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Abstract

In situ leaching represents an efficient and safe method for uranium mining, where a
suboptimal well flow rate distribution leads to solution imbalances between wells, forming
stagnant zones that increase operational costs. This study examines a real technological
block from the Budenovskoye deposit, applying reactive transport modeling to optimize
well flow rates and reduce operational time and reagent consumption. A reactive transport
model was developed based on mass conservation and Darcy’s laws coupled with chemical
kinetics describing sulfuric acid interactions with uranium minerals (UO2 and UO3). The
model simulated a technological block with 4 production and 18 injection wells arranged
in hexagonal cells over 511–542 days to achieve 90% uranium recovery. Six approaches for
well flow rate redistribution were compared, based on different weighting factor calculation
methods: advanced traditional, linear distance, squared distance, quadrilateral area, and
two streamline-based approaches utilizing the minimum and average time of flight. The
squared distance method achieved the highest efficiency, reducing operational costs by
5.7% through improved flow redistribution. The streamline-based methods performed
comparably and offer potential advantages for heterogeneous conditions by automatically
identifying hydraulic connections. The reactive transport modeling approach successfully
demonstrated that multi-criteria optimization methods can improve ISL efficiency by
3.9%–5.7% while reducing operational costs.

Keywords: in situ recovery; well flow rate optimization; reactive transport modeling;
distance methods; streamline-based methods; mining economic evaluation

1. Introduction
In situ leaching (ISL, also known as in situ recovery) is among the most cost-effective

and widely used techniques for uranium mining [1]. Its application, however, is not limited
to uranium: ISL has also been successfully employed for the extraction of copper [2], rare-
earth elements [3], gold, and other minerals. The efficiency of the method relies on pumping
a leaching solution into an ore-bearing formation through a set of injection wells, where
it chemically interacts with the ore, converting the valuable component into a solution.
The enriched solution is subsequently pumped to the surface through production wells
(Figure 1).
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Figure 1. Top view of a technological block used in the ISL process, showing injection wells, produc-
tion wells arranged in hexagonal cells, and associated processing units.

The main advantages of this technology are its cost-effectiveness, as it eliminates the
need to construct mines or quarries, and its relative safety, since there is no direct contact
with the ore in the case of uranium mining. The ISL method is most applicable when the
ore is uniformly distributed at low concentrations, ensuring a large area of interaction with
the reagent. A key disadvantage of ISL is the inability to directly observe the processes
occurring within the formation, effectively making the system a “black box”.

The extraction process can be broadly divided into the following main stages:

1. Exploration—the identification, delineation, and localization of ore-bearing zones
through exploratory drilling and well-logging [4]. At this stage, well log data are
also interpreted, and borehole information is interpolated to evaluate the filtration
capacity properties and the distribution of mineralization in the inter-well space.

2. Zoning—the division of a deposit into geological and technological blocks. A tech-
nological block is understood as an area, typically characterized by relatively ho-
mogeneous filtration properties, with a separate budget and developed under an
independent project.

3. Design of the technological block—involves determining the number and placement
of wells, selecting a deposit extraction pattern (e.g., hexagonal, linear, or other config-
urations of well locations) [5,6], and performing preliminary predictive calculations of
production curves under anticipated operating conditions. These calculations account
for parameters such as well flow rates, the composition and acidity of the leaching
solution, the vertical distribution of well screens, and other factors.

4. Commissioning, exploitation, and decommissioning of a technological block—encompasses
the actual extraction process, accompanied by continuous monitoring using data from
production and observation wells.

Forecasting and analysis of uranium production are effectively carried out using math-
ematical modeling. A comparison of different operating scenarios and well configurations
is also possible only through modeling, as proper evaluation requires identical geological
and technological conditions that cannot be achieved in field experiments. Mathematical
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modeling has gained increasing prominence in uranium mining, as evidenced by numerous
studies demonstrating its successful application.

In [7], a reactive transport model of roll-front ore formation in sandstones was devel-
oped using experimentally determined reaction rates. The model reproduces the convection
and chemical processes controlling uranium precipitation and dissolution, demonstrating
that roll-front geometry forms naturally in homogeneous media through epigenetic filtra-
tion. The uniform filtration properties and metal concentration along redox boundaries
make ISL highly efficient and economically viable in the presence of aquitards. In [8], the
HYTEC software package was used to predict long-term geochemical changes from ISL
operations based on 30 years of monitoring data from the Kandjugan deposit (Kazakhstan).
Despite simplifications, assuming a homogeneous reservoir structure and generalized well
operation history, the model successfully reproduced the spatio-temporal exploitation his-
tory, verified against 2023 drilling data. In [9], a PHAST-based model was used to simulate
uranium dissolution dynamics at the Bayan-Uul deposit (China) during a 650-day field
test with sulfuric acid and hydrogen peroxide, revealing that the uranium leaching zone
significantly exceeded the acidification zone and that contaminated areas extended beyond
the leaching zone. Long-term validation was demonstrated in [10], where a 3D model was
used to describe the 12-year acid front evolution following pilot-scale ISL in Mongolia,
accounting for sorption, advection, and secondary mineral reactions under natural recovery
conditions. These studies, along with [11], collectively demonstrate that reactive transport
modeling is valuable for optimizing ISL operations with respect to both environmental
protection and production efficiency.

A key challenge in ISL reactive transport modeling is the high computational cost,
which is addressable through parallel computing and machine learning approaches. GPU
acceleration using CUDA and streamline methods [12] achieved 24–42-fold speedup while
maintaining accuracy. Machine learning alternatives include generative models (cDC-GAN
and AAE-KRG) that account for geological heterogeneity and uncertainty [13], Physics-
Informed Neural Networks (PINNs) for hydrodynamic modeling that reduce Poisson
equation iterations by 2.8–7.1-fold [14], and regression-based ANNs for production fore-
casting from historical data without resource-intensive modeling steps [15].

Importantly, however, in Kazakhstan, uranium deposits represent epigenetic ore
formations formed through the transport and reprecipitation of minerals in sedimentary
rocks [7]. Consequently, porosity and permeability vary only slightly within the scale of a
single block, which enables effective zoning. This conclusion is consistent with the findings
of [8], which demonstrated that a mathematical model, even under the assumption of
homogeneity and the use of generalized well operation histories, can accurately reproduce
the spatio-temporal evolution of processes. Building on these insights, and under the
conditions of generalized production histories and a homogeneous reservoir structure, two
key points can be formulated for the present study: (i) extraction efficiency is determined
primarily by the spacing between wells rather than by reservoir heterogeneity, and (ii) the
streamline method is capable of adequately representing the pattern of filtration processes
under such assumptions.

Forecasting production and analyzing operating regimes in ISL require the develop-
ment of a comprehensive mathematical model that reproduces the key hydrodynamic and
geochemical processes, namely, advection (convection), dispersion (molecular diffusion),
and chemical kinetics, while also accounting for the interaction of injection and production
wells and their spatial configuration [7,9,11,12]. Reactive transport models that integrate
hydrodynamic simulation with geochemical modules make it possible to predict the spatio-
temporal evolution of leaching zones, assess the efficiency of various technological regimes
(including reagent concentrations and injection/production schedules), and analyze the



Minerals 2025, 15, 1066 4 of 25

long-term environmental consequences of exploitation [8,10]. However, such models de-
mand substantial computational resources [12–15], and, under the confidentiality policies
of uranium deposits, which preclude the use of remote centralized computing clusters,
there arises a need to accelerate methods capable of providing more accurate predictive
results based on simplified models.

An accurate mathematical model combined with accelerated computation enables the
automation of the design and operation process, including the key task of optimally allo-
cating well flow rates in ISL. The problem of flow rate optimization is examined in [16–25],
where the main factors influencing production efficiency are considered, including the
hydrodynamic properties of the reservoir, the geochemical interactions of the leaching
solution with the host rock, and the configuration and operating regimes of the wells.

Li et al. [16] demonstrated the effectiveness of a hybrid well placement scheme (hori-
zontal injection–vertical production) with nonuniform spacing, achieving a 42.25% increase
in the leaching zone through multiparametric flow rate optimization. This confirms the
potential of adapting well flow rates to their spatial configuration. Their study also estab-
lished that an optimal injection/production ratio of 1.003 ensures effective control of the
well influence zone, with flow velocity decreasing exponentially with distance. In [17], the
effectiveness of a nonuniform injection flow rate distribution (10% higher for inner wells
than for outer wells) for controlling solutions was shown using TOUGHREACT, further
underscoring the need for individual optimization of well flow rates depending on their
placement scheme. Reference [18] focused on profit maximization in the development
of the Bayan-Uul sandstone uranium deposit through adaptive process parameter man-
agement based on machine learning methods. The authors demonstrated the necessity
of the multi-criteria optimization of ISL parameters, taking into account both technical
uranium recovery indicators and economic factors such as reagent costs and operational
expenses. The study also confirmed the importance of accelerating computations, which
was achieved using the Monte Carlo method while maintaining the high accuracy of the
results. In [19], a surrogate model based on Recurrent U-Net and Recurrent Residual
U-Net was proposed as an alternative to computationally expensive reactive transport
modeling. This approach reduced the computation time by a factor of 34 compared to
the traditional Monte Carlo method. The authors demonstrated the effectiveness of multi-
criteria ISL parameter optimization using the NSGA-II evolutionary algorithm and deep
learning methods to simultaneously maximize uranium recovery, minimize costs, and
control environmental risks.

Luo et al. [20] identified a trade-off between maximizing uranium recovery, which re-
quires reducing production well flow rates, and minimizing dead zones, which is achieved
by increasing injection well flow rates. Accordingly, the multi-criteria optimization of the
well flow rate distribution, taking into account the spatial distribution of the minerals
within the deposit, is an important task. In [21], the application of well reversal technol-
ogy was examined as a means of reducing the impact of stagnant zones that arise due to
zero hydraulic gradients during ISL. For linear well configurations, this approach allows
efficiency levels comparable to those of hexagonal schemes to be achieved, providing a
3%–18% increase in recovery depending on the reversal method used. In [22], a quantitative
approach was proposed based on identifying stagnation points (points with zero hydraulic
gradient) near injection wells. Numerical hydrodynamic modeling enables the construction
of a line connecting such points, which provides an objective external boundary of the
leaching zone. This solution accounts for the actual nonuniform spacing between wells
and the variation in flow rates, resulting in a more accurate and economically efficient
distribution of flows between injection and production wells.
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It is worth noting the studies of [23,24], which showed that filter clogging and changes
in the permeability of ore-bearing rocks significantly affect the efficiency of ISL production,
making them important factors to account for. However, the application of declogging
technology using ammonium fluoride and soda has proven effective in restoring well
performance. Additionally, a nonuniform distribution of well flow rates leads to uneven
reagent delivery across the cells of a technological block, causing the formation of “stagnant
zones”, areas not covered by the leaching solution, or spreading zones, with the solution
flowing beyond the block boundaries [21]. Such zones (Figure 1) arise due to zero hydraulic
gradients [20,22], which negatively impact both the technical and economic indicators
of production [18], as well as environmental aspects [25]. The established term for this
problem is “solution imbalance”, i.e., the heterogeneity of leaching and production solution
distributions within local zones, such as hexagonal cells of technological blocks [26,27]
(see the legend of Figure 1). During block operation, depending on the current level of
imbalance, decisions are made to adjust well flow rates or modify the reagent composition
of the solution. However, the effectiveness of such measures is often difficult to predict
due to the complexity of assessing the consequences of each adjustment. A promising
approach to addressing this challenge is multi-criteria optimization, which accounts for
technological and economic parameters, the spatial distribution of minerals, and well
configurations [16–20].

In the present study, the focus is placed on minimizing solution imbalance by redi-
recting flows from spreading zones to stagnant zones. In other words, reactive transport
modeling is applied to determine the optimal well flow rates in order to reduce operating
costs and mitigate adverse environmental impacts while keeping computational expenses
to a minimum.

2. Materials and Methods
Methods for determining the optimal distribution of well flow rates in the technolog-

ical block at the Budenovskoye deposit (Turkestan region, Kazakhstan) are studied and
compared with the aim of reducing operational expenditures. The analysis is conducted
using a reactive transport model and proprietary software developed by the authors, which
has been implemented at several production sites of JSC “NAC Kazatomprom” (Astana,
Kazakhstan). The reactive transport model was previously validated in [28] and relies
on historical data from the same block [29,30]. As part of the studies carried out at this
technological block, zones of flow imbalance were identified to improve process efficiency
through subsequent redistribution of technological well flow rates [27]. The area of the
considered technological block of the field is 23,700 m2, with an average specific uranium
content of 15.25 kg/m3. Uranium was recovered from the formation using a well system
consisting of 4 hexagonal cells, with the average distance between the injection and pro-
duction wells being 40–67 m. The scheme includes 18 injection and 4 production wells, as
shown in Figure 2.

The main geological and technical characteristics of the site are as follows:

• Thickness averaged throughout the deposit—H = 11.28 [m];
• Average uranium mass fraction—yU = 0.00077 [kg/kg];
• Uranium content in meter-percent—aU = H · yU = 0.8686 [m%];
• Hydraulic conductivity of the ore-bearing layer—K f = 7.0 [m/day];
• Average density of the uranium-containing formation—ρs = 1700 [kg/m3];
• Average porosity of the layer—ϕ = 0.22 [m3/m3].

Reactive transport modeling is conducted to simulate the ISL process under the geolog-
ical and hydrodynamic conditions of the technological block and to investigate various flow
optimization methods with the aim of assessing their applicability and economic efficiency.
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Figure 2. Top view of the technological block of the Budenovskoye deposit under consideration,
containing 18 injection wells and 4 production wells, with a fixed concentration of uranium spread
homogeneously throughout the cells.

2.1. Reactive Transport Modeling

Mathematical modeling of the process is carried out using the reactive transport model,
which consists of two stages.

The first stage is carried out through the modeling of hydrodynamic processes based
on the mass conservation equation, that is, Equation (1), and Darcy’s law (2).

∇ · v =
NPr

∑
i=1

QPri δ(x − xPri , y − yPri )︸ ︷︷ ︸
production wells

+
NIn

∑
j=1

QInj δ(x − xInj , y − yInj)︸ ︷︷ ︸
injection wells

(1)

v = uϕ = −K f∇h (2)

where v [m/day]—real velocity vector; NPr, NIn—number of production and injection
wells, respectively; QPri , QInj [m3/day]—flow rate of the i-th production and j-th injection
wells, respectively; xPri , yPri and xInj , yInj [m]—coordinates of the i-th production and
j-th injection wells, respectively; u [m/day]—Darcy’s velocity vector; ϕ [m3/m3]—rock
porosity; K f [m/day]—hydraulic conductivity of rock; and h [m]—hydraulic head.

By substituting Equation (2) into Equation (1), an elliptic equation for the hydraulic
head (h) is obtained:

∇ · (−K f∇h) =
NPr

∑
i=1

QPri δ(x − xPri , y − yPri ) +
NIn

∑
j=1

QInj δ(x − xInj , y − yInj) (3)

The second stage of modeling involves the simulation of the kinetics of the chemical
reactions between the leaching agent (in this case, sulfuric acid, H2SO4) contained in the
leaching solution and the target uranium oxide minerals, represented in two valence states:
UO2 and UO3. As a result of this interaction, uranium is transformed into its dissolved
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form as the sulfate compound UO2SO4. However, it should be noted that other agents may
be involved in the leaching process, including alkaline solutions and oxygen, which would
require different chemical kinetic modeling methods [20]. The kinetics under consideration
also account for the dissolution of accompanying minerals (M) in the rock by the leaching
agent, with their concentrations calculated on the basis of the solid rock, the molar mass of
which corresponds to the molar mass of the components dissolved by the leaching agent.
The simplified chemical equation has the following form:

H2SO4(l) + UO3(s)
kUO3−−→ UO2SO4(l) + H2O(l)

(4)

H2SO4(l) + UO2(s) + Oxidant(l)
kUO2−−→ UO2SO4(l) + 2H+

(l) + Reductant(s) (5)

H2SO4(l) + M(s)
kM−→ Solution(l) (6)

It should be noted that the chemical components presented in Equations (4)–(6) refer
to the solid and liquid phases. The solid components are immobile, but their concentrations
may change as a result of chemical reactions. The liquid components, in contrast, are
subject to processes such as advection (convection), hydrodynamic dispersion, molecular
diffusion, and chemical reactions, as well as the pumping into and out of the formation
through injection and production wells. Taking into account the aggregate state of each
reagent and their chemical interactions, the following dynamic system of partial differential
equations is obtained for the concentrations of interest of the leaching reagent (cH2SO4),
solid minerals (cUO2 , cUO3 , and cM), and the target mineral formed in dissolved form as a
result of the reactions (cUO2SO4 ):

ϕ
∂cH2SO4

∂t
= −∇ · (uϕ∇cH2SO4)︸ ︷︷ ︸

advection

+∇2(DϕcH2SO4)︸ ︷︷ ︸
dispersion

− (ω1 + ω2 + ω3)︸ ︷︷ ︸
reactions

+
NPr

∑
i=1

cH2SO4

QPri

∆V
δ(x − xPri , y − yPri )︸ ︷︷ ︸

production wells

+
NIn

∑
j=1

c0
H2SO4

QInj δ(x − xInj , y − yInj)︸ ︷︷ ︸
injection wells

(7)

(1 − ϕ)
∂cUO3

∂t
= − ω1︸︷︷︸

reaction

(8)

(1 − ϕ)
∂cUO2

∂t
= − ω2︸︷︷︸

reaction

(9)

(1 − ϕ)
∂cM
∂t

= − ω3︸︷︷︸
reaction

(10)

ϕ
∂cUO2SO4

∂t
= −∇ · (uϕ∇cUO2SO4)︸ ︷︷ ︸

advection

+∇2(DϕcUO2SO4)︸ ︷︷ ︸
dispersion

− (ω1 + ω2)︸ ︷︷ ︸
reactions

+
NPr

∑
i=1

cUO2SO4

QPri

∆V
δ(x − xPri , y − yPri )︸ ︷︷ ︸

production wells

(11)

where cH2SO4 [mol/L]—molar concentration of sulfuric acid in leaching solution; D [m2/day]—
dispersion coefficient; c0

H2SO4
[mol/L]—initial concentration of sulfuric acid in injection wells;

ω1 = kUO3 cUO3 cH2SO4 , ω2 = kUO2 cUO2 cH2SO4 , and ω3 = kMcH2SO4 cUO2SO4 [L/(mol·day)]—
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reaction rates for Equations (4), (5), and (6), respectively [28]; cUO3 , cUO2 , and cM [mol/L]—
molar concentrations of uranium trioxide, uranium dioxide, and accompanying miner-
als, respectively; and cUO2SO4 [mol/L]—molar concentration of uranyl sulfate in preg-
nant solution.

The main extracted mineral is uranium, where its oxide forms influence only the
leaching rate through the corresponding reaction rate constants (kUO3 and kUO2 ). Therefore,
the primary focus is on the total uranium concentration (cU) in the following formation:

cU = cUO3 + cUO2
(12)

In this case, a 1:1 ratio of target uranium oxide minerals was adopted, following
previous studies validated against real data [28]. The result of the first stage is the velocity
field, which serves as an input for the second stage to determine the concentration at an
arbitrary time t. The dynamics of the dissolved uranium and reagent concentrations in
the leaching solution, particularly at the locations of production wells, are used to obtain
the recovery rates over time, which constitute a key source of information for assessing
production efficiency.

The reactive transport model was previously verified through convergence analysis,
parameter estimation, and statistical validation. Convergence tests with computational cell
sizes ranging from 13 m to 0.7 m showed that a 1.5 m cell size is sufficient, with variations
in the hydraulic head below 1%. Kinetic parameters were determined as kUO3 = 4.4 ± 0.1,
kUO2 = 0.6 ± 0.1, kM = 4.4 ± 0.1, and simulations demonstrated good agreement with
experimental data (NRMSD < 7%). Additional validation using data from the Budenovskoe
deposit confirmed low error values for the uranium concentration (NRMSD = 0.0097) and
ore recovery (NRMSD = 0.0168). Sensitivity analysis further revealed that a ±0.2 m/day
change in flow velocity (≈25% of baseline) modifies uranium extraction by 3% and alters
the mining time by 23%–31%, underscoring both the robustness of the model and the
dominant influence of the flow rate on recovery outcomes.

2.2. Methods for Flow Rate Optimization

Common methods for optimizing the flow rates of production and injection wells are
reduced to the problem of determining the weighting coefficients λPri and λInj for each

well, based on the given total flow rate of the production QsumPr = ∑NPr
i=0 QPri δ(x − xPri , y −

yPri ) and injection QsumIn = ∑NIn
j=0 QInj δ(x − xInj , y − yInj) wells, respectively. In general,

since one node of the acid distribution unit is assigned per block, the total flow rates are
determined per the same block. However, the distribution framework can be scaled to
other levels (e.g., field-wide implementation) if required for operational or optimization
purposes. To ensure a balance between the flow rates of production and injection wells, the
following condition must be satisfied, at least at the level of the entire technological block
and preferably at the level of individual hexagonal cells [16,17]:

∑
t
(QsumPr + QsumIn) ≈ 0 (13)

To ensure consistency, a comparison of the results obtained using different methods was
carried out at identical total well flow rates. In this analysis, the concentration of the leach-
ing reagent (c0

H2SO4
) in the leaching solution was kept constant at the standard operational

level of 20 g/L [26]. The total flow rates were determined by averaging actual production
data [29,30] (Figure 3).
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Figure 3. Theactual variations in total well flow rates, obtained from production data, along with
averaged total flow rates (QsumIn and QsumPr ), were used as input for the mathematical modeling.

The individual flow rate of each well is determined as follows:

QPri = λPri · QsumPr , QInj = λInj · QsumIn (14)

In order to satisfy condition (13), and in accordance with Equation (14), the sum of the
weighting coefficients for production and injection wells must be equal to one:

NPr

∑
i=1

λPri = 1,
NIn

∑
j=1

λInj = 1 (15)

Traditional optimization methods generally rely on simplified methods to determine
weighting factors. In the most basic version, the weights are assigned in proportion
to the number of injection and production wells, without consideration of their spatial
arrangement or hydrodynamic connections:

λPri =
1

NPri

, λInj =
1

NInj
(16)

A more advanced traditional (AT) method involves forming pairs of wells that are
hydrodynamically connected according to the principle of “working for each other”, which
allows for partial consideration of the configuration of the well pattern [26]:

λPri =
nIn

coni

∑NPr
i=1 nPr

coni

, λInj =
nPr

conj

∑NIn
j=1 nIn

conj

(17)

NPr

∑
i=1

nPr
coni

=
NIn

∑
j=1

nIn
conj (18)

Figure 4 illustrates the distribution of hydrodynamic connections among 4 production
wells (NPr) and 18 injection wells (NIn) in the block under consideration. For the basic
traditional approach, the flow rate distribution factors are defined as follows: for production
wells, λPri = 1/4, and for injection wells, λInj = 1/18.
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Figure 4. Distribution of hydrodynamic connections between 4 pumping wells and 18 injection wells
in the technological block at the Budenovskoye field.

In the AT approach, the hydrodynamic connections between each pair of injection and
production wells are pre-calculated (the connections are shown by arrows in Figure 4). For
example, well In1 is hydrodynamically connected only to Pr1, and well In3 is connected to
Pr1 and Pr2. In the configuration under consideration, 6 injection wells are connected to
1 production well (nPr

conj
= 1), and 12 are connected to 2 production wells (nPr

conj
= 2). Thus,

the total number of connections is ∑NIn
j=1 nIn

conj
= 12 · 1 + 6 · 2 = 24. In the considered block

with a hexagonal well pattern, the total number of production wells is 4, and each well has
six hydrodynamic connections (nIn

conj
= 6) with adjacent injection wells. Accordingly, the

total number of hydrodynamic connections between all production wells and the injection
wells amounts to ∑NPr

i=1 nPr
coni

= 4 · 6 = 24. Taking this into account, the flow rate distribution
coefficients are defined as follows:

• For production wells—λPri =
6

24 ;
• For injection wells connected to one production well—λInj =

1
24 ;

• For injection wells connected to two production wells—λInj =
2

24 .

The verification of condition (15) yields the following:

13

∑
i=1

λPri = 4 · 6
24

= 1,
42

∑
j=1

λInj = 12 · 1
24

+ 6 · 2
24

= 1 (19)

A variant is also observed when a single injection well is hydrodynamically con-
nected to three production wells, as illustrated in Figure 5. In such cases, Equation (4)
remains applicable.

Evidently, traditional approaches have the main drawback of neglecting the dis-
tances between wells. In practice, the geometry of the well pattern may vary considerably
due to the technological limitations of drilling [31], the instability of wellbores (as con-
firmed by inclinometric measurements), and the necessity of covering the ore-bearing
body. Consequently, the distances between wells may differ significantly, which influences
the movement of solution fronts between them. In addition, the time required for the
leaching solution to reach the production well can be affected by the filtration character-
istics of the formation, such as hydraulic conductivity (permeability), porosity, and their
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variations [23,24]. However, according to data on actual production blocks, variations in
filtration properties within a single block are usually minor and do not exert a critical effect
on the overall pattern of flow redistribution [8].

Figure 5. Example of a technological block including 13 production and 42 injection wells, with
injection wells connected to 1, 2, or 3 production wells.

In this regard, a method must be developed for determining well flow rates that
accounts for both the distances between wells and their hydrodynamic connections.
The weighting function can then be represented with an assumption of homogeneous
filtration properties:

λPri = f (xPri , yPri , nconIn), λInj = f (xInj , yInj , nconPr ) (20)

In the context of the problem of determining the optimal flow rate distribution, five
different types of functions were considered and analyzed, each incorporating the distance
between wells in one way or another:

1. Linear distance between wells (LD)—accounts for the direct distance between a pair
of injection and production wells;

2. Squared distance (SD)—assumes that the influence of distance on well interactions
increases quadratically, which may reflect nonlinear filtration losses;

3. Area of the quadrilateral formed between injection and production wells (AQ)—allows
the spatial configuration of the well grid to be considered;

4. Minimum time of flight along the streamline (TOFmin)—determined on the basis of
the hydrodynamic model and reflects the shortest time for fluid movement between
the wells;
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5. Average time of flight along all streamlines between a pair of wells (TOFavg)—also
calculated on the basis of the hydrodynamic model and characterizes the average
time of solution transport between injection and production wells.

The LD method between a pair of injection and production wells is based on determin-
ing the ratio of the distance for each individual pair of wells to the total sum of distances
(dN in (21)) across all cells (22), as schematically illustrated in Figure 6.

dLD =
NPr

∑
i=1

NIn

∑
j=1

di,j, di,j =
√
(xPri − xInj)

2 + (yPri − yInj)
2 (21)

where dN [m]—the total inter-well distance; di,j—the distance between the i-th production
well and j-th injection well.

λPri =
∑

nIn
coni

j=1 di,j

dLD
, λInj =

∑
nPr

conj
i=1 di,j

dLD

(22)

The SD method refines the linear distance with a squared inter-well distance, where
the ratio for each injection–production pair is calculated as the squared distance divided by
the total sum of squared distances (dS in (23)) across all cells (24).

dSD =
NPr

∑
i=1

NIn

∑
j=1

d2
i,j (23)

λPri =
∑

nIn
coni

j=1 d2
i,j

dSD
, λInj =

∑
nPr

conj
i=1 d2

i,j

dSD

(24)

Figure 6. Calculation of inter-well distances and corresponding flow rate distribution using the
LD method.

The AQ method is based on identifying the midpoints between two adjacent injection
wells and calculating the area of the quadrilateral (Si,j) defined by these midpoints and the
coordinates of the considered injection well and the hydraulically connected production
well (see Si,j in Figure 7). In this approach, the metric is the quadrilateral area, which
is similar to the SD method, and it captures the quadratic nature of the leaching front
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variation as a function of the inter-well distance. In this case, the weights are defined as the
ratio of the individual quadrilateral area (taking into account that, in this particular case, a
single injection well may be connected to two production wells) to the total area across all
wells (SN) as (26) and (27):

Si,j =
1
4
|xPri (yInj − yInj+1) + xInj(yInj+1 − yPri ) + xInj+1(yPri − yInj)|

+
1
4
|xPri (yInj−1 − yInj) + xInj−1(yInj − yPri ) + xInj(yPri − yInj−1)|

(25)

SN =
NPr

∑
i=1

NIn

∑
j=1

Si,j (26)

λPri =
∑

nIn
coni

j=1 Si,j

SN
, λInj =

∑
nPr

conj
i=1 Si,j

SN

(27)

In the methods described above, inter-well distances were accounted for to some
extent, but the time of flight (the TOF is denoted as τ) along the streamlines between
wells was also identified as a crucial factor, as it reflects the hydraulic conductivity of the
inter-well space. Accordingly, an analysis and comparison of methods incorporating the
TOF were carried out, with both the minimum (TOFmin) and average (TOFavg) values
between hydraulically connected injection–production well pairs. In the TOFmin method,
the weights are defined as the ratio between the minimum TOF (τmini,j ) of a given injection–
production well pair (in Figure 8) and the total minimum TOF of all wells (τN):

τN =
NPr

∑
i=1

NIn

∑
j=1

τmini,j (28)

λPri =
∑

nIn
coni

j=1 τmini,j

τN
, λInj =

∑
nPr

conj
i=1 τmini,j

τN

(29)

Figure 7. Quadrilateral distribution for the considered deposit.
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Figure 8. Distribution of minimal time of flight (TOF) between injection and production wells for the
considered deposit denoted by blue curves.

The construction of streamlines was carried out using the Pollock method [32] by solv-
ing Equation (3) and substituting the hydrodynamic head field into the Darcy Equation (2).
This approach ultimately allowed for the determination of the inlet and outlet points on
the computational grid, tracing the trajectory from the injection well to the production
well (provided that the streamline reached the production well within the specified time).
This method is iterative, with the weights at each iteration determined according to the
algorithm illustrated in Figure 9.

The relaxation stopping criterion is defined as |Qnew − Q| < ϵ, where ϵ represents the
required accuracy tolerance.

The TOFavg method employs a similar algorithm to the TOFmin method for deter-
mining well flow rates. However, instead of using the minimum time-of-flight values
between wells, it is based on the average values (τavgi,j ). This approach bears similarity to
the AQ method, as both incorporate the leaching area in their calculations, although in
different ways:

τN =
NPr

∑
i=1

NIn

∑
j=1

τavgi,j (30)

λPri =
∑

nIn
coni

j=1 τavgi,j

τN
, λInj =

∑
nPr

conj
i=1 τavgi,j

τN

(31)

Consideration of these variables enables a comparative analysis and the identification
of the most appropriate metric for constructing the weighting function used in optimizing
the flow rate distribution. In general, the above methods can be divided into two cate-
gories: those based primarily on field geometry (AT, LD, SD, and AQ) and those based on
the modeling of hydrodynamic processes (TOFmin and TOFavg), which also inherently
account for the geometry of the well distribution and the heterogeneity of the filtration
properties. Methods based primarily on the field geometry require manual calculations,
such as determining hydrodynamic connections. In contrast, streamline-based methods
automatically establish these connections by constructing streamlines and calculating the
TOF along them, which significantly accelerates the process by eliminating the need for
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manual computations. This factor is particularly important to consider in non-standard
well configurations, where a single injection well may interact with multiple production
wells, including those located at greater distances. In linear well configuration patterns,
numerous hydraulic connections can also be involved.

Figure 9. Algorithm of the iterative TOFmin method with relaxation, using streamline tracing for
determination of well flow rates.

The economic assessment of well flow rate optimization methods is based on the
calculation of acid consumption over the entire block development period, as determined
from the recovery rate curve. The block development time is usually defined as the period
required to achieve a recovery rate of 90% of the estimated uranium mass, established
at the stages of zoning and design of the ore-bearing rock prior to the start of operation.
The development time and recovery rate (R(t)) are determined by modeling the filtration
processes and chemical interactions of reagents under the influence of a system of injection
and production wells:

R(t) =
Mext(t)

M0
(32)

where R(t) [ton/ton]—the recovery rate of the block at a given time t; Mext(t) [ton]—the
mass of the mineral extracted at time t; and M0 [ton]—the initial mass of the mineral in the
technological block.

In this case, the calculation of expenses for acid consumption (EAC(t∗)) is performed,
which directly depend on the operating time t:

EAC(t∗) =
∫ t∗

t=0
PACQsumIn cH2SO4 dt (33)
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where t∗ [day]—the time at which the recovery rate reaches 90%, PAC [USD/ton]—the unit
price of acid, as given in [33].

Thus, the main task is to reduce the expenses for acid consumption by determining
the optimal flow rate for each of the methods presented in Section 2.2. The cost of sulfuric
acid was 49,153 KZT per tonne, according to JSC ‘NAC Kazatomprom’ [33,34], which
corresponds to approximately 105 USD based on the average 2024 exchange rate of the
National Bank of the Republic of Kazakhstan [35].

3. Results and Discussion
For the block under consideration, 3D mathematical modeling was carried out accord-

ing to Equations (3) and (7)–(11), resulting in the hydrodynamic head (h) distribution and
velocity field (v). These enable the calculation of streamlines and serve as input parameters
for computing the distribution of the leaching agent (cH2SO4 ), as well as the concentrations
of the solid (cU) and dissolved minerals (cUO2SO4 ).

For a more detailed explanation of the dynamics of component interactions at the
beginning, intermediate, and final stages of processing, Figures 10–12 illustrate their distri-
bution using the AT method.

Figure 10. Spatial distribution of reagent concentration at initial time, day 271, and day 542, obtained
using the AT method.
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Figure 11. Spatial distribution of solid mineral concentration at initial time, day 271, and day 542,
obtained using the AT method.

As shown in Figures 10–12, at the initial stage (t = 0), only the solid mineral is present
in the formation. With the ongoing injection during the course of production (t = 271), the
leaching solution enters the formation and reacts with the solids, resulting in the appearance
of the dissolved mineral. In the later stage of production (t = 542), the concentration of
the dissolved mineral decreases due to extraction through production wells (Figure 12).
Finally, during the decommissioning stage, the residual leaching solution is removed by an
injection of water (Figure 10).

As illustrated in Figure 11, stagnant zones inevitably form between wells of identical
function (i.e., injection–injection) due to the zero gradient of the hydrodynamic head. These
stagnant zones lead to an imbalance of solutions when flow rates are calculated using
the AT method. The effect is most pronounced in the cells centered on production wells
Pr1 and Pr4, where the residual solid uranium content and sulfuric acid concentration are
significantly higher than in the cells containing Pr2 and Pr3. The latter cells are characterized
by smaller areas and shorter inter-well distances. This imbalance underscores the need to
recalculate and reset well flow rates by accounting for both the inter-well distances and
the areas of the hexagonal cells, thereby mitigating stagnant zones and improving the
solution distribution.
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Figure 12. Spatial distribution of dissolved mineral concentration at initial time, day 271, and day
542, obtained using the AT method.

Based on the concentrations obtained from mathematical modeling at the production
wells and the calculated well flow rates, the extracted mass of uranium was determined for
each of the applied well flow rate optimization methods. Accordingly, the recovery rate for
each method is presented in Figure 13. In addition, mathematical modeling was performed
to calculate the distribution of reagent concentrations for each method.

As shown in Figure 13, the SD method provides the shortest recovery time (511 days),
whereas the AT method results in the longest recovery time (542 days). The AQ, TOFavg,
and TOFmin methods yield close values of 512, 514, and 515 days, respectively. The LD
method falls between SD and AT, with a recovery time of 521 days. To explain these
differences, Figure 14 illustrates the qualitative results (distribution of the solid mineral
at 90% recovery) for SD and AT, while Table 1 presents the corresponding quantitative
comparison for all methods.
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Figure 13. Change in the recovery rate over time using different well flow rate optimization methods;
the right panel presents a zoomed-in view for identifying the exact development time (the dashed
line indicates the development time for the corresponding method).

Figure 14. Distribution of the solid mineral at 90% recovery: (a) the AT method (542 days) and (b) the
SD method (511 days).
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After recalculating the flow rates using the SD method, a localized change in the
distribution of residual solid uranium was observed (Figure 14). Specifically, in the cells
containing Pr1 and Pr4, the uranium concentration in stagnant zones decreased from 0.191
to 0.140 and from 0.166 to 0.151, respectively, whereas in the cells with Pr2 and Pr3, the
stagnant zones increased from 0.023 to 0.072 and from 0.021 to 0.046 in g/L, respectively
(Table 1), which confirms the balance between the cells as a function of the distance between
the wells. From the perspective of the component distribution among cells, the deviation
from the average solid uranium concentration in the SD method was nearly uniform,
amounting to 0.040 g/L (with the total deviation equal to 0.168 g/L). This indicates a more
balanced system; however, it also shows that enhanced uniformity does not necessarily
lead to greater mining efficiency, as evidenced by the slight increase in the operational time
(Figure 13).

Table 1. Change in solid mineral concentrations [g/L] across the well cells under different well flow
rate optimization methods at 90% recovery.

Cell AT LD SD AQ TOFmin TOFavg
[g/L] [g/L] [g/L] [g/L] [g/L] [g/L]

Cell with Pr1 0.191 0.167 0.140 0.145 0.165 0.161
Cell with Pr2 0.023 0.041 0.072 0.057 0.056 0.059
Cell with Pr3 0.021 0.033 0.046 0.063 0.039 0.045
Cell with Pr4 0.166 0.160 0.151 0.143 0.144 0.139

Average by all 4 cells 0.100 0.100 0.102 0.102 0.101 0.101

Deviation from average in Pr1 0.091 0.067 0.038 0.043 0.064 0.060
Deviation from average in Pr2 0.077 0.059 0.030 0.045 0.045 0.042
Deviation from average in Pr3 0.079 0.068 0.056 0.039 0.062 0.056
Deviation from average in Pr4 0.065 0.060 0.049 0.041 0.044 0.038

Sum of average deviation 0.313 0.254 0.173 0.168 0.215 0.196

The results of the sulfuric acid consumption calculations, assuming no re-usage during
production, are summarized in Table 2.

Table 2. Operational time, acid consumption, and corresponding costs under different well flow rate
optimization methods at 90% recovery.

AT LD SD AQ TOFmin TOFavg

Operation time to reach 90% recovery (t∗), [day] 542 521 511 512 515 514
Acid consumption, [ton] 15,609.6 15,004.8 14,716.8 14,745.6 14,832.0 14,803.2
Acid expenses (EAC), [thousand USD] 1639.0 1575.5 1545.3 1548.3 1557.4 1554.3
Efficiency (% decrease in operational costs) 0 3.9 5.7 5.5 5.0 5.2

The SD method demonstrated the highest efficiency in reducing operating costs,
achieving a 5.7% decrease relative to the AT method. The AQ, TOFmin, and TOFavg
methods yielded comparable results, with reductions of 5.5%, 5.0%, and 5.2%, respectively.
In contrast, the LD method exhibited the lowest efficiency, with a reduction of only 3.9%. A
pairwise comparison matrix of the methods is presented in Table 3.
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Table 3. Pairwise comparison matrix of the flow rate optimization methods. The rows indicate
relative efficiency [%], and the columns represent the corresponding increase in costs [%].

AT LD SD AQ TOFmin TOFavg

AT 0.0 −3.9 −5.7 −5.5 −5.0 −5.2

LD 3.9 0.0 −1.8 −1.7 −1.1 −1.3

SD 5.7 1.8 0.0 0.2 0.7 0.5

AQ 5.5 1.7 −0.2 0.0 0.6 0.4

TOFmin 5.0 1.1 −0.7 −0.6 0.0 −0.2

TOFavg 5.2 1.3 −0.5 −0.4 0.2 0.0

Although the streamline-based TOF methods may initially appear inefficient for flow
rate redistribution, resulting in longer development times and, consequently, greater acid
consumption, it should be emphasized that, in highly heterogeneous environments or
in cases when clogging occurs, these methods can provide higher efficiency by explicitly
accounting for variations in hydraulic conductivity. The hydraulic connections between
wells are identified automatically without the need for manual input, and the TOF results
converge to a stable value for each injection well irrespective of the initial flow rates
(Figure 15).

Figure 15. Change in production well flow rates using the TOFmin method, with the initial distribu-
tion specified by the AT (solid lines, converged after 15 iterations) and AQ (dashed lines, converged
after 8 iterations) methods; the flow rate of each production well is represented by a distinct color.
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Figure 15 presents the results of adjusting the flow rates of the production wells by
the TOFmin method. To improve clarity, only a subset of production wells is shown,
since including all injection wells would result in a large number of overlapping lines,
thereby reducing readability. As illustrated in Figure 15, the flow rates of the production
wells converge to a single value after several iterations, regardless of whether the initial
distribution was specified using the AT (solid lines) or AQ (dashed lines) methods. Specifi-
cally, convergence is achieved after approximately 15 iterations in the case of AT and after
8 iterations in the case of AQ. While it is true that the hydraulic head equation must be
solved to determine the velocity field and associated streamlines, these fields are often
precomputed in industrial practice using existing software, whereas the streamline method
itself is relatively fast.

The comparison between TOFmin and TOFavg approaches essentially contrasts length-
based versus area-based metrics. While streamlines follow the path of least resistance,
TOFmin accounts for the time of flight along the shortest flow path, conceptually similar
to LD but expressed in temporal rather than spatial terms. Consequently, TOFmin does
not capture the leaching area or the influence of neighboring injection wells. Conversely,
TOFavg incorporates these spatial factors; however, it exhibits instability because streamline
distributions change significantly after certain iterations, particularly for streamlines with
the longest time-of-flight values (Figure 16). Evidently, these limitations result in both
TOF-based approaches being less efficient than SD and AQ.

Figure 16. Change in sum in TOF with respect to number of iterations for TOFmin and TOFavg to
reflect stability of the approaches.

Notably, the results of all methods, except for AT and LD, fall within a narrow range
of practical significance. Differences of only a few days in recovery time would require
flow rate precision unattainable under actual field conditions, suggesting that multiple
approaches may be equally viable for operational implementation.

The results demonstrate that the SD method, which does not require complex numer-
ical computations, provides higher efficiency by reducing the recovery time and OPEX.
Time of flight-based approaches also show promise in cases with more heterogeneous
conditions, although additional study is required.
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To evaluate scaling effects, test calculations were performed for various homogeneous
values of hydraulic conductivity, total well flow rates, and well spacing. The results
demonstrated comparable efficiency percentages across all scenarios.

4. Conclusions
The efficiency of production depends strongly on operational decisions, particularly

the adjustment of well flow rates to balance reagent distribution, maximize ore coverage,
and minimize costs. This study evaluated six allocation methods, including advanced
traditional, distance-based, area-based, and streamline-based approaches, through reactive
transport modeling of uranium in situ leaching at the Budenovskoye deposit. Simulations,
conducted under homogeneous conditions, extended historical operations to 90% recovery,
enabling a comparative assessment of method performance.

The results demonstrate that multi-criteria methods, based on distances, areas, and
time of flight between hydraulically connected wells, can serve as efficient alternatives to
the standard advanced traditional approach. In particular, the squared distance method,
which uses the distance between injection and production wells as a weighting factor for
flow rate redistribution, reduced operational costs by 5.7% (with an operational time of
511 days) while ensuring greater uniformity of reagent concentration across technological
cells. By contrast, the linear distance weighting method performed the worst (with the
exception of the traditional method), leading to the least balanced distribution between cells
and the lowest overall production efficiency (521 days operational time). The quadrilateral
area method achieved the most uniform reagent distribution between cells, minimizing
stagnant zones; however, it underperformed in terms of efficiency, with a slightly longer
operational time (512 days, +0.2%) and higher reagent consumption (+28.8 tons). The
streamline-based methods performed comparably to the squared distance method (514 days
for TOFavg and 515 days for TOFmin) but did not demonstrate the expected performance
advantages. Nonetheless, because streamline-based methods intrinsically account for
hydraulic conductivity variations and can automatically identify hydraulic connections
between wells, they may be better suited for on-site simulations during both the design
and exploitation stages under real-world conditions. Manual identification of hydraulic
connections is often challenging, as solution flow may occur even between distant wells;
therefore, automating this step can accelerate the decision-making process.

Thus, based on the results, the SD method proves to be the most effective, as it does not
require mathematical modeling and ensures higher efficiency by reducing both the recovery
time and OPEX. Time of flight-based approaches also appear prospective; however, they
necessitate additional studies before practical implementation.

Future work should focus on streamline-based methods using empirical data from
exceptionally heterogeneous mining sites, particularly data capturing temporal changes in
hydraulic conductivity due to chemical clogging (due to calcium carbonates), mechanical
clogging, and pore channeling.
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