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Abstract: The paper introduces a mathematical model that describes the cavitation process occurring
during the passage of a water steam flow in various geometric configurations of a hydrodynamic
device. The flow experiences a localized constriction (convergent nozzle) followed by expansion
(divergent nozzle), exemplified by a Venturi tube or a Laval nozzle. A narrow flow channel connecting
the convergent and divergent sections is equipped with a narrow-section nozzle for injecting methane
molecules into the high-speed steam flow. As the steam-gas mixture passes through this zone, it is
irradiated with an electron beam and sprayed into a cylindrical chamber at atmospheric pressure,
where the distribution of methane molecules in water vapor forms an aerosol. Key geometric
parameters of the constriction and expansion zones of the hydraulic system (cavitation-jet chamber)
are determined to ensure the uniform distribution of dispersed-phase particles (methane) in the
dispersion medium (water vapor). Velocity and pressure distributions of the mixed steam-gas flow
are calculated using a turbulent mathematical model, specifically the k-ω model, while the motion of
methane particles is simulated using a particle tracing method. The uniformity of methane molecule
distribution in water vapor is assessed using Ripley’s K-function. The best performance of the
hydrogen-producing chamber was observed when the cavitation-inducing nozzle’s convergence
angle exceeded 50 degrees. The divergence angle of the nozzle within the range of 30–40 degrees
provided the best distribution in terms of uniformity of the methane particles in the chamber.

Keywords: hydrogen production; steam reforming of methane; cavitation; aerosol particles; k-ω
turbulence model; particle tracing method; Ripley’s K-function; convergent and divergent angles;
electron irradiation

1. Introduction

In light of the global trend of decarbonizing economies with a gradual transition to
renewable energy sources and addressing global temperature rise, the development of
hydrogen energy has become particularly relevant as a new energy source for the 21st
century. Consequently, the research into efficient and cost-effective methods for industrial
production has gained significant importance. However, hydrogen itself is not a tool for
decarbonizing global energy and the economy of the future, but as an intermediate energy
carrier, it can be used in various industries, energy, and transport to eliminate the polluting
effects of greenhouse and exhaust gases on the environment. Numerous technological
processes around the world pose a significant challenge when it comes to electrification, as
they require alternative fuel sources to replace oil, coal, and natural gas.

At the same time, hydrogen demand is expected to increase up to 158 Mt by 2030 [1],
while the most economical and favored method for producing hydrogen on a commer-
cial scale is through methane steam reforming [2]. Various intensification processes have
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been studied to increase the economic efficiency of hydrogen production through steam
reforming. The usage of catalysts has garnered significant attention for their versatility in
fine-tuning characteristics like surface area, metal-support interaction, and basicity, making
them particularly attractive for steam methane reforming reactions during hydrogen pro-
duction [3]. Another approach to strengthening the economic sustainability of hydrogen
production via steam reforming lies in the utilization of biogas, produced via biodigestion
in water treatment plants, rich in methane [4].

The conventional method of thermally heating the reactant gas mixture is widely used
to overcome the activation barrier of a chemical reaction. Despite several technological
advantages, such as simplicity of implementation and versatility, thermocatalytic processes
do not always achieve acceptable energy utilization coefficients. When heating a gas
mixture, apart from the energy required for the dissociation of the initial molecules, there is
a need for energy input to heat other components of the reactant gas mixture, including the
chemical reactor’s enclosure. Additionally, it is important to consider that as the number
of atoms in the molecules rises, the energy utilization coefficient decreases due to the
increased heat capacity of the reacting components [5–8].

An analysis of the trends in natural gas processing technologies for industrial-scale
hydrogen production reveals that currently, technologies involving the use of high-energy
excitation sources for gas-phase molecules at moderate temperatures are taking the fore-
front. In this context, the rate of methane conversion is determined not by neutral reactant
particles but by excited and ionized particles in a plasma state, with interaction cross-
sections several orders of magnitude higher [9–11] compared to thermocatalytic processes.

The authors of [12] identify three main stages in the initiation and execution of plasma
chemical reactions: (i) energy from an external source is transferred to the electronic com-
ponent of the plasma; (ii) the electron gas transfers the acquired energy to heavy particles
(reactants) through processes involving heating, excitation of internal degrees of freedom
of atoms and molecules, ionization and dissociation; (iii) chemical transformations occur
within the chemically active environment. Consequently, in plasma-chemical processes, all
types of particles present in the plasma are involved: electrons, ions, and neutral particles
in both ground and excited states, with the role of the electronic component of the plasma
being crucial in initiating the reaction.

However, there are certain limitations that hinder the development of industrial
technologies based on the use of thermal plasma and various types of discharge. These
limitations include low working resources, high energy consumption, the influence of
electrodes on processes in the flow, and a high rate of reversible reactions [13,14].

Notably, the efficiency of plasma-chemical processes initiated by an electron stream
is also influenced by the hydrodynamic component. It has been previously emphasized
by the authors of [10,15,16] that the maximum efficiency of plasma-chemical processes is
achieved when combining high-energy electron beams with super or near-sonic rates of
reactant injection into the irradiation zone using specially designed apparatuses such as
Venturi tubes or Laval nozzles, which induce cavitation phenomena.

As demonstrated by previous studies [17,18], an effect involving the generation of
plasma formations during the cavitation flow of gas streams in dielectric cells has been
observed. The nature of this effect is associated with the accumulation of static electric
charge, which occurs due to electrification at the boundary of dielectrics with different
dielectric permittivity values. It also occurs due to charge drainage when a dielectric
liquid flows over the surface of a conductor. Electrification is accompanied by electrical
breakdown and the formation of weakly ionized plasma in the region of the cavitation
vapor-gas bubble [15].

Molecule dissociation occurs when the energy on vibrational levels exceeds a critical
value, leading to an increase in the interatomic distance to a point where the strength of
intramolecular bonds becomes weak, resulting in molecule dissociation. The translational
or rotational motion of a molecule does not lead to dissociation in the absence of collisions
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with other molecules or the reactor wall. Therefore, the energy associated with translational
and rotational motion is unproductive in terms of initiating a chemical reaction [19].

One of the ways to create thermodynamically non-equilibrium conditions for initiating
a chemical reaction involves expending energy on the decomposition of initial molecules
and the generation of active radicals through the formation of a hydrodynamic jet [20].
In this method, excited molecules from a stationary gas volume are pre-accelerated in a
supersonic adiabatic expanding gas-dynamic flow, known as a free jet. The formation of a
supersonic jet occurs as stationary gas flows from the convergent section to the divergent
region of the nozzle, resulting in hydrodynamic molecular beams with a non-equilibrium
distribution of energy in the vibrational and rotational degrees of freedom of molecules,
making it an effective working medium for laser creation [21]. With additional activation
by an electron beam, the hydrodynamic jet effectively promotes cluster formation and the
dissociation of the initial molecules [22–24].

Thus, it can be concluded that the use of supersonic or near-sonic gas jets in combi-
nation with a high-energy electron beam is the most effective way to achieve maximum
productivity in the steam methane conversion process for hydrogen production. This con-
clusion is supported by the findings of previous work [12], which investigated hydrogen
production from methane in electron beam plasma. Firstly, the electron energy distribu-
tion function in the reactor is significantly shifted towards higher energies compared to
discharge plasma. Secondly, the rapid decrease in density in the cavitation zone of the jet
hinders reverse reactions that lead to a decrease in the concentration of the products of
plasma-chemical reactions. Thirdly, methane molecules can serve as both reactants and
carriers of plasma formations. Lastly, the need for external heating of the reactor casing to
maintain the process temperature is minimized.

The goal of this article is to mathematically model the flow of a steam-gas mixture in
hydrodynamic apparatuses for steam methane conversion and to investigate the distribu-
tion patterns of methane particles in water vapor depending on the geometric parameters
of the cavitation flow formation zones. This problem formulation is driven by the fact
that the efficiency of hydrogen production in the steam methane conversion process using
electron impact is entirely determined by the parameters of the hydrodynamic flow of
reacting methane molecules and water vapor in the irradiation zone, which, according to
the proposed model, falls within the cavitation formation region.

The novelty of the work lies in the possibility of optimizing the process of steam
reforming methane by mixing flows of water and methane vapor in the cavitation mode
using hydrodynamic devices of a special design. This will ensure a uniform distribution of
methane molecules in the volume of water vapor with the formation of aerosol systems
with high density, which should affect the efficiency of the electron irradiation process
on the decomposition of methane molecules with the formation of hydrogen and other
by-products.

2. Study of the Formation of a Cavitation Zone
2.1. Problem Statement and Mathematical Model

Within the scope of this study, a system was examined, comprising a convergent nozzle
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transitional channel is the area where the cavitation zone forms and high-velocity water
vapor flow captures methane [25]. The water vapor is supplied into the narrowing section
(convergent nozzle) using a high-pressure pump.

The domain under consideration is three-dimensional but can be simplified into
two-dimensional, taking into account symmetry relative to the central axis, as a result
of which the condition of axial symmetry was set at the lower boundary. The resulting
two-dimensional model is illustrated in Figure 2.

As part of this study, the influence of the convergent nozzle narrowing angle (acon) and
divergent nozzle expansion angle (adi f ) were analyzed for the formation of cavitation in
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the system. For this purpose, various angle values of acon and adi f were considered within
the range between 10◦ and 90◦ with a step of 10◦.
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or rotational motion of a molecule does not lead to dissociation in the absence of collisions 

with  other  molecules  or  the  reactor  wall.  Therefore,  the  energy  associated  with 

translational  and  rotational motion  is  unproductive  in  terms  of  initiating  a  chemical 

reaction [19]. 

One  of  the  ways  to  create  thermodynamically  non-equilibrium  conditions  for 

initiating a chemical reaction involves expending energy on the decomposition of initial 

molecules and the generation of active radicals through the formation of a hydrodynamic 

jet [20]. In this method, excited molecules from a stationary gas volume are pre-accelerated 

in a supersonic adiabatic expanding gas-dynamic flow, known as a free jet. The formation 

of  a  supersonic  jet  occurs  as  stationary  gas  flows  from  the  convergent  section  to  the 

divergent region of the nozzle, resulting in hydrodynamic molecular beams with a non-

equilibrium distribution of energy in the vibrational and rotational degrees of freedom of 

molecules, making it an effective working medium for laser creation [21]. With additional 

activation  by  an  electron  beam,  the  hydrodynamic  jet  effectively  promotes  cluster 

formation and the dissociation of the initial molecules [22–24]. 

Thus,  it  can  be  concluded  that  the  use  of  supersonic  or  near-sonic  gas  jets  in 

combination with  a  high-energy  electron  beam  is  the most  effective way  to  achieve 

maximum  productivity  in  the  steam  methane  conversion  process  for  hydrogen 

production. This conclusion  is supported by  the findings of previous work  [12], which 

investigated hydrogen production  from methane  in electron beam plasma. Firstly,  the 

electron energy distribution function in the reactor is significantly shifted towards higher 

energies compared  to discharge plasma. Secondly,  the rapid decrease  in density  in  the 

cavitation  zone  of  the  jet  hinders  reverse  reactions  that  lead  to  a  decrease  in  the 

concentration of the products of plasma-chemical reactions. Thirdly, methane molecules 

can serve as both reactants and carriers of plasma formations. Lastly, the need for external 

heating of the reactor casing to maintain the process temperature is minimized. 

The goal of this article is to mathematically model the flow of a steam-gas mixture in 

hydrodynamic  apparatuses  for  steam  methane  conversion  and  to  investigate  the 

distribution patterns of methane particles  in water vapor depending on  the geometric 

parameters of the cavitation flow formation zones. This problem formulation is driven by 

the  fact  that  the  efficiency  of  hydrogen  production  in  the  steam methane  conversion 

process  using  electron  impact  is  entirely  determined  by  the  parameters  of  the 

hydrodynamic flow of  reacting methane molecules and water vapor  in  the  irradiation 

zone, which,  according  to  the  proposed model,  falls within  the  cavitation  formation 

region. 

The novelty of  the work  lies  in  the possibility of optimizing  the process of steam 

reforming methane by mixing flows of water and methane vapor in the cavitation mode 

using hydrodynamic devices of a special design. This will ensure a uniform distribution 

of methane molecules in the volume of water vapor with the formation of aerosol systems 

with high density, which should affect the efficiency of the electron irradiation process on 

the decomposition of methane molecules with the formation of hydrogen and other by-

products. 

2. Study of the Formation of a Cavitation Zone 

2.1. Problem Statement and Mathematical Model 

Within  the  scope of  this study, a system was examined, comprising a  convergent 

nozzle ① and a divergent nozzle ② connected by a transitional channel ③ (Figures 1 

and 2). The  transitional channel  is  the area where  the cavitation zone  forms and high-

velocity water vapor flow captures methane  [25]. The water vapor  is supplied  into  the 

narrowing section (convergent nozzle) using a high-pressure pump. 
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distribution patterns of methane particles  in water vapor depending on  the geometric 

parameters of the cavitation flow formation zones. This problem formulation is driven by 
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process  using  electron  impact  is  entirely  determined  by  the  parameters  of  the 

hydrodynamic flow of  reacting methane molecules and water vapor  in  the  irradiation 

zone, which,  according  to  the  proposed model,  falls within  the  cavitation  formation 
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The novelty of  the work  lies  in  the possibility of optimizing  the process of steam 

reforming methane by mixing flows of water and methane vapor in the cavitation mode 
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with high density, which should affect the efficiency of the electron irradiation process on 
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products. 
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2.1. Problem Statement and Mathematical Model 

Within  the  scope of  this study, a system was examined, comprising a convergent 
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and 2). The  transitional channel  is  the area where  the cavitation zone  forms and high-
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with  other  molecules  or  the  reactor  wall.  Therefore,  the  energy  associated  with 
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process  using  electron  impact  is  entirely  determined  by  the  parameters  of  the 

hydrodynamic flow of  reacting methane molecules and water vapor  in  the  irradiation 

zone, which,  according  to  the  proposed model,  falls within  the  cavitation  formation 

region. 
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The mathematical flow model used in this context is based on the Navier–Stokes
equations, which describe the movement of fluids in a system. To model turbulent flows, a
special version of these equations is used, called the model k−ω [26]:

ρ(u·∇)u = ∇·
(
−pI + (µ + µT)

(
∇u + (∇u)T

)
− 2

3
(µ + µT)(∇·u)I−

2
3

ρkI
)

(1)

∇·(ρu) = 0 (2)

ρ(u·∇)k = ∇·((µ + µTσk)∇k) + Pk − β∗0ρωk (3)

ρ(u·∇)ω = ∇·((µ + µTσω)∇ω) +
αωPk

k
− ρβ0ω2 (4)

µT =
ρk
ω

(5)

Pk = µT

(
∇u

∇u + (∇u)T −
2
3
(∇·u)2

)
− 2

3
ρk∇·u (6)

where, ρ—fluid density
[
kg/m3], u—velocity vector [m/s], p—pressure [Pa], µ—fluid

dynamic viscosity [Pa·s], k—turbulent kinetic energy
[
m2/s2], ω—specific turbulence

dissipation rate [1/s].
It is essential to mention that the input velocity remained constant regardless of the

values of the angles acon and adi f and was equal to 20 m/s. On the other side of the device,



Processes 2023, 11, 2991 5 of 14

at the outlet of the system, a pressure boundary condition equal to atmospheric pressure
is established. This condition indicates that the outlet pressure is equal to the ambient
atmospheric pressure:

u| inlet = 20 m/s (7)

p|outlet = 101, 325 Pa (8)

No-flow and no-slip conditions were set at the remaining boundaries:

u·n|wall = u·τ|wall = 0 (9)

The combination of these three boundary conditions allows for the determination of
the flow behavior in the system while considering the values of the inlet velocity and the
outlet pressure.

Equations for determining the critical velocity required for cavitation flow to occur, as
well as the volumes of cavitation zones, are as follows:

u∗ =

√
2 (p 0 − pd)

ρ
(10)

Vcav =
y

1 dV, u > u∗ (11)

Since changing the angles acon and adi f entails a change in the volume of the analyzed
area, more presentable results can be obtained by considering the ratio of the volume of the
cavitation zone (Vcav) to the total volume of the entire computational area (Vtot):

Pcav =
Vcav

Vtot
(12)

In this problem, the flow is assumed to be adiabatic, and the temperature is 25 ◦C, at
which the saturated vapor pressure (pd) corresponds to 3169 Pa.

2.2. Results and Discussion

Mathematical flow modeling corresponding to Equations (1)–(6) was conducted using
COMSOL 5.6, a multiphysics simulation software.

Figure 3 shows the pressure and velocity distributions for the system at acon = adi f = 30◦,
which allows us to visually evaluate internal behavior and influence on the hydrodynamic
conditions set in the system.
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A domain has been selected using Equation (10) where the flow velocity exceeds
the critical value for cavitation (u*). For the purposes of demonstrating cavitation zone
distribution at angles acon = 60◦ and adi f = 20◦ the result is illustrated in Figure 4.
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The fractional volume of the cavitation zone (Pcav) for the values of acon and adi f
ranging from 10◦ to 90◦ with the step of 10◦ is shown in Figure 5.
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As can be observed from Figure 4, to increase the volume of the cavitation zone,
most optimal values of convergent angle and divergent angle are equal to acon = 10◦ and
adi f = 20◦, respectively. Since the angle of the expansion of the diffusor (adi f ) has a great
influence on the uniformity of the distribution of aerosol methane particles in water vapor;
this angle is also a subject of study from the point of view of optimizing particle distribution,
which is discussed further. However, based on the data presented in this section, it can be
concluded that the effectiveness of the convergent nozzle increases when the constriction
angle is greater than 50◦.
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3. Study of the Motion of Aerosol Particles of Methane in Water Steam
3.1. Investigation of Approaches

The movement of methane aerosol particles in water vapor can be formalized through
mathematical equations representing the concentration of particles in the context of Euler’s
perspective, where the medium is considered a continuous field. This transport model
takes into account two main mechanisms: convection and diffusion. The convective term
of the Equation is responsible for the movement of aerosol particles under the influence of
flow velocity, whereas the diffusion term describes the Brownian motion, which arises due
to collisions of particles causing chaotic and random movement. The mathematical model
of the movement of aerosol particles based on the Euler perspective is represented by the
following Equation:

∂c
∂t

+ u·∇c︸ ︷︷ ︸
convection

− D∇·c︸ ︷︷ ︸
di f f usion

= 0 (13)

where c—aerosol particle concentration
[
1/m3], t—time [s], u—velocity vector calculated

by solving Equations (1)–(6) [m/s], D—diffusion coefficient
[
m2/s

]
.

This process can also be analyzed from a Lagrangian description, using a model of the
motion of solid particles within a flowing medium, which in this case is water vapor. In this
context, the movement of methane aerosol particles is described using the mechanisms of
movement of spherical bodies in a flowing medium. These mechanisms include Brownian
motion associated with chaotic, random vibrations of particles, the force of gravity, and
collisions between the aerosol particles themselves. A mathematical model of aerosol
movement based on the particle tracing method is presented below [27]:

d
(
mpup

)
dt

= ζ

√
12πkBµTrp

∆t︸ ︷︷ ︸
brownian f orce

+ mpg
ρp − ρ

ρp︸ ︷︷ ︸
gravity f orce

− ks

Np

∑
j=1

(∣∣r− rj
∣∣− r0

) (r− rj
)∣∣r− rj
∣∣︸ ︷︷ ︸

particle−particle interaction

− 1
2

CdρAu2︸ ︷︷ ︸
drag f orce

(14)

where up—velocity vector of the particle [m/s], mp—mass of particle [kg], u—flow velocity
by solving Equations (1)–(6) [m/s], t—time [s], ζ—, kB—Boltzmann constant [J/K], µ—
dynamic viscosity [Pa·s], T—temperature [K], rp—particle radius [m], g—gravitational ac-
celeration vector

[
m/s2], ρp—density of particle

[
kg/m3], ks—spring constant [N/m], r0—

equilibrium distance between particles [m], Cd—drag coefficient, A—reference
area

[
m2].

Analyzing this motion through a Lagrangian description allows for a more detailed
study of the trajectories and interactions of individual particles within a flowing medium.
This is important for more accurate prediction and modeling of the behavior of aerosol
methane particles in water vapor and their response to external influences.

In this study, both approaches were evaluated in achieving a uniform distribution of
methane aerosols in water vapor. All particle simulations were conducted using COMSOL
multiphysics simulation software with Transport of Diluted Species and Particle Tracing
for Fluid Flow modules.

The distribution of velocities and pressure in both approaches is solved using the
stationary turbulent k-ω model presented in Section 2. Notably, the movement of aerosol
particles is three-dimensional and is non-stationary since the movement of individual
methane particles can occur in three planes and depends on time. Therefore, the velocity
and pressure distribution presented in Section 2 were converted into a three-dimensional
domain and used as the pressure and velocity fields in the numerical simulation of aerosol
particle motion.

Figure 6 shows the distribution of aerosol particles at the angle adi f = 60◦, obtained
using the concentration equation in a continuous medium and using the movement of solid
particles in space at the same time values.
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Based on the analysis presented in Figure 6, the following conclusions can be drawn.
The concentration equation, based on the Euler description, does not consider physical
phenomena such as particle collisions and the interaction of particles with the environment
at the individual solid spherical body level. This omission results in an insufficiently
accurate description of particle distribution, particularly in scenarios where such effects
are significant. In the Euler description, within a continuous medium, particle velocity is
frequently assumed to be equal to the flow velocity. However, in real-world conditions,
particle movement must account for the drag coefficient, which can significantly influence
their trajectories.

Thus, investigating the motion of aerosol methane particles within a water vapor environ-
ment involved employing the particle tracing method, specifically the Lagrangian description.

3.2. Problem Statement and Mathematical Model

The formation of aerosol particles occurs as a result of a decrease in pressure between
the convergent and divergent nozzles. Accordingly, modeling of the movement of aerosol
particles is carried out in the area of divergent nozzle expansion (Figure 1,
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). Moreover,
as was written in Section 3.1. the distribution of the velocity field is determined by the
stationary system of Equations (1)–(6) specified in Section 2. The main object of study
in this section is the divergent nozzle expansion angle (adi f ). The movement of aerosol
particles was modeled based on the particle tracing Equation (14). Various angle values
were considered for adi f from 10◦ to 90◦ while the uniformity of particle distribution was
assessed using Ripley’s K-function.

Ripley’s K-function provides an assessment of the degree of randomness or clustering
of the distribution of methane particles in space. The function is based on counting the
number of pairs of particles in a given volume or at a given distance from each other,
depending on the radius of a spherical or other shape (K(r)) [28]:

K(r) =
Np

V

Np

∑
i=1

Np

∑
i 6=j

I
(
di,j < r

)
Np

(15)

where Np—total number of particles in volume V, I—indicator function, which equals 1 if
the condition inside the function is true and equals 0 otherwise, di,j—distance between i-th
and j-th particles, r—the radius under consideration.

Figure 7 shows a schematic illustration of the operating principle of Ripley’s K-function
for a two-dimensional domain.
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Figure 7 illustrates the curve of Ripley’s K-function for a uniform distribution of
objects (black line), which is determined by the volume of a cylindrical region with a square
cross-section depending on the change in radius (r). If the density of objects in a given
area remains constant as the radius increases, then the curve for the number of pairs of
particles in this area will be identical to the curve for the change in volume of a cylinder.
Otherwise, if the curve is not identical to the volume of the cylinder, then this may indicate
a clustering effect (particles grouped together) or, conversely, dispersion (particles spread
far apart). The evaluation of distribution uniformity can also be carried out for a spherical
shape; however, in the current case, after the divergent nozzle, the considered shape of the
area is cylindrical. In this context, to evaluate volume uniformity, a cylinder is used as the
corresponding geometric shape.

Figure 8 shows the shape of the computational domain, an area for counting the
number of particles, as well as specified boundary conditions on the walls and on the inlet
and outlet of this computational domain.
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In the region with the minimum cross-sectional radius of the divergent nozzle (inlet),
a number of particles were launched, while the calculation of Ripley’s K-function was
carried out in the specified volume of a cylindrical shape (Figure 8). A bounce condition
was applied to the walls, while at the outlet boundary, the particles were set to disappear:

Np
∣∣
inlet = N0 (16)

up
∣∣
wall = uc (17)

where uc—represents the particle velocity upon impact with the wall [m/s], N0—number
of particles entering the domain.

3.3. Results and Discussion

Figure 9 illustrates the comparative results of the distribution of methane particles in
the calculation area at divergent nozzle expansion angles of 20◦, 30◦, and 90◦.

As can be seen from Figure 9, in the cylindrical region, particles at an angle of
adi f = 90◦ are grouped near the central axis of the cylinder, while at adi f = 30◦ the
particles are distributed more evenly. At 20◦, the occurrence of particle clustering is notice-
able along the surfaces of the divergent nozzle.



Processes 2023, 11, 2991 11 of 14

Processes 2023, 11, x FOR PEER REVIEW  11  of  15 
 

 

𝑵𝒑ห
௜௡௟௘௧

ൌ 𝑁଴  (16)

𝒖𝒑ห
௪௔௟௟

ൌ 𝒖𝒄  (17)

where 𝒖𝒄—represents the particle velocity upon impact with the wall  ሾm/sሿ, 𝑁଴—num-

ber of particles entering the domain. 

3.3. Results and Discussion 

Figure 9 illustrates the comparative results of the distribution of methane particles in 

the calculation area at divergent nozzle expansion angles of  20°,  30°,  and  90°. 

 
𝑎ௗ௜௙ ൌ 20° 

 
𝑎ௗ௜௙ ൌ 30° 

 
𝑎ௗ௜௙ ൌ 90° 

Figure 9. Particle distribution at  20°,  30°, and  90°  divergent nozzle expansion angles (𝑎ௗ௜௙) at  𝑡 ൌ
0.014 s, where the color represents absolute velocity. 

As can be seen from Figure 9, in the cylindrical region, particles at an angle of  𝑎ௗ௜௙ ൌ
90°  are grouped near the central axis of the cylinder, while at  𝑎ௗ௜௙ ൌ 30°  the particles are 
distributed more evenly. At  20°, the occurrence of particle clustering is noticeable along 
the surfaces of the divergent nozzle. 

A dedicated evaluation software has been developed by  the authors  to perform a 

quantitative analysis using Ripley’s K function. As mentioned earlier, the closer Ripley’s 

K-function curve is to the volume curve of a cylinder, the more uniformly the particles are 

distributed. For a visual comparison, Figure 10 shows graphs of Ripley’s K-function and 

the volume of the cylinder in a dimensionless form. 

   

Figure 10. Ripley’s K-function for different divergent nozzle expansion angles (𝑎ௗ௜௙) and change in 

the volume of the cylinder depending on the radius (r). 

Figure 10 demonstrates that the Ripley K-function curve at the value of the divergent 

nozzle expansion angle  𝑎ௗ௜௙ ൌ 30°  is the closest to the dimensionless volume curve of the 

cylinder. 

Figure 9. Particle distribution at 20◦, 30◦, and 90◦ divergent nozzle expansion angles (adi f ) at
t = 0.014 s, where the color represents absolute velocity.

A dedicated evaluation software has been developed by the authors to perform a
quantitative analysis using Ripley’s K function. As mentioned earlier, the closer Ripley’s
K-function curve is to the volume curve of a cylinder, the more uniformly the particles are
distributed. For a visual comparison, Figure 10 shows graphs of Ripley’s K-function and
the volume of the cylinder in a dimensionless form.
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Figure 10. Ripley’s K-function for different divergent nozzle expansion angles (adi f ) and change in
the volume of the cylinder depending on the radius (r).

Figure 10 demonstrates that the Ripley K-function curve at the value of the divergent
nozzle expansion angle adi f = 30◦ is the closest to the dimensionless volume curve of
the cylinder.

The numerical value of the proximity can be determined by calculating the area of
deviation of Ripley’s K-function curve for different values of the divergent nozzle expansion
angle from the cylinder volume change curve (Figure 11).

A graph of proximity change for different values of the divergent nozzle expansion
angle is presented in Figure 12.

Based on the data presented in Figure 12, the following conclusion can be made: the
most optimal divergent nozzle expansion angle to achieve uniform distribution of methane
particles with the calculation accuracy of 10◦ is 30◦, which is also confirmed by visual
analysis (Figure 9). At low values of the angle adi f , ranging from 10◦ to 20◦, the proximity
decreases due to the clustering of particles in the wall regions of the divergent nozzle. As
the angle adi f increases beyond 30◦, there is an increase in clustering in areas close to the
centerline. It should be noted that close proximity values between 30◦ and 40◦ suggest that
angle values in this range may be the most optimal for the system under study.

An additional analysis was conducted to test the dependency of resulting uniformity
on the amount of particles used during simulation. As can be seen from Figure 13, the
proximity converges to a certain value as the amount of particles increases. In this particular
case, the value stabilizes starting from 500, hence the specific number of particles used
in the aforementioned simulations. In other words, while lower amounts of particles
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lead to a decreased accuracy of modeling, increasing this number above 500 will raise the
computational costs unnecessarily.
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4. Conclusions

According to the studies, the intensity of the cavitation mixing process and the distri-
bution of methane molecules in water vapor are significantly influenced by a combination
of geometric parameters of the convergent and divergent sections of the hydrodynamic
chamber. The mathematical models investigated in this study allow for the description of
the processes that occur during the short activation stage of mixing particles. The mathe-
matical model proposed in this work is designed for the predictive quantitative assessment
of the dynamic characteristics of the cavitation cluster of mixing vapor-gas flows as an
initial step in developing efficient cavitation-jet devices in the technological scheme of
methane steam conversion under the influence of electron irradiation.

The model can be used to engineer a steam reforming device for hydrogen pro-
duction with an increased efficiency achieved using the appropriate determination of
nozzle geometry.

The next stage of the study is modeling the most probable paths of radiation-chemical
reactions of methane clusters formed in the cavitation zone in water vapor under electron
beam irradiation, as well as designing the device itself.
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