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Abstract

Additive manufacturing technologies for metals are developing rapidly. Among them,
wire arc additive manufacturing (WAAM) has become widespread due to its accessibility.
However, parts produced using WAAM require surface post-processing; therefore, hybrid
technologies have emerged that combine additive and subtractive processes within a single
compact manufacturing complex. Such systems make it possible to organize single-piece
and small-batch production, including for the repair and restoration of equipment in remote
areas. For this purpose, hybrid equipment must be lightweight, compact for transportation,
provide sufficient workspace, and be capable of folding for transport. This paper proposes
the concept of a multifunctional metal 3D printer based on hybrid technology, where
WAAM is used for printing, and mechanical post-processing is applied to obtain finished
parts. To ensure both rigidity and low mass, a 3-UPU parallel manipulator and a worktable
with two rotational degrees of freedom are employed, enabling five-axis printing and
machining. The printer housing is foldable for convenient transportation. The kinematics
of the proposed 3D printer are investigated as an integrated system. Forward and inverse
kinematics problems are solved, the velocities and accelerations of the moving platform
center are calculated, singular configurations are analyzed, and the workspace of the printer
is determined.

Keywords: metal additive manufacturing; WAAM; hybrid 3D printer; 3-UPU parallel
manipulator; inverse and forward kinematics; workspace analysis

1. Introduction

In recent decades, three-dimensional printing technology has developed rapidly and
has become an integral part of modern manufacturing and scientific research. This de-
velopment has led to numerous new methods and devices that expand the capabilities
of 3D printing. One of the newest and most promising technologies is Metal Additive
Manufacturing. This approach enables the production of medium- and large-scale metallic
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components with complex geometry for various industries, including aerospace, mechani-
cal engineering, shipbuilding, and defense [1].

There are many types of Metal Additive Manufacturing, but according to the types
of materials used, they can be broadly divided into two main types: powder-based 3D
printing [2] and wire-based 3D printing [3]. Metal powder for 3D printing is a relatively ex-
pensive material [4]. Wire-based 3D printing can use standard and commercially available
welding wires of various types and diameters as a material, which makes it an accessible
and low-cost material for 3D printing [5]. In wire-based 3D printing, the most widespread
is wire arc additive manufacturing (hereinafter referred to as WAAM) technology [6,7].
Compared to traditional manufacturing methods, WAAM can reduce production time by
40-60%, depending on the size of the component [8].

The WAAM technology provides a high material deposition rate suitable for large-
scale components but has limitations, including low accuracy, poor surface quality, and
porosity issues [9,10], which require post-processing [5]. Currently, most industrial WAAM
3D printers [11-14] do not provide integrated post-processing and therefore require addi-
tional machining equipment. To address these challenges, a new approach has emerged:
hybrid technology. Hybrid systems combine additive manufacturing with subtractive
processes, offering significant advantages over traditional manufacturing methods. This
approach overcomes the limitations of surface quality and dimensional accuracy through
the integration of subtractive methods [15]. The environmental advantages of hybrid
manufacturing include material savings of 40-70% and a reduction in environmental im-
pact by 12-47% compared with conventional Computer Numerical Control (hereinafter
referred to as CNC) milling [16]. Hybrid manufacturing is widely used in the aerospace
and engineering industries due to its advantages, including rapid prototyping, weight
reduction of components, and geometric freedom [17-19].

In hybrid systems, conventional CNC machines are used, which provide high rigidity
but are bulky and heavy, whereas typical metal 3D printers are lightweight but lack
sufficient stiffness for post-processing of metallic components [20,21], which limits their
mobility. To achieve both mobility and subsequent finishing operations, an intermediate
level of rigidity is required—higher than that of standard 3D printers, but lower than that
of full-scale CNC machines.

For the effective operation of hybrid metalworking technology, the manipulator, which
is the main working unit, must meet several requirements. First, it must ensure high po-
sitioning accuracy [22]. Second, it must be sufficiently rigid to operate under high loads
during mechanical post-processing, while also being lightweight and compact for conve-
nient transportation [23]. However, in WA AM-based metal 3D printing, serial manipulators
(industrial robot arms) are usually used as the main motion system [24]. Although serial
manipulators provide a large workspace and high maneuverability, Neugebauer R. [25]
reported that their payload capacity is limited by their cantilevered structural configuration.
J. P. Merlet [26], Z. Z. Baigunchekov [27], X. ]J. Liu [28], and P. R. McAree [29] note that,
compared with serial manipulators with open kinematic chains, parallel manipulators pos-
sess higher load-carrying capacity, greater structural rigidity, superior positioning accuracy,
lower moving mass, and more favorable dynamic characteristics.

The use of parallel manipulators as the supporting kinematics for a spindle is a
widely adopted practice. There are commercial companies such as Metrom that, based on
pentapods, design and manufacture CNC machines of various configurations, including
mobile manufacturing complexes with and without a rotary worktable [30]. Although a
pentapod has five degrees of freedom (hereinafter referred to as DoF) and a worktable adds
one more degree of freedom, this is still insufficient for high-quality 3D printing without
supports. In WAAM technologies, during five-axis printing without supporting structures,
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it is crucial that the deposited surface is oriented parallel to the ground and the nozzle
is perpendicular to it, which enables effective use of gravity [31]. Therefore, a worktable
with two axes is required; in that case, the five DoF of the pentapod for the printing head
become redundant. For the same reason, the use of a 3-UPS (six DoF) parallel manipulator
is also not reasonable [32].

As is well known, in robotic systems, positioning inaccuracies are mainly caused by the
flexibility of links and joint connections. An increase in the number of DoF and kinematic
redundancy inevitably leads to a greater number of links and joints, which in turn reduces
positioning accuracy and the overall structural stiffness of the system. This limitation
becomes especially critical during milling and post-processing operations [33]. Mechanisms
of the “three-leg landing gear mechanisms” type demonstrate a hybrid kinematic structure
that combines serial and parallel elements [34]. Such an architecture is unable to provide a
sufficient level of stiffness and stability.

In this context, alternative parallel kinematic solutions may be considered, including
the 3-UPR (three DoF) parallel manipulator [35] and the 3-UPU (three DoF) translational
parallel manipulator [36,37], which have the minimum required three degrees of freedom
for the printing head, plus two degrees of freedom of a two-axis rotary worktable for the
printed part, i.e., a total of 3 + 2 degrees of freedom.

Thus, under the conditions under consideration, more promising solutions are parallel
manipulators with a limited number of degrees of freedom, such as 3-UPR and 3-UPU, since
they provide an optimal compromise between structural stiffness, positioning accuracy,
and kinematic simplicity. However, when installing a spindle on the moving platform, the
3-UPR manipulator exhibits certain structural limitations: the “legs” of the manipulator do
not allow the spindle to be located at the center of the moving platform, which requires
an additional fixture beneath the moving platform, thereby increasing overall dimensions
and reducing the workspace. At the same time, the 3-UPU manipulator, under the same
conditions, provides a more compact placement of the spindle due to the characteristics of
its kinematic scheme and the greater flexibility of the connections between the platform
and the “legs”.

Consequently, the 3-UPU parallel manipulator together with a worktable having two
rotational degrees of freedom can ensure high-quality 3D printing using the WAAM technol-
ogy, since the worktable, by rotating, keeps the printed surface parallel to the ground, while
the moving platform moves the printing head perpendicular to it. Mechanical machining
after 3D printing of the part in five axes is performed according to the same principle.
Therefore, such equipment based on hybrid technologies can constitute a compact manu-
facturing complex capable of producing single or small-batch finished metallic products of
complex shape [18].

Such compact manufacturing complexes based on hybrid technologies can be de-
signed as mobile systems for transportation and use in the fabrication of broken parts
of equipment and/or machinery in remote locations, such as oil and gas extraction sites,
mining operations, ships in the open sea [38], or near the battlefield [39], where damaged
parts must be rapidly replaced with new ones or where logistics are difficult. They may
also be used as remote mobile manufacturing units connected via the Internet [40].

To ensure compactness and ease of transportation of mobile manufacturing complexes
based on hybrid technologies, the equipment design must allow for a change in overall
dimensions—at least in height—while providing compact arrangement of all components
inside the housing. This work considers the concept of a multifunctional mobile metal 3D
printer whose design includes a folding (height-adjustable) frame and integrates 3 + 2-axis
WAAM technology with subsequent machining in a single system. For the full functionality
of such equipment, it is necessary to perform kinematic calculations of the system providing
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motion along the Z axis, as well as of the 3-UPU parallel manipulator and the worktable
(3 + 2 DoF). Determining the workspace, taking into account the structural constraints and
kinematic capabilities of the 3D printer during vertical movement of the frame, requires the
corresponding kinematic analysis. In the present article, the forward and inverse kinematic
problems of the 3-UPU parallel manipulator are solved, its workspace and main structural
parameters are determined, and the velocities and accelerations of the center of the moving
platform are calculated, taking into account the specified structural features of the system.

2. Materials and Methods

The concept of a New Multifunctional Mobile 3D printer for WAAM Metal Additive
Manufacturing is proposed (Figure 1). Figure 1 shows the 3D model designed in SolidWorks
2022. Conceptually, the manipulator, serving as the primary actuating unit of the metal
3D printer, provides 3 translational degrees of freedom, while the worktable contributes
two rotational degrees of freedom. Thus, the total number of degrees of freedom of the 3D
printer is five (3 + 2). For ease of transport and to extend the workspace, the 3D printer
structure moves along the Z axis using actuators.

(a) (b)

Figure 1. Concept of a metal 3D printer: (a) open view; (b) closed view.

According to the proposed concept, the workflow is organized as follows. The part is
fabricated on the worktable (1) using a printing head in the form of a welding torch (2). A
flat metal removable plate is installed under the component to be printed. Both the welding
torch (2) and the spindle (3) are installed on the movable platform (4) of the parallel
manipulator (5). Metal wire is used as the feedstock material, and a conventional welding
power source (6), adapted for additive manufacturing, is employed to melt the wire during
the printing process. Linear actuators (7) enable vertical motion of the machine housing
along the Z axis, thereby expanding the available working volume during fabrication
(Figure 1a). The closed configuration is shown in Figure 1b; this configuration corresponds
to the transportation state of the printer.
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The 3D printing is performed on five axes, eliminating poor inter-layer bonding
typically observed in conventional 3D printing. After the printing is complete, the printing
head is replaced with a spindle, and mechanical post-processing (turning, milling, drilling,
and grinding) is carried out, with appropriate tool changes as required. The finished part
is then cut from the platform using a mechanized saw and transferred for installation on
machinery or equipment.

The metal 3D printer consists of 3 subsystems: (1) the manipulator system (3 DoF),
(2) a worktable system (2 DoF), which operates in conjunction with the manipulator, and
(3) a vertical lifting system along the Z axis. The third system is independent and can
operate when the first two systems are inactive. For the metal 3D printer, the kinematics of
the first two systems are calculated jointly (3 + 2 degrees of freedom), while the kinematics
of the third motion system along the Z axis are considered separately.

2.1. Geometry and Mobility

The 3-UPU+2 parallel manipulator (hereinafter referred to as PM) (Figure 2) serves
as the actuating mechanism of the metal 3D printer. It consists of a 3-UPU PM, where
U denotes passive universal joints and P represents active prismatic joints. Each limb of
the 3-UPU manipulator contains a universal-prismatic-universal (UPU) chain, where the
prismatic joint is actuated, and the universal joints are passive. The prismatic actuators
generate platform motion, while the universal joints impose geometric constraints that
suppress undesired rotations. This manipulator is a tripod with 3 translational DoF. It
is well established that the moving platform exhibits purely translational motion if the
two outer revolute joint axes in each limb are mutually parallel and the two inner revolute
joint axes are likewise parallel to each other [41].

CS_

Cy
Figure 2. Kinematic diagram of the actuating mechanism.

To avoid ambiguity, all coordinate systems used in the derivations are introduced
here before presenting equations. This allows the reader to follow how each vector is
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transformed physically. The moving platform K; (i = 1,2,...,6) (Figure 2) moves relative
to the fixed point Ky and has 2 rotational DoF around the axes X} and Y} of the local
coordinate system Ko X Yy Zk. A spindle and welding torch will be installed at the center Py
of the moving platform P; (j = 1,2,3) of the 3-UPU manipulator, for depositing material
onto a workpiece positioned at the center K of the worktable with2 DoF K; (i = 1,2,...,6).

The fixed platform A;Aj A3, in the shape of an equilateral triangle, is attached to a
rectangular prism-shaped frame. The diagonals C5C; and C¢Cg of the upper rectangle
C5CC7Cg are connected by metal beams. The passive universal joints of a 3-UPU tripod
are attached to these beams at points Ay, Az and to the edge Cs5Cq at point A;. The
local coordinate system AgX4Y4Z4 is fixed at the center of the 3 passive universal joints
A1, Ay, Az. Thelocal coordinate system Py XpYpZp is attached to the center Py of the moving
platform P; P, P; of a 3-UPU tripod, at the intersection of 3 other passive universal joints.
Similarly, another local coordinate system KoXgYxZg is attached to the center Ky of the
moving platform K; (i = 1,2,...,6), which has two rotational DoF. All local coordinate
systems move together with the bodies to which they are attached.

The absolute coordinate system OyX(Y(Z is fixed at the highest point where the local
coordinate system AgX4YaZ 4 can be positioned, i.e., at the maximum extension of the four
hydraulic cylinders C1Cs, C2Cs, C3C7, C4Cg. These four hydraulic cylinders are used to
adjust the distance between the parallel 3-UPU robot and the moving platform K; with two
degrees of freedom. The relationship between the absolute coordinate system Oy X(YpZ
and the local coordinate systems is established based on homogeneous transformation
matrices using the Denavit-Hartenberg convention [42].

2.2. Inverse Kinematics Problem

The inverse kinematics problem is formulated as follows: Given the desired position
of the tool center point on the moving platform, determine the required prismatic actuator
strokes and the configuration of the limbs. In physical terms, this corresponds to aligning
the deposited bead with the welding torch during printing. When solving the inverse
kinematics problem, the position of the moving platform K; with two rotational degrees of
freedom is specified, along with the coordinates of a point relative to the absolute coordinate
system, where the gripper mounted on the moving platform of a 3-UPU tripod needs to
be directed.

Next, the inverse kinematics problem of a 3-UPU tripod is solved to ensure the
alignment of the printed bead with the gripper. The relationship between the absolute
coordinate system OgXoYpZp and the local coordinate system KoXgYxZx is established

as follows:
Xk, f11 tip tiz Xk, | | Uk
Yii | _ [tzr t2 f3 Yk | | Vi 1)
Zk; ts1 tx t3z Zg, | | Wk
1 0 0 0 1 1

where Xk, Yk,, Zk, are coordinates of the center Ky of the local coordinate system
KoXkYkZk relative to the absolute coordinate system Oy XoYoZo, Xk;, Yk;, Zk; are the co-
ordinates of the point K; of the moving platform with two degrees of freedom relative
to the absolute coordinate system Oy XYy Z, and Uk;, Vk,, Wk, are the coordinates of the
point Xk, Yk,, Z, relative to the local coordinate system Ko Xx YxZg. They are determined
as follows:

uKi = ay - cos Y, VKi = ay - sin;, WKi =0 (2)

where gy, are the distances from the center Kj to the vertices K; of the hexagonal moving
platform, and ; is correspondingly equal to 0°, 60°, 120°, 180°, 240°, and 300°.
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The elements of the rotation matrix #; (i,j = 1,2,3) in Equation (1) are defined

as follows:
tll t12 t13 1 0 0 COs (:y 0 sin gy
R= |ty typ t| =0 cos¢; —sing; 0 1 0 3)
t31 tzp  f33 0 sing; cos¢g; —singy, 0 —cosgy

where ¢, ¢y are the rotation angles of the local coordinate system Ko XgYgZg around the
X and Y} axes, respectively.

Thus, based on Equation (1), taking into account (2) and (3), it is possible to determine
the coordinates of any point of the part mounted on the moving platform K; with two
degrees of freedom relative to the absolute coordinate system OyX(YpZy and direct the
gripper of a 3-UPU tripod mounted on the moving platform P; P, P; to that point.

A 3-UPU tripod consists of a base A1, Ay, A3 and a moving platform P; P, Ps, connected
by 3 closed kinematic chains of the UPU type. The local coordinate system Ao X4YsZ4 is
attached to the center of the 3 universal joints A1, A;, A3, which are located on the fixed
base, while the local coordinate system PyXpYpZp is fixed at the center of the universal
joints connecting the legs to the moving platform P; P, P; and moves along with it.

The 3-UPU parallel mechanism has 3 translational degrees of freedom along the axes
of the absolute coordinate system Oy X(YpZ and does not change its orientation, meaning
that the two platforms, A1, Ay, A3 and P; P, P;, always remain parallel to each other [43].

The coordinates of the center of the first universal joint A;, which connects the legs
of the 3-UPU parallel mechanism to the fixed platform, relative to the absolute coordinate
system Oy XoYoZp are equal to

Xa, =1a-c080;, Ya, =14s8in0;, Zy =d 4)

1
where 7, is a constant parameter, representing the distance from the center of the triangular
fixed platform of the 3-UPU parallel mechanism to the centers of the universal joints,
and d is a variable parameter that determines the stroke of the four hydraulic cylinders
C1Cs, CyCg, C3Cy, C4Cq. The parameter 0; is equal to 0°, 120°, and 240°, respectively.

As previously discussed, to set the coordinates of the centers of the other two universal
joints, Ay and Az, on the beams connecting the diagonals of the upper rectangle C7CsCsCg
of the fixed frame, it is necessary to choose the coordinates of the frame vertices as follows:

C7x = —7q, C7y = \/3 Ya, C8x = —Tq, ng = _\/g.ru’
Csy = +14, C5y = —v3-1q, Cex = +7a, C6y = +\/§'7u/ )
Cr, = Cg; = Gy = Gy = d

The determination of the dimensional relationships between the triangular fixed
platform of the tripod and the frame on which it will be mounted is given by Formula (5).
This is necessary to assemble the structure as illustrated in Figure 1, ensuring that the
rectangle C;CgC5C¢ and the triangle A1 Ay A3 make contact at 3 points.

To solve the inverse kinematics problem of the 3-UPU parallel mechanism, it is neces-
sary to determine S; (i = 1,2, 3), the lengths and orientations of the 3 legs of the mechanism,
for a given position of the moving platform P; P, P;. The closure loop equations of the vector
loops for the 3-UPU manipulator are defined as follows:

AoPo + Poh; = AgA; +S;,i=1,2,3 (6)

Both sides of Equation (6), if the displacement vector d of the four hydraulic cylinders
is added, which determines the vertical movement of the 3-UPU parallel mechanism, are
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equal to the coordinates of the centers of the universal joints connecting the legs of the
mechanism to the moving platform. The vector d with coordinates [0, 0, d]” was omitted
since it was present on both sides of the vector equality (6).

In the inverse kinematics problem, the given values are the sum of the vectors
d + AgPy + Poh;, which are determined based on the relationship between the coordinate
systems OgXoYoZg and PyXpYpZp.

Xp] 100 X ][up
Yl {010 v [[Ve| _y,, -
ZP[ 0 0 1 d+ZpO Wp].
1 0 0 O 1 1

where Up,, Vp,, Wp, are the coordinates of points P; in the local coordinate system PoUpVpWp;
they are determined as follows:

Up, rp - cos(g;)
Vp. Ty - Sin(él’> ° ° °
= , g =0,120",240 8
Wp 0 Gi 8)
1 1

where 7y, is the distance between the center of the triangle and the centers of the universal
joints of the moving platform P; P, Ps.

To determine the sum of the vectors d + AgA; + S;, the following homogeneous
transformation matrices were formulated:

(1) OpXoYoZo — O1X1Y1Z4

cosf; 0 sinf; rycosb;
Tot: — sinf; 0 —cosf; r,4sinb; i 19230 =0 120" 240° ©)
Ol,l - 0 1 0 d 7 — trerrV1 — 7 7
0 0 0 1
2 O1X1M1Z1 — 02XpY22,
To2,i = To1,i T12,i (10)
where
cospqy; —singy; 0 0
sing,;; cos¢g;;, 0 Of .
Ty, = . 4 ,1i=1,2,3 11
12,i 0 0 1 ol? (11)
0 0 01
(B)  02X3Y27Z; — 03X3Y3Z3
Tos,i = Too,i T2z (12)
where
0010
1 0 0 O
T 13
23,i 010 0 (13)
0 0 0 1

(4)  O3X3Y3Z3 — O4X4YsZy
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Tos,i = T3, T34, (14)
where
cos@gy; —singy; 0 Sjcosg@y;
Ty, — singy; cosgy; 0 Sysingy; =123 (15)
’ 0 0 1 0
0 0 0 1

The coordinates of the universal joints are determined from the Ty, ; matrix as follows:

Xp.

1

YPf _

Zp|
1

Tosi 1=1,2,3 (16)

= O O O

From Equation (16), taking into account Equation (7), the coordinates of the moving
platform center Py are determined:

Xp, =1-cost + S;-sinb; - sin @p; — S; - cos O; - cos @; - sin @y;,
Yp, = r-sin6; — 5; - cos 0; - sin ¢p; — S; - sin 0; - cos @y; - sin @y;, (17)
Zp, = d + S; - cos @1 - COS @y;

where r = r4 —rp, S; are the input parameters of the linear actuators stroke, and ¢1;, o;
are the angles determining the orientation of the 3 legs of the PM 3-UPU.

Adding the first and second equations of system (17), after multiplying them by cos 0;
and sin 0;, respectively, we obtain

Xp, -sin6; — Yp, - cost; = S; - sin ¢y; (18)
The system of Equation (17) is written as follows:

Xp, —1-cos0; — S; -sin0; - sin ¢p; = —S§; - cos ; - cos ¢o; - sin @y,
Yp, — 7 -sinf; + S; - cosb; - sin pp; = —S; - sin0; - cos @y; - sin ¢y;, (19)
Zp, —d = S; - cos ¢1; - COS @y;

From the sum of the squares of the 3 equations of system (19), taking into account
Equation (18), we obtain

2 (Xp, -sin6; — Yp, cos§;)* — S? —2- 52 (Xp, - sinb; — Yp, cos ;) +

20
12+ X5 YR + 25 +d*—2-Zp-d—2-7-(Xp-cos; + Yp-sinb;) =0 20

Solving Equation (20) for the variables S;, we obtain

Si = :|:\/1’2+X1230+Y1230+Z1230—Z-Zpo'd+d2—2'r-(Xp0 ~C0591‘+Yp0 ~sin91-) (21)

In this problem, the moving platform is located in the negative direction of the Zj axis,
so only negative values of S; will be used for calculations.
Solving Equation (18) for the variables ¢,;, we obtain the following two solutions:

Xp - sind: — Yp - cos 6; Xp - sing: — Yp - cos 6;
®2i(1) :arcsin( p s ZS- p o8 l)/ P2i(2) = n—arcsin< posi ZS' pcos l) (22)
1 1

Solving the third equation of system (19) for the variable ¢;;, we obtain the following
solutions:
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Zp, —d

Zp —d

¢1i(1) = tarccos <511c)(:)s¢qz) , 1i(2) = —arccos (Slf:(é)sg@) (23)

When solving the inverse kinematics problem of the 3-UPU parallel robot, the posi-

tion, i.e., the coordinates of the moving platform center Xp,, Yp,, Zp,, is given, while the

coordinates of the passive universal joints Xp,, Yp,, Zp, attached to the moving platform are

determined by Equation (7). Based on Equations (21)—(23), the variable parameters ¢1;, ¢y;,
and S; are determined, respectively, along with the positions of all moving links.

2.3. Direct Kinematics Problem

In the forward kinematics problem, the situation is the opposite: given the actuator
strokes, one finds the Cartesian position of the platform. In practice, this corresponds
to determining the current tool position from measured displacements. When solving
the forward kinematics problem of the 3-UPU parallel mechanism, the positions of the
moving platform Xp,, Yp,, Zp, are determined for given link lengths of the 3 input hydraulic
cylinders S;. The 3 legs of the 3-UPU tripod move along a spherical surface according to
the following equations:

|Ai—Pi|=S;,i=1,2,3 (24)

From (22), taking into account (7) and (8), the following system of equations is obtained:
(Xp, —r-cos1)? + (Yp, —r-sinfy)? + (Zp, —d)? = &,

(Xp, — - cos6y)” + (Yp, —7-sin6)* + (Zp, — d)* = S, (25)
(Xp, —r-cos 6) + (Yp, — - sinf3)* + (Zp, — d)? = S3

Expanding the brackets from system (25), we obtain
72—2'Zp0 ~d+X%0+YI2,O+Z%O+d2—2-Xp0 ‘r-cosfh —2-Yp, -r-sinf; = S%,

r?—2-Zp -d+Xp + Y + 75 +d>—2-Xp -r-cosby —2-Yp -r-sinb, = 53, (26)
r2—2-Zp0~d+X%U+YI2)U+Z%O+d2—2-Xp0-r-c0593—2-Yp0-r-sin93:S%

To eliminate the quadratic terms from the first equation of system (26), we sequentially
subtract the second and third equations, resulting in

. . $3-82
(cos By —cosby) - Xp,+(sinf; —sinby) - Yp, = 2%_, ]2, 27)
(cos By —cosf3) - Xp,+(sinfy —sinbs) - Yp, = 532;5]

From system (27), we obtain the following solutions:

T _
[XPOYPO] =A ! ‘B @8
where
cosB; —cosbf sinf —sinb; _ 1 §3— 52 (29)
~ |cosf; —cosf3 sinf; —sinf3|  2r 5% - 5%

Solving the third equation of system (26) for the variable Zp, we obtain the following
two solutions:

Zpy) =05-(2-d+ VD) & Zp ) =05-(2-d — VD) (30)
whereD:4od2—4-(1’2—|—X12,0+Y1%0+d2—2-Xp0~r-c0593—2~Yp0-r-sin93—5§).

To determine the orientation of each leg of a 3-UPU tripod, two angles are required.
Thus, for 3 given input parameters S;, six angles ¢1;, @i, i = 1,2,3 need to be determined.
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However, the 3-UPU parallel mechanism has only 3 translational degrees of freedom, mean-
ing that the orientation of the moving platform Xp, Yp, Zp, in space remains unchanged,
and there is no rotation around the vertical axis Zy. Therefore, given the known coordinates
of the moving platform center Xp,, Yp,, Zp,, the six angles that define the orientation of
each tripod leg can be determined from the geometry of the parallel mechanism using
Equations (18) and (19).

2.4. Jacobian Matrices and Velocity Analysis

We introduce the following notations: S = [51 S, Sg}T, Vp, = [Xp0 Ypo z pO]T (S and
Vp, are and the center Py of the moving platform and the velocity vectors of the input linear
actuators of the parallel mechanism). To determine the Jacobian matrices that relate the
velocities of the moving and fixed platforms of the 3-UPU parallel mechanism, we take the
time derivative of the system of Equation (20) and express it in the following matrix form:

Jqg-S=1J"Vp (31)
where
Xp, —r-cosfy | Yp, —7-siny | Zp —d 51100
Jx=| Xp —r-costy  Yp —r-sinfp, Zp—d |, Jg=| 0 5,0 | (32
Xp, —7-cosbf3 ' Yp, —r-sinf3 ' Zp, —d 0'0"'S;s

From the matrix Equation (31), the inverse velocity problem can be solved as follows:
S=J,' ]V (33)

2.5. Singular Configurations

It is well known that the workspace of parallel manipulators is significantly reduced
when singular configurations are taken into account. However, in the case under considera-
tion, the 3-UPU+2 type mechanism practically does not contain singular configurations.

Let us consider the singular configurations of matrix J,, that is, the singular configura-
tions of the first type; to this end, we determine the corresponding determinant.

det(J,) = 3v3r*(Zp, — d) (34)

Formally, a Type-I singular configuration arises when the condition (Zp, —d) = 0is
satisfied; however, the design of the manipulator does not allow such a relative arrange-
ment of the base and the mobile platform due to the constraint Zp,(d) and limitation
Si > Syin. Therefore, this singularity does not belong to the workspace and does not affect
the controllability or stiffness of the mechanism.

Furthermore, the determinant of matrix J, is equal to

det(Jq) = 515253 (35)

In this case, none of the expressions in S; can vanish; consequently, the Type-II singular
configuration is also eliminated.

3. Results and Discussion
3.1. Numerical Results of Solving the Inverse and Direct Kinematics Problems

The following constant parameters are given in Table 1. A program was developed that
automatically selects the solutions of Equations (17)-(19) to correctly determine the posi-
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tions of the tripod. This program was implemented in MATLAB/Simulink (2023a). Figure 3
shows the assembled mechanism based on the solution to the inverse kinematics problem.

The following parameters were specified for solving the direct kinematics problem, as sum-
marized in Table 1, which lists the constant parameters used in the analysis. From Equations (29)
and (31), the following solutions for Xp) =0, Yp, =0, Zp (1) = 565.6854, Zp (o) = —565.6854
were obtained. These values were verified based on the solution to the inverse kinematics
problem.

Table 1. Constant parameters used in the analysis.

Parameter Symbol Value Unit
Radius A Ta 400 mm
Radius B p 200 mm

Initial X coordinate Xp, 100 mm
Initial Y coordinate Yp, 100 mm
Initial Z coordinate Zp, —1000 mm
Angle 1 01 0 °
Angle 2 6> 120 °
Angle 3 03 240 °
Offset d —400 mm
Rotation angle Y Gy 10 °
Rotation angle Z ¢z 30 ©
Length 1 actuator 51 600 mm
Length 2 actuator Sy 600 mm
Length 3 actuator S3 600 mm
X coordinate of point K X 0 mm
Y coordinate of point K Yy 0 mm
Z coordinate of point K Zy —1700 mm
Parameter a; ay 300 mm

N 4
200 -

-400 —

-600 —

-800 —
-1000 —

-1200 —

~1400 —| @

1000

Y

Figure 3. Solution to the inverse kinematics problem of the 3-UPU+2 actuator mechanism.
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3.2. Workspace of the Multifunctional Mobile 3D Printer for Metal Printing

In the kinematic analysis performed, the workspace was evaluated with regard to
several practical constraints inherent to the real mechanical system. In particular, the
computations incorporated the limitation on the maximum operating angle of the universal
joints, taken as 45° in accordance with DIN 808 [44], the occurrence of potential singular
configurations, as well as the requirement to avoid collisions between structural compo-
nents, the spindle, and the tool. The spindle is mounted on the 3-UPU moving platform
and may potentially come into contact with the universal joints; to mitigate this risk, the
dimensions of the moving platform were increased, taking into account the geometric
characteristics and angular limitations of the universal joints. In addition, an additional
clearance of 160 mm along the Z-axis was considered to accommodate the spindle and the
tool, which consequently leads to a further reduction in the available workspace.

The workspace was determined using the inverse kinematics approach. The
workspace of the worktable is approximated as a spherical volume, while the workspace
of the 3-UPU manipulator is analyzed in two configurations: workspace in the closed
(assembled) configuration and workspace in the open configuration (Figure 4). In the
closed (assembled) configuration, the Z-axis range spans from —1700 mm to 1300 mm,
whereas in the open configuration it ranges from -1300 mm to 900 mm.

1000

(@)

Figure 4. The workspace results for the multifunctional mobile 3D printer: (a) Workspace in the
closed (assembled) configuration. (b) Workspace in the open configuration.

In addition, Figure 5 shows the combined workspace, which is illustrated in Figure 4.

Extending the vertical travel of the mobile platform along the Z-axis nearly doubles
the accessible workspace of the multifunctional mobile 3D printer. The 3-UPU manipula-
tor provides an XY translational workspace of 400 mm, while the integrated two-axis
worktable enhances the system’s orientation capabilities.

To account for the rotational angle limitations of the universal joints, the deviations of
each leg from the vertical direction were used.

1(Xg—wﬁﬁ2+(ﬁ1

T Aiy)z
Zp —d

a; = tan™ (36)
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where A;(Ajx, Aiy, Aiz) and Pi(Xp, Yp,, Zp,) are, respectively, the coordinates of the uni-
versal joints connecting the base and the moving platform. If the allowable angle of the
universal joint with respect to each axis is £45°, then, under simultaneous rotation about
two axes, the resulting inclination angle of the leg from the vertical may exceed 45°. How-
ever, in the present work, for the sake of simplification, we limited the inclination angle of
each leg with respect to the vertical to £45°, without taking this circumstance into account.
Thus, in calculating the workspace, conical constraints were assumed for each leg.

-~

=500 -
Zz
-1000 |

-1500

-1000
=500

-2000

-1000 0
0 500

1000
v 1000

Figure 5. The combined workspace results for the multifunctional mobile 3D printer.

3.3. Numerical Examples of Solving the Inverse and Direct Velocity Problems

The constant parameters used in the analysis are given in Table 1. In the inverse
velocity problem, the components of the linear velocity Vp, of the moving platform center

are given, X Py Ypo, z p,» and the values of the linear actuator velocities S = [51 52 53}
required to achieve the specified velocity of the moving platform center Py of the tri-
pod are determined. It is assumed that the positions of the four hydraulic cylinders
C1Cs, CCg, C3C7, C4Cp and the orientation of the moving platform Ki with two degrees
of freedom are fixed. That is, when a 3-UPU tripod operates, other moving parts of the
actuator mechanism are temporarily halted.

Table 2 presents the numerical results of solving the inverse kinematics problem of
the tripod. Specifically, certain positions of the moving platform center X Py Yp, Zp, and
the components of the velocity vector of the moving platform center X Py Ypo, Z P, Were
given. Based on Equation (33), the velocity magnitudes of the linear actuators 152 S3
were determined to ensure the specified motion.

Additionally, using Equation (31), the components of the linear velocity X Pys Ypo, z P
can be found for given values of the linear actuator velocities S1 Sg 53.

The results of this study show that the proposed multifunctional mobile WAAM printer
significantly increases the workspace compared with typical WAAM systems. Standard
prototypes usually have moderate dimensions, e.g., 200 x 200 x 200 mm, except for large-
scale structures such as diagonal lattice columns (height 2000 mm) or the MX3D bridge
(span 12 m) [45]. In comparison, commercially available desktop systems, such as the
Meltio M450, offer a workspace of only 145 x 168 x 390 mm, with overall dimensions of
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560 x 600 x 1400 mm and a weight of 250 kg [45]. While suitable for laboratory or small-
scale industrial parts, these systems are limited in size and mobility, restricting large-scale
Metal Additive Manufacturing.

Table 2. Velocity analysis.

Xp, (mm) Yp, (mm) Zp, (mm) Xpo (mm/s)  Yp, (mm/s) Zpo (mm/s) S1 (mm/s) S, (mm/s) S3 (mm/s)
1 300 300 —1000 0 0 —50 88.4652 81.9479 69.5644
2 300 300 —1000 —50 —50 —50 58.9768 45.9731 18.9444
3 300 300 —1000 50 50 50 —58.9768 —45.9731 —18.9444
4 —300 300 —1000 50 50 50 —83.6660 —98.6919 —58.6662
5 —300 300 —1000 —50 50 50 —23.9046 —67.6861 —33.3462
6 —300 300 —1000 50 0 0 —29.8807 —15.5029 —12.6600
7 —300 300 —1000 0 50 0 17.9284 9.8284 29.9539
8 —300 —300 —1000 —50 —-50 —-50 119.5229 118.5741 118.3488
9 —300 —300 —1000 +50 +50 —-50 23.9046 33.3462 67.6861
10 —300 —300 —1000 —50 —50 +50 —23.9046 —33.3462 —67.6861
11 0 0 —1000 0 0 —50 94.8683 94.8683 94.8683

In the proposed approach, the workspace of the 3-UPU manipulator was analyzed in
two configurations: closed (assembled) and open (open configuration), while the worktable
workspace was approximated as a spherical volume (Figure 4). In the closed configuration,
the Z-axis range spans from —1700 mm to 1300 mm, and in the open configuration, from
-1300 mm to 900 mm. The manipulator provides XY translational motion of 400 mm, and
the integrated two-axis worktable adds orientation capabilities, enabling multi-directional
layer deposition and fabrication of parts with complex geometries.

Mounting the WAAM system on a mobile platform with a hybrid five-DoF manipulator
(three translational + two rotational DoF) allows layer deposition in multiple directions
without supports, reducing anisotropy caused by strictly parallel layer stacking. This is
particularly important for producing complex geometries and structural components in
aerospace and construction applications, where both mobility and post-processing capability
are critical. The hybrid system’s intermediate stiffness—higher than that of desktop 3D
printers but lower than full-size CNC machines—provides sulfficient stability for deposition
and finishing while keeping the system lightweight and transportable.

Overall, these comparisons highlight the value of mobile hybrid WAAM systems as
a bridge between small laboratory printers and large stationary CNC machines, offering
geometric flexibility and the possibility of on-site industrial deployment.

4. Conclusions

In the present study, a comprehensive kinematic analysis of a multifunctional mobile
metal 3D printer was carried out. The system includes a 3-UPU parallel manipulator, a
two-axis worktable, and a foldable housing. The forward and inverse kinematics problems
were considered within a unified framework, which made it possible to determine the
workspace of the system and to identify regions of potential singular configurations. The
obtained results show that all components of the system ensure compact arrangement
in the transportation state and do not experience collisions at any stage of deployment.
It was established that the motion trajectories do not intersect singular configurations,
and the workspace determined from the kinematic analysis does not contain singulari-
ties. This confirms the kinematic feasibility of the proposed design and its suitability for
practical implementation.

The workspace was determined with respect to the reference point of the spindle and
did not take into account the geometric dimensions of the printing head and cutting tools.
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It was demonstrated that the overhang length of the printing head does not exceed that
of standard cylindrical end mills; therefore, the reduction in the effective workspace is
insignificant. Consequently, the workspace obtained from the kinematic analysis can be
directly used in slicers and CAM systems, which, taking into account the tool geometry, are
capable of automatically generating motion trajectories.

The formulated inverse kinematics equations can be employed in the development
of post-processors for CAM systems and/or slicers, thereby enabling automation of the
control of the multifunctional 3D printer.
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