R
)β

e− λ1(Cinj
R )

β
(t− τ)

}
H(t − τ)

CP(τ, t) = τ λ2CM(τ, 0)
(
Cinj

R
)β

e− λ1(Cinj
R )

β
(t− τ)H(t − τ)

λ1 =
ν1k

(1 − ϕ)
; λ2 =

ν2k
ϕ
; λ2 = −

ν3k
ϕ
; τ(x) =

∫ x/l

o

dζ
u(ζ)

; τ ≥ 0

(20)  

where τ(x) the time of flight (TOF) counted from the origin to reach a 
location x along the streamline of length l [m], x is the curvilinear dis
tance [m] along the streamline counted from its origin, and u is the fluid 
particle velocity [m s− 1] percolating the porous media of porosity ϕ. All 
quantities are expressed in SI units. The molar concentration of uranium 
in the ore at time t [day] and location τ (expressed in TOF) [day] is 
denoted by CM(τ, t) [mol L− 1]. λi, (i = 1, 2,3) is the (modified) rate 
constant [L mol− 1 day− 1], and νi, (i = 1, 2,3) is the stoichiometric co
efficient for species i involved in the chemical dissolution reactions. The 
term Cinj

R = CR(0, t) represenets the amount [mol L− 1] of acid injected at 
a constant rate in the system; β is an empirical parameter (equal to β ≈

1/3 for uranium (Torrero et al., 1997)). The Heaviside function is 
denoted by H; CM(τ, t) is the molar concentration [mol L− 1] of reagent at 
(t, τ); and CP(τ, t) is the molar concentration [mol L− 1] of uranyl sulfate 
(product). 

5.2. Ore recovery 

Each streamline drains a cross-sectional area S(τ) in the three- 
dimensional ore deposit corresponding to a total amount of in-situ 
uranium-trioxide qM(0) = qUO3 (0) at time t = 0 (i.e. before the leach
ing starts) given by: 

qM(0) =
∫ 1

0
(1 − ϕ(τ) ) S(τ) CM(τ, 0) dτ = (1 − ϕ) S

∫ 1

0
CM(τ, 0)dτ (21) 

The total cumulative amount of in-situ recoverable uranium qM(t)
produced by a streamline at time t is given by integrating the concen
tration CP(1, t) over time; it becomes: 

qP(t) =
∫ t

0
ϕ(τ) S(τ) CP(1, ξ) dξ = ϕ S

∫ t

0
CP(1, ξ)dξ (22) 

The simplified second members of Eqs. (21) and (22) are valid when 
the porosity and the section S are constant all along the streamlines. The 
recovery R(t) defined in the range [0,1] is the ratio of the cumulative 
uranium qP(t) leached at the time t and dissolved as a product P in the 
liquid, to the potential in place recoverable uranium qM(0): 

R(t) =
qP(t)
qM(0)

=

∫ t

0
ϕ(τ) S(τ) CP(1, ξ) dξ

∫ 1

0
(1 − ϕ(τ) ) S(τ) CM(τ, 0) dτ

=
ϕ

(1 − ϕ)
.

∫ t

0
CP(1, ξ)dξ

∫ 1

0
CM(τ, 0)dτ

(23) 

Inserting Eq. (20) in Eq. (23) shows that the recovery R(t) is a cu
mulative exponential distribution given by: 

R(t) =

{

1 − e−
kCinj

R (t− τ)
(1− ϕ)

}

H(t − τ) (24)  

assuming β = 1, if not the followings are valid substituting Cinj
R by 

(
Cinj

R

)β
, where τ is the time necessary to reach the producer from the 

injector wells when the injection starts at t = 0. Notice that for an 
infinite time, the recovery is equal to 1 (R(t→∞) = 1). The recovery rate 
∂t ln(1 − R) = − ∂tR/(1 − R) is defined as the log-derivative with respect 
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to time t of one minus the recovery 1 − R(t). The constant α is propor
tional to the injected amount of sulfuric acid Cinj

R = Cinj
H2SO4

= CR(0, t), 
the chemical (temperature and pressure-dependent) rate constant k, and 
inversely proportional to the porosity (rock density1700 [kg m− 3]): 

∂tln(1 − R) = −
∂tR

1 − R
= −

kCinj
R

(1 − ϕ)
= α

ln(1 − R(t) ) = α(t − τ)H(t − τ) = (t − τ)
τSCM

H(t − τ)
(25) 

A log-time plot of the quantity 1 − R(t) against time t shows a hori
zontal line at 0 up to time τ, followed by a decreasing line with a con
stant negative slope of α = 1/τSCM [day− 1]. By knowing the porosity ϕ 

and the constant amount of injected acid Cinj
R , the rate constant k can be 

estimated graphically as k = |α|(1 − ϕ)/Cinj
R . This analytical model can 

be used to test the numerical resolution of the set of Eq. (12). The 
quantity τSCM is the time constant [day] in the liquid film diffusion 
control, which is the completion time required for the diffusion process 
in the layer formed at the surface of the particles. According to (Li et al., 
2013; Faraji et al., 2020b), the time constant τSCM is defined as: 

τSCM =
ρMR0

ν1kcCinj
R

(26) 

The expression (26) shows that τSCM is proportional to the molar 
density [mol m− 3] of the reactive component in the solid ρM, and to the 
initial radius of the solid particle, R0 [m]. It is also inversely proportional 
to the mass transfer coefficient in the liquid film kc [m day− 1], to the 
stoichiometric coefficient of the reactant, ν1, and to the molar concen
tration of leaching agent, Cinj

R (mol m− 3). 
Eq. (25) represents a log-time-linear recovery equation that is 

commonly used to describe leaching kinetic model in the shrinking core 
model (SCM), which is a first-order leaching kinetic model. The SCM is a 
widely used model for describing the dissolution kinetics (Li et al., 2013; 
Faraji et al., 2020b) in leaching processes of minerals. The model 

Table 2 
Ore and solution characteristics used to numerically solve the reactive transport 
system described by Eq. (20).  

ϕ ρs ρl Kf yM (H2SO4(liquid))

[%] [kg m− 3] [kg m− 3] [m day− 1] [%] [g L− 1] 

0.22 1700 1015 7.0 0.077 20  

Fig. 5. Leached uranium (U) distribution [in g L− 1] along the streamlines for different mesh sizes ranging from 50 to 600 nodes. The 500-nodes mesh provides an 
acceptable level of precision for determining the acid concentration. 
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involves several mechanisms including liquid film diffusion control, 
chemical reaction control at the grain surface, and solid product layer 
diffusion control. The slowest process among these mechanisms de
termines the final leaching kinetics. The SCM assumes that leaching rate 
is proportional to both the concentration of the leaching agent and the 
surface area of the mineral, based on the radius as well as the porosity of 
the particle. This first-order leaching kinetic model can be used to pre
dict the leaching behavior of minerals under various conditions, such as 
temperature, concentration, and particle size. In the present case, the 
log-time-linear recovery expression indicates that liquid film diffusion 

control is the dominant process, and that the size of the solid particle 
remains approximately constant (Faraji et al., 2020b). 

In the context of reserve estimation, the mass percentage is 
commonly employed as the unit of measure for uranium content. 
Nevertheless, when engaging in mathematical modeling, it becomes 
essential to work with moles in accordance with the law of conservation 
of mass. However, engineers typically find values expressed in grams per 
liter [g L− 1] more familiar. Therefore, the calculation results were 
converted to the appropriate units of measurement for calculation pur
poses and ease of comprehension by engineers. Unit conversion from 
mass percentage to molar concentration is done through the following 
formula: 

C =
ρ y
M

(27)  

where C is molar concentration, ρ is density of liquids or solids 
depending on the component state, y is concentration in percent, M is 
molar mass of respective component. Therefore, as per Table 2 molar 
concentrations per liter of uranium and reagent are equal to: 

Fig. 6. Variation of peak value of leached mineral [g L− 1] along streamlines for 
different mesh sizes ranging from 50 to 600 nodes. The plot shows that the peak 
value stabilizes and converges for a mesh size of 500 nodes, which is then used 
for further numerical experiments. 

Table 3 
Peak value and relative difference of uranium concentration in the pregnant solution for different mesh sizes along the streamline.  

Nodes number 50 100 150 200 250 300 350 400 450 500 550 600 

max (Cleached U) [g L− 1] 17.9 20.9 22.0 22.9 23.5 24.0 24.4 24.8 25.0 25.3 25.5 25.7 
Relative Difference [%] 30.5 18.7 14.3 10.8 8.3 6.4 4.9 3.5 2.5 1.6 0.8 – 

The 500-nodes mesh provides an acceptable level of accuracy. 

Fig. 7. (a) Top view of streamlines colored by injectors, from the injection wells to the production well. (b) Times of flight (TOF) for all streamlines from injector 2 to 
productor 1. 

Table 4 
Comparison of the analytical and numerical results along a streamline.   

Concentrations of 

Uranium in ore U Sulfuric acid H2SO4 Leached uranium U 

NRMSD, [%] 7.35 4.23 7.31 
RMSD, [g L− 1] 0.0962 0.8463 3.4723 
MAE, [g L− 1] 0.0465 0.3221 1.0305 

RMSD = root-mean-square deviation; NRMSD = normalized root-mean-square 
deviation; MAE = mean absolute error. 
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C0
M = 1.309

[
mol L− 1 ] = 1.301

[
g L− 1],Cinj

R = 0.2108
[
mol L− 1]

6. Results 

To validate the assumptions made in the analytical approximative 
solution of the system of Eqs. (20) and (25), we performed a numerical 
resolution of the same system using the initial data presented in Table 2. 
We calculated the distributions of solid mineral UO3, reagent H2SO4, 
and dissolved useful components UO2SO4 along the streamline both 
numerically and analytically by solving the differential Eq. (12) on a 1D 
regular mesh. Based on the calculated values of the concentrations of the 
solid mineral UO3 and the dissolved useful component UO2SO4, the 
concentrations of uranium in ore and leached uranium are determined 
and presented at all subsequent figures. To study numerical convergence 
and precision, we investigated several mesh sizes ranging from 50 to 600 
nodes to calculate the concentrations along the streamlines (Fig. 5). The 
concentration of leached mineral U [g L− 1] is a useful indicator of the 

product concentration in the reagent. We calculated this concentration 
for different mesh sizes ranging from 50 to 600 nodes spread along the 
streamlines. The concentration curves stabilized and converged for a 
mesh size of 500 nodes, which we used for further numerical experi
ments (Fig. 6). 

The maximum dissolved product concentration occurs at time-of- 
flight (TOF) between 20 and 45 days and remains constant for other 
values outside this range. Therefore, we focused on this specific TOF 
range in our analysis. We compared the peak of dissolved uranium 
concentration in the pregnant solution for different node numbers along 
the streamline (Table 3). The comparative analysis showed that the 
relative difference (calculated from the 600 nodes) at 500 nodes was 
insignificant and did not exceed 2%. Therefore, we used 500 nodes along 
streamlines for further calculations. 

Fig. 7a presents the streamlines colored by injectors that run from the 
injection wells to the production well. The TOF of the streamlines from 
injector 2 to productor 1 are shown in Fig. 7b. The solution injected at 

Fig. 8. Comparison of the analytical (red circles) to the numerical (blue squares) concentrations (g L− 1) of uranium in ore (a), sulfuric acid (b), and leached uranium 
(c) distributions along the shortest streamline after 40 days of mining. (For interpretation of the references to colour in this figure legend, the reader is referred to the 
web version of this article.) 
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well 2 takes 52 days to reach well 1 along the shortest streamlines. A 
comparative analysis of acid consumption, solid, and dissolved minerals 
in the ore was performed for analytical and numerical solutions along 
the streamline, as shown in Table 4. The relative difference in the total 
uranium in ore, defined as the sum of solid and dissolved uranium, be
tween the analytical and numerical calculations was found to be <8%. 

The concentrations of the uranium in ore (a), sulfuric acid (b), and 
leached uranium (c) are calculated along the streamlines after the 40th 
day of mining (Fig. 8), following the injection hexagonal pattern 

described in Fig. 1. The results demonstrate good agreement between 
the analytical and numerical solutions, with insignificant numerical 
diffusion observed in zones dominated by the concentration gradient. 
The results are qualitatively similar and in general, show good agree
ment (Table 4). 

Fig. 9 presents top views of a hexagonal well pattern painted with 
concentration (g L− 1) of uranium in ore, (a), sulfuric acid (b), and 
leached uranium (c) simulated using 3D (1st column) and SL (2nd col
umn) numerical methods after 40 days of ISL. The results are shown in 

Fig. 9. Top-down view of a hexagonal well pattern (X and Y refers to Figs. 1 and 2), showing the concentration distribution (g L− 1) of uranium in ore (a), sulfuric acid 
(b), and leached uranium (c) after 40 days of ISL. Results are from 3D simulations (1st column) and streamline (2nd column) simulations. 
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the area between x and y intervals of [30, 160] and [35, 165], respec
tively, as mentioned earlier. Fig. 10 compares the concentrations of the 
uranium in ore (a), sulfuric acid (b), and leached uranium (c) calculated 
along the shortest streamline after 40 days of ISL using the analytical 
(blue), numerical (red), and 3D (green) simulations. The shortest 

streamline between the injection and production wells is about 50 m 
long. The analytical and numerical streamline solutions are in good 
agreement with a small deviation ranging from 22 to 33 m, while the 3D 
modeling results differ in the range of 15 to 45 m. Table 5 shows the 
deviation of the values of concentrations of uranium in ore, sulfuric acid, 

Fig. 10. Analytical (blue squares), numerical (red circles), and 3D simulation (green triangles) of (a) uranium in ore, (b) sulfuric acid, and (c) leached uranium 
distributions along the streamline after 40 days of ISL. The 1D analytical solution is rather close to the 1D numerical solution along the streamlines, while the full 3D 
numerical solution presents a wider numerical dispersion indicating lower production yield. (For interpretation of the references to colour in this figure legend, the 
reader is referred to the web version of this article.) 

Table 5 
Analytical and numerical results along streamline compared to the 3D numerical resolution.   

Concentration of 

uranium in ore U sulfuric acid H2SO4 leached uranium U 

3D numerical 3D numerical 3D numerical Streamline Numerical 3D numerical Streamline Numerical 

NRMSD, [%] 8.03 8.03 11.26 4.45 14.12 7.78 
RMSD, [g L− 1] 0.1052 0.1052 2.2520 0.8909 5.9596 3.2828 
MAE, [g L− 1] 0.0635 0.0635 1.4420 0.2976 2.7974 0.9416 

RMSD = root-mean-square deviation; NRMSD = normalized root-mean-square deviation; MAE = mean absolute error. 
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and leached uranium obtained numerically in 3D and along the 
streamline with an analytical solution. 

(a) (b) (c) 
(a) (b) 
(c) 
The 3D modeling exhibits an exceedingly large numerical dispersion 

effect due to the 3D mesh size. To reduce numerical dispersion and 
computation time, several numerical methods were investigated with 
two mesh sizes: Δx = Δy = 2 m, Δz = 0.3 m and Δx = Δy = 1 m, Δz =
0.3 m. The 3D simulations were conducted using implicit and explicit 
methods; they have not given any noticeable difference in reducing 
numerical diffusion effects. 

The numerical solution along streamlines takes 3.5–9 times longer to 
compute than the analytical solution, depending on the mesh size. 
Nevertheless, numerical solutions along streamline are significantly 
faster than 3D solutions, which require 70 and 440 times more 
computation time for multicore parallelization and simple-core explicit 
methods, respectively. Increasing the mesh size by a factor of four, leads 
to a 5.5 to 6 times increase of computational time (Table 6). 

7. Conclusions 

In the context of uranium mining using in-situ leaching (ISL) 
methods, streamline-based simulations are utilized to calculate the total 
UO3 recovery after leaching, required amount acid volume, and process 
duration. The simulations model the interactions between reagent and 
the uranium mineral, assuming simplified chemical kinetics of dissolu
tion. The streamline-based approach simplifies the complex 3D numer
ical problem into a set of 1D numerical resolutions along the 
streamlines. By assuming constant average rock properties, ore grade, 
flow velocity, and porosity within the studied domain, this work has 
derived a one-dimensional analytical solution for the chemical concen
tration distribution along the streamlines. 

The analytical solution is compared with the one-dimensional nu
merical solution obtained along streamlines. The results are both qual
itatively and quantitatively very similar. The main advantage of the 
analytical solution is its independence from the computational grid, 
making it faster than the numerical solution, with improvements of 
speed ranging from 3.5 to 9 times (depending on the mesh size). In 
contrast, the numerical solution requires a grid of at least 500 nodes per 
streamline to reach convergence. We performed a comparative analysis 
of acid consumption, solid, and dissolved uranium mineral along 
streamlines for both the analytical and numerical solutions. The relative 
difference in the total uranium in ore, which is the sum of solid and 
dissolved uranium, between the analytical and numerical solutions is 
<2.5%. However, the analytical solution assumes constant rock and ore 
properties, flow rate, and porosity, which is a limitation not encountered 
in the numerical resolution. 

Then, we compared the analytical and numerical streamline-based 
approaches with 3D modeling results on a hexagonal well pattern, 

using 15,600 streamlines from injectors to producers and two mesh 
sizes: 93 × 100 × 40 and 186 × 200 × 40 nodes for the 3D simulation. 
The computation was performed on an Intel core i9-9900K processor 
with a clock speed of 3.6 GHz, and 32 GB of RAM. The streamline nu
merical solutions were much faster than the 3D solutions, requiring 70 
and 440 times less computation time for multicore parallelization and 
simple-core explicit method, respectively. When we quadrupled the 
mesh size, the computational time increased by 5.5 to 6 times. 

Streamline simulation can reduce the computation time by a factor 
ranging between hundred and thousand, depending on the computa
tional grid. Although the analytical solution can only be used to quickly 
predict the process of uranium mining, the numerical study along the 
streamlines has a significant advantage in terms of calculation time 
compared to other methods. These faster simulation approaches pave 
the way for online exploitation simulation, better recovery, and less 
consumption of acid reagent during the exploitation of ore deposits 
mined using In-Situ Leaching methods by accounting for rapid changes 
in exploitation conditions. 
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Table 6 
Computational time required to simulate in-situ leaching on a hexagonal well pattern using streamline and 3D simulations with analytical and various numerical 
methods.  

Grid size1 Simulation Method Computation time, [s] Ratio 

93 × 100 × 40, Δx = Δy = 2, Δz = 0.3 

Streamline 
Analytical 2.74 – 
Numerical 23.89 9 

3D 
Explicit 1208 440 
Explicit with multicore parallelization 190 69 

186 × 200 × 40, Δx = Δy = 1, Δz = 0.3 

Streamline 
Analytical 7.78 – 
Numerical 27.54 3.5 

3D 
Explicit 12,122 1560 
Explicit with multicore parallelization 2106 270  

1 Computational time is given for an Intel core i9-9900K, 3.6 GHz, RAM: 32 GB. The simulations were conducted for two different mesh sizes: 93 × 100 × 40 and 186 
× 200 × 40. 
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