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AJIFBI CO3

TexHUKabIK KOFapbl OKY OPBIHIAPBIHBIH OakajdaBpuaT JCHICHIHIIETr
OKy OarmapiamaliapblHa COWKEC >Ka3bUIFaH, YII O6JIMHEH TYpaThiH
OKYJBIKTaPBIMBI3IIBIH €KiHIII 06iMiHAe MaTEMATHKAIBIK aHaJIN3re KipicIle,
Oip aliHBIMaNbl QYHKIUSIAPABIH AU(QPEPESHITNATIBIK XKOHE HHTETPAIIBIK
ecenreynepi kipreH. bi3 oppic TUTIHZErT OKYJBIKTap MEH OKYy
KYPaJIapbIHBIH MaTepPUAJIAPhIH CYPHINTAIl Talial, ChlIH Ke30eH Kapaii
OTBIPBHIIL, oJlapJlaFbl  Kehoip TEOPHUSUIBIK ~ Maceneliepre  e3iMi3ig
KO3KapachIMbI3fa cail e3repicTep eHTri3e OTHIPHIN MalJalaHAbIK. by
TypaJibl KiTaOBIMBI3JBIH OYPBIHFBI OacChUIBIMIAPBIHIA KEHIpEeK >Ka3bLIFaH.
A7 KiTaOBIMBI3IIBIH OCHI, JKETIHIN OaChUIBIMBIHIA HYKTEHIH aKbIPJIbI JKOHE
aKpIPChI3 MaHaWJIapel Typalbl MaTepHajJbl KEHEWTTIK, COHBIMEH Oipre
(OYHKIUSHBIH ~ HYKTEIErl IIeTiHIH aHBIKTAMaChIHBIH 36  KaFaalbIH
KaMTHUTBIH, JKaJIIbl aHbIKTaMa KenTipinai. OyHKIUSHBIH HYKTEIETi IIeri —
MaTeMaTHKAJIBIK aHAJIU3 KYPCHIHBIH HETI3Tl KOHE TEPEeH YFbIMIAPBIHBIH
Oipi. TybsIHIOBI, aHBIKTATFAaH WHTETPAN, KaTapiap JKoHE T.0. YFeIMIap
(yHKIMSA TIeri apKpUIBl AHBIKTANATBHIHBL Oenrimi. DYHKOWA IIETiHIH
aHbIKTaMajapbl KYpHeii, MIyOaTbUIBIHKBI Tijijie OepUICTIHAIKTSH OJIapiabl
cTyzaeHTKe OiplieH TyciHin, Kadbuinay oHail emec. CoHpIMeH Oipre GyHKUus
nreridig 36 >KaFgalbIHBIH opOipeyiHe JKeKe-)KeKe aHbIKTamMa Oepy easyip
yaKbIT IIbIFBIHBIHA OKeNe[l. AJ MaHai TuUliHAe OepuIreH >Kajbl
aHBIKTAMaHBIH MBIHAJIall apTHIKIIBUIBIKTAPBIH aTall eTyre 00ab:
0JI KbICKAIIIA TYKBIPHIMIAJIATHIHABIKTAH TYCIHYT'e, KaObLIAaYFa KESHLI;
OHBIH Oip e31 (yHKIWs IIeriHiH 0apiblK 36 >KaFmalblH KAMTUTHIHIIBIKTaH
YaKBIT €yip YHEM/IENEe/I;
OHBI OKYIIIBIFa 63 OETiHIIE OPBIHAAUTHIH KYMBIC peTiHae Oepyre Oonajbl,
OKYIIIBI OHBI « & — O » TiIHEr aHBIKTaMara KOIipy apKbLIbl IIEK YFbIMBIH
TepeHipeK TYCIHyre MYMKIH/IK anafpl.

Kitam, OKBITYAbIH OYpPBIHFbI TPAAMIMSIBIK 9MIiCI MEH KpPEIUTTIK
TEXHOJOTHSUIBIK ~ OKBITY ~ OMICIH  YINTACTHIpAa  OTBIPBIN  Ka3bLIFaH.
TeopemanapaeiH ~ Kemminiri  mamenmaeHred.  Kepek  xkarmaitnmapna
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TeopeMaaarbl MapTTapIblH KaXKETTir jkoHe 0acka J1a MaHBI3AbI MaceJenep
Kapchl  MbIcangap (KOHTPHpPUMEpHI) apKbUIBl  amibiafsl.  Kasipri
Oarmapnamaiapfa Tajan eTiIMece A€ MAaTeMaTUKAIBIK MOH-MaFbIHACHI
TepeH cypakTapAbl 1a OKYIIbl Ha3apblHAH THIC KaJIABIPMayFa TBHIPBICTHIK.
Meicansl, PumaH wuHTerpanslH ecenTeyre KOJJaHbUIATBIH HBIOTOH-
JleitOnu opmMynacel, Oarmapiamara CoiKec, T€K y3umicci3 (QyHKIusap
ylliH faHa Oepinyi Tmic OonFaHbIMEeH, 013 MaTepHaIbl TEPEHIPEK OKBII
yiipeHrici kenreH oOKymbiFa apHan HprotoH-JleitOaur dopmynacsH
KOJIIAaHY/BIH JKaJIIbl JKaFJaimapblHa OalIaHBICTBI MaTepHAIJapAbl Ja
(aHanM3IiH HEri3ri TeopeMachl XKoHe T.0.) KOCTHIK.

OKymibl MeH OKBITYIIBIHBIH KOJJAaHYbIHA BIHFAMIBI OOMYyBI YIIiH,
JEKIUSUTBIK, KYPCTBI, TPAKTUKAIBIK €CeNTep/i, CTyISHTTepAiH o3 OeTiHie
OpBIHAAYbIHA ApHAIFAH TallChIpManaplipl, apaiblK OaKbUlayFa apHaIFaH
cypakrap.isl Oip OKYJIBIK illIiHJE KaTtap Oepy/i xeH Kepik. Opoip Tapayaa
TEOPHUSUTBIK MaTepuai (JICKIHsI), OChI MaTephalFa apHaJIFaH CypaKTap MEH
tanceipmanap, 30 BapwaHTTaH TYpaTbIH Yii Tarceipmanapsl (YT), sxeke yit
TamniChIpMallapblH ~ OpbIHAay  yirinepi  Oepinemi. CoHBIMEH — Kartap
OKBIPMaH/IapJIbIH YCBHIHBICBIH €CKEpill, KiTaOBIMBI3ABIH OCHI, alTHIHIIBI
OacpUTBIMBIHA OaKpUIay JKYMBICHIHA apHallFaH ecenTepli A€ KOCTHIK.
KitaGpiMbi3abiy Teopusuiblk Oemimi 2003k, KP OFM okynbik periHae
yceiaran «EK.Afimoc JKorapsl MaTemaTtuka (KpICKala Kypc)» aTThl
OKYJIBIKTBIH ~ MaTepHAIIapblHAH  alblHFaH. AJ  CTYACHTTepIiH YH
tanceipmanapsl yimiH, A.ILPsOymko >xone 1.6. aBTOpnapapiH «COOpHUK
WHIMBUIYalbHBIX 3aJIaHUH 0 BBHICIIEH MaTeMaTHKe» aTThl yII OelliMHEeH
TYpaThlH OKy KYpaJlJapblHIaFrbl MaTepualIapblH 0i3re KakeTTi Oacka
TaKBIPBINITAPFA APHAIFAH ECENTEPMEH TOJBIKTHIPBIN, OJapIbl OpBIHIAY
yJIriniepine keibip olicTeMelNik erepicrep €Hrize OTBHIPBIN NaiJalaHIIbIK.
ConblMEeH Oipre MarepHaiJiblH MaTeMaTUKalbIK KaTaHIBIFBIH CaKTal
OTBIPBIN, OHBI OKYIIBIFa TYCIHIKTI, YKEHIJ TIIMEH KETKi3yTe THIPBICTHIK,

OpbOip Tapay mnaparpadrapra OeminreH. Kelibip mnaparpadrap
nyHkTTepre OemiHeni. Teopema nonesneyiHiH HeMece MbICAJIAPIbI
HIBIFApyIBIH 0acTadybl MEH asKTaIybIH colikec ¥ jkoHe “ OenrijepimMeH
KOpCETill OTbIpaMbl3. YU TamlcblpMalapblHIAFel HOMipiepliH OipiHmi
uudpbl Tapayra CcoWkec, ajd eKiHII IUdpPbl OChl TapayFa apHaJiFraH
TarcelpMa HOMIpiH Kepceredi, Mbicansl 5.2 — YT  Oenrineyi, OeciHii



Tapay OOMBIHIIA CTYAEHTTEpre OepileTiH eKiHIII TalChIpMaHbl KepceTesl
(op6ip Tanceipmana OipHemie ecern 00Iysl MYMKIH).

Kazipri ke3ne Kasakiia MaTeMaTHKAIBIK TEPMUHACDP  TOJBIK
KAJIBIIITACHIIT  OOJIMaraH/BIKTaH, KiTaOBIMBI3[Ia OKYIIBIHBIH KOHIJTIHCH
IIBIKMAN KaTKaH TepMuHzmep Oap Oosca, omapiasl Oipirim TanKpIIayFa
MadbIHOBI3. bi3 KOomaHFaH MaTeMAaTHKANBIK TepMuHIEpP 1999 k. kapbhlk
kepreH [11] co3MiKTEH allbIHIbI.

ABTOp



4. MATEMATHUKAJIBIK AHAJIU3TE KIPICITE

§ 4.1. Kubingap MeH MaTeMATHKAJIBIK JOTHKA
3JeMeHTTepi. ApaJbIKTap

4.1.1. MatemaTtuka moHi. TypakTsl skoHe aliHbIMAJI IIaMaJjap.

FoutbiMpap iminae mMatemaTnka epekiie opblH anaabl. MatemaTuka —
HAKTHl OMIpIiH CaHABIK KaTBICTApbl MEH KEHICTIKTETi Typiepi Typaisl
FBUIBIM.

MaremaTrka 6acka FEUTBIMAAPFa TaAOUFAT KYOBUIBICTAPBI apachIHAAFbI
TYpJi KaThICTapAbl ©OPHEKTEY YIIiH, CaHAap MCEH CHUMBOJJIAp TiTiH
ycoiHaApl. bipak MaremaTukaHbl KojnaHOac OypbIH OHoior, U3k HEMece
9KOHOMHCT 3epTTEJeTiH KYOBUIBIC MOHIH TepeH TYCiHyl KaXeT, OHBI
MaTeMaTHKAJIBIK TYpJIE OHICYIe OOJaThIHAal eTil 0eJIIKTeyi KepeK.

Marematukamarel 3epTT€y OOBEKTiIepi — KOFaM MeEH TaOurar
KYOBUIBICTAPBIH CHIATTAy VINIH KYPBUIFAH JIOTHKAJIBIK MOJEIbICP.
MaremMaTrka OChl MOJEJbJEP 3JEMEHTTEPIHIH apachblHIArbl KaTBICTAP.IbI
3epTTEH/II.

bip raHa wmareMaTuKaJbIK MOJENh ©3iHIH aOCTPaKIHMsIIBUIBIFBIHAH
OpTYpJIi mpouecTepai cumarTaid anaasl. Meicansl, 0ip auddepeHInanabK
TEHJIEYy PaJMOaKTUBTI BIABIPAY/BI JIa, JCHE TEeMIIEPaTyPachIHbIH ©3repiciH
JI€ CUIIATTAIBI.

TaburaT KyOBUTBICTApBIH 3epTTey e 013 Oip IIaMaHBIH €KiHIII IIamara
TOYCJAUIITH, IIaMaJIap/IbIH ©3repill OTHIPATHIHIBIFBIH KopeMi3. COHIBIKTaH
alfHpIMaJ IamMa MaTEeMaTHKAIIBIK aHaJIN3 KypChIHIA HETi3ri TYCiHIK OOJbI
TaOBLUIABI.

AWiHbpIMaJ 11aMa Jiern, eH OoJiMaraH[a e3apa TeH eMeC €Ki MoHre ue
OosaThiH IamMaHbl KaObuiAaiiMbI3. [llama Tek Oip FaHa MoH KaObLgaca, o
TYpPaKThl el aranajabl. AWHBIMAI IIaMaHbIH KaOBUITAWTHIH OapibIK
MOHJIEpiH OipIKTIPCEK, OCHI NIAMaHBIH MOH/IEP KUBIHBIH aIaMbI3.

4.1.2. /KubIHgap K9He 0J1apFa KOJAAHBLIATBIH Keif0ip amasaap.

XKubiH — xanpmaii na Oip oObekTiepmiH (3aTTapiblH) >KUBIHTBHIFI.
JKubiara kipeTiH OOBeKTUIEPI KUBIHHBIH JJI€MEHTTepi Jien araiiMbI3.
JKubIHITBL YIIKEH JATHIH opinTepMeH: 4,B, ..., X,Y,..., a1 OHbIH JIeMEeHTTEePiH
Killll JIATBIH opinTepiMeH: a,b,...,x,y, ... Oenrineini.



acA xasyel, a ODJEMCHTIHIH A >KUBIHBIHAA >XaTaTBIHBIH (THICTI
eKeHiH), an a¢A (Hemece a € A) Genrineyi, a drIeMeHTiHIH A XUBIHBIH/A
JKaTMaUTRIHBIH KepceTeni. bipme-6ip 31eMeHT] KOK JKHUBIH 00¢ sKMBIH JCT
atayajpl 1a & apKbUIbl OCNTiICHE .

AcB xa3ybl, A KUBIHBIHBIH opOip 37eMeHTI B JXWBIHBIHBIH ja
9NIEMEHTI, sIFHU B KuUbIHBIHIA KaTmalTelH A KUBIHBIHBIH Oipae Oip
9NIEMEHTI JKOK ekeHiH Oimaipeni (C — ewrizy Oenrici). by karmaiina A
JKUBIHBI B KUBIHBIHBIH INEKMBIHBI JeT aTanajsl. boc KUBIH — Ke3 KeNTreH
JKUBIHHBIH 1IIIKUBIHBI, O©UTKCHI )KUBIHA KATIMAWTBIH &) )KUBIHBIHBIH Oip /¢
0ip AJIEMEHTI JKOK.

Erep Ac B xone Bc A 0Oosica, ouna A Men B TeH KubIHmap
(A=B) gem aramamel. Hemece, Oipaeit smeMEHTTEpACH KypaifaH
JKUBIHIAP/IBI TCH JCTT aTakIbl.

KublHaapasl epHEK TypiHAE kazy YIIiH Quaypanslx icakua
KOJITaHbLIaAbl. MbIcaibl: a) A= {ai,az,...,an} a3y, )KUBIHHBIH 3JICMEHT-

Tepi @;,d,,...,d, )KOHE ONapAblH CaHbl 7 TEH €KeHiH Kepcereni. by
JKargaiga OKUbIHHBIH — DJIEMEHTTEPIHIH CaHbl  aKpIpibl, 71-2€ TEH
OonFaHIbIKTaH, 4 — AaKbIPJbl KUBIH JeN araiafgsl. AKBIPIBL eMec
KUBIHAAD, SFHU aKbIPChI3 KUbIHAAP Oap. Onap camansimovt (MbICaibl,
OYTiH caHzap )KUbIHBI — CAHAIIBIMBI aKBIPCHI3 KHbIH), HEMECE CAHANLIMCHL3
(mbicanbl, 0 MeH | apacblHAaFrbl HaKTHl CaHAAp YKUBIHBI - CAHAJIBIMCBHI3
aKBIPCHI3 J)KUBIH) O0JIYBI MYMKIH;

0) A xubiHbl Heri3ri U JKUBIHBIHBIH KaHJail 1a Oip oL KacueTke ue
OomaTelH (HeMece o IWIapThIH KaHaFaTTaHIBIPATBIH) 3JIEMEHTTEPiHEeH
KYypaJiFaH iDKUBIHEI peTiHae Oepinyl MyMkiH. by xarmaiina oHel Kemeci
MaTEeMATHKANbIK OPHEK apKbUIbI Kazansl A={XxeU : a(x)} xome o, «4

)KublHBI — U JKUBIHBIHBIH (¢ KacHEeTKe Hue OOJIaThIH 3JIEMEHTTEPIHIH
JKUBIHBD» J€l OKblIangbl.  Mpicansl, A= {X eN: (X2 —1)(X2 —4) = 0} -

OepiireH TeHaeyliH OapiblK Hamypan myQipaepiniy >XUbIHBL, SFHU
A={1,2}.

Mbicanaap. 1). Erep A={1,2,3} Gonca, oHxa Oyil KHBIHHBIH YII
onementi le A, 2€A, 3e€A xome ceri3 inokusiael Oap:{L}c A,
{cA BtcA 423cA {433cA {2,3cA {123 cA D A



2) A= {1,2,3} *KoHe B= {2;3;1} KUBIHIAphl TeH. Olitkeni AcCB
xoHe B < A enrizynepi opbIHanaTHIHBIH KOPY KUbIH eMec. EXi )KUBIHHBIH

ekeyi e Tex 1, 2, 3 sneMeHTTepiHeH KypaiFaH.

JKubragapra skacajmaTeIH KeHOip aManmapapl KapacThIpalbIK.

A wen B xusiHgapeiHbIH Oipiryi nemn, A xoHe B >kubIHDApbIHBIH eH
bonmazanda GipeyiHe THICTI dleMeHTTEpJcH FaHa KypaifaH C >KHUBIHBIH
afitanel xoHe oHbl C=AUB (keiine C=A+B) apkpuibl Oenriieiai:

def

C=AuUB={x:xeA nemece xe B} (1-cyper).

A MeH B KubIHIAphIHBIH KHBLUIBICYBI Jiel, A KHUBIHBIHIA 1a, B
JKUBIHBIHJIA Ja JKaTaTbiH (SFHU A jkoHe B KUBIHZapbhIHA OpPTaK) 3JIEMEHT-
Tepaen Kypaiaran C >kublHBIH adTanel koHe oHbl C=ANB (keiine

C=A-B) apkputel Oenrinedini: C=ANB={x: Xe A ocone xecB}

(2-cyper).
Mpican. A= {—1 2,5, 7} xKoHe B = {—l 0,5,6, 7} JKUBIHIAphI Oepiice,

oumra AUB= 105672 ANnB= 157

Y

AnB
1- CypeT 2-cyper

Bipiry »xoHe KHUBUIBICY aMalJapblHBIH KelOip KacHeTTepiH >KasbIl
KepceTeik.
1) Kommyratuerik: AUB=BUA, ANB=BnNA

2) ACCOIMaTUBTIK:
Au(BuUC)=(AuB)UC,
ANn(BNC)=(AnB)NC;

3) JAuctpuOyTHBTIK:
(AuB)NnC=(ANnC)u(BNC),
(AnB)uUC=(AuC)N(BUC);
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4) Unemnorentrik: AUA=A, AnA=A
Conpimen Oipre A=A, AN = TeHIIKTEpiHiH Jic OpbIHaIa-

THIHBIH KOPY KUBIH eMeC.
Erep AnB=C 06onca, ouna A oHe B KHBUIBICIAWTHIH XKUBIHAAD

Oomazpl.
A meH B XuBIHIApHIHBIH albIPBIMBI €T, A KUBIHBIHBIH B jKUbIHBIHA
THICTiI eMec OapibIK dIeMeHTTepiHeH KypaiFaH C KUBIHBIH aiTajabl >KoHE

ousl A\B Hemece 4-B apKpuibl Gernrineiini:
C=A\B={xeA:xg¢Bj}.
XKanmsr sxarnaiina, (A\B)UB= A tercisgiri aypsic (3-cyper), Gipax
B < A Gouca, onna (A\B)UB=A (4-cyper).

//,)

3-cypet 4-cyper

Mgeicaa. A= {—1, 2,5, 7}, B= {—l, 0,5,6, 7} JKUBIHIAphl  Oepisice,
C=A\B={2}.

Erep Ac B 6onca, onna B\ A albIPbIMBL A KUBIHBIHBIH B jKUbIHBIHA
JICHIHTT TOJBIKTAYBIIIBI JICT aTajiajibl JIa, E\B (uemece Ay, Hemece CpA)

apKpUIBl OenrineHeni. An Tek KaHa Oenrini Oip Herisri U KUBIHBIHBIH il

JKUBTHAAPHl KapacTHIPBUIATHIH JKaFmaiaa A xubiabiaeig, U KUbIHBIHA
JICHIHTT TOJIBIKTAYBIIIbI A JKUBIHBIHBIH TOJBIKTAYBIIIBI JCTI aTajajbl Ja,

A (semece A’ Hemece CA) apKbUIbl GerieHei.

Byt ampkramaman AUA=U, ANA=Q, A=A Temiikrepi

IIbIFaabl.



Keneci texuikrep KocapJiac 3aHaap Hemece ae Mopran 3aHaapsl
JIeTI aTaJla/Ibl:

AUB=ANB (1)
ANB=AUB. )

Mpbicadn. (2) TeHIIKTI AoMenaey Kepek:

Y Xe AnB oOonce. Ouga X¢ ANB Oomanel ga, X¢ A HeMmece
X¢B, srau xec A Hemece XeB. Ax oyt xe AUB nered ce3. Omait
0oJca, KeJeci eHTi3y OpbIHIANAIbL:

ANBc AUB. ©)

Enngi xe AUB GoichiH, oHIA X € A Hemece XeB Oonaael aa,

Xxe A memece X¢B, arum X2 ANB anmameis, an 6yn Xe ANB  neren

ce3. CoHbIMEH
AUBc ANB (4)
eHTi3yiH angsiK. (3) neH (4) eHrizynepiHeH aHbIKTaMa OOMBIHIIIA

AnB=AUB

HIBIFAIBl.

XKarteiry perinae oxymisira (1) TEHIIKTI Joneney/ i YChIHAMBI3.

DneMeHTTepi caHaap 00JIATHIH )KUBIHIBI CAHAAP KABIHBI JICTT aTal/Ibl.

Heri3ri canaap »KUbIHIAPBIH aTal oTeHiK.

Harypan cannap »xwubtasl N apkputel Oenrineneni: N ={1,2,3,...}.

Harypan caHpap >KMbIHBIHIQ KOCY JKOHE KOOSWTy amajiapbiH
OpbIHIayFa 00JIaIbI.

ByTin cangap xublHbI Z apKbUIBI OeNTineHesi:

Z={.,-3-2,-10123,..}.

ByTiH caHmap KUBIHBIHAA KOCY, a3aiiTy jxoHE KeOeHTy amaniaapbiH
opbIHIayFa 00JIaIbl.
Pamumonan canaap *xubiabl Q apKbUIbI OCNTiIeHEe !

Qz{ﬁ: peZ,qu}.
q
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Panmonan canmap JKUBIHBIHIA OapiblK TOPT apU(PMETHUKAIBIK amal-
napasl (Henre O6emyaeH Oacka) OpbIHIAyFa OONabl.

[leproaThl eMec akKbpIPChI3 OHJIBIK OOJIICKTI HMPPANMOHAJ CAH JICI
aTalTBIHBI MEKTEIl KypChIHAaH OeNrii.

Panpionan canpap KHWBIHBI MEH HWpPPAIMOHAN CAaHJAp >KUBIHBIHBIH
Oipiryi HaKTbI CaHJap >KUBIHBIH KypanIsl oHEe OHBI R apKpUThl Oenri-
neiini. HakTel canpmap JKUbIHBIHIA OapiiblK apu(METHKAIBIK aMaslaapiabl
opeiHIayFra (Oemry ymriH, Oenrimr Hem eMec), Tepic eMec CaHJapAbIH Ke3
KEJTeH palnoHal Iapexen TyOipiH Tadyra Gomambl.

ATayFaH XUBIHJAP YIIiH KeJIeCi SHri3yJep OpbIHIaIaIbL:

NcZcQcR

4.1.3. Keii0ip MaTeMaTHKAJIBIK JIOTHKA CHUMBOJI1apbl.

MaTtemMaTUKabIK coiieMIepi, YHEMILTIK KOHE BIHFAMIBLIBIK YIIIiH,
JIOTHKAJIBIK CHMBOJIIAPIbI KOJIAHBIM kKa3aabl. bi3 Tek i KONAaHbIIATHIH
€H KaparaibIM JIOTHKAITBIK CUMBOJIIAPBI FAaHA KENTipeMis.

o,B,... kanmail na Gip alWTeUIBIMAAp (MIKipIEp), SFHH, OPKAHCHICHI
Typalibl «IIBIH» HEMEece <OKaJFaH» Jem aiWTyra OonaTblH Xa0apiisl
celinemzep OoschiH. Backama aifTkanaa, o miKipi Kemeci eki MoHHIH OipiH
FaHa KaObUIZAHIbBl: «IIBIH» HEMece «KaJran». Keline «mem» — 1, an
«oxanram» — 0 apkputbl Oenrineneni. Kypaemi aiTeuisiMaap Kypay YUIiH
KeOiHece Keyeci 0ec JIOrMKaJIbIK CUMBOJI Ak 1aiaHbUIaIbl: ] NV
.

1) —|oc HEMece O JKa3ybl, «ol MiKipi Tepic (OpbIHIAIMANIB)» NeTeH I
Ginmipeni, ( | — Tepicrey cumBousy). Mynma: o=1 Gomca 0.=0, an
o =006o0mca a=1.

2) aAB sKa3zybl: «ou KoHE B» mereHmi Ounmipeni (A — KOHBIOHKUUSA
cumBoinbl). Mynaa: ao=1, B=1 Goica aAP=1 anx o MeH -HbIH Oacka
MoHzepinge o A B=0.

3) av B xasysl: «o Hemece B» nerenai Oingipeni (Vv — ousvlonKyus
(aXBIpacThIK, OBITHIPAHKBUIBIK) CUMBOJBI). Mynma: o =0, =0 Oomnca

aVvP=0, an o meH B-ubH Gacka MmoHaEpiHae oV B=1.
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4) o= sxa3ybl: «o. AUTHUIBIMBIHAH [3 AHTBUIBIMBI IIBIFAIBI», HEMECE
KBICKAaIlla «O-laH [3 MBIFage» JeTeHAl Oinmipeni. (= — umnaukayus
cuMBosIbl. MyHna: a=1, B=006onca o = =0, an o men B-HbIH Oacka
MoHzepinge o0 = =1.

5) o< xa3sybl: «o. alTBUIBIMBI 3 aHTBUILIMBIHA Mapanap (3KBHU-
BAJIEHTTi)», Oackama alTKaHma, o= JkoHE (=0 UMIUIMKa-
MUSUTAPBIHBIH €Keyl Jle OpBIHAaNafsl JereHAl Oimmipeni (<~ — mapamap
cumBonbl). Mynna: ao=1, B=1 nemece a.=0, B=0 Gonca <P =1 an
o MeH fB-HbIH 6acka Monzaepinge o0 <> =0.

VX € Ala(X) xasybl: «A4 JKUBIHBIHBIH Ke3 KeJIreH X 3]IeMeHTi YIIiH o
KacHeTi OpbIHAANaAby JereHai ourmipeni (V — JKaJNbLIBIK KBaHTOPHI).
V KBaHTOPHI aybI3IIa TYKBIPEIMIApAA: «0apIibIKy, «Ke3 KeIreH», «dpoip»
JIETeH co37epdi aybICThIpanbl. V Oenrici aFbUIIBIHHBIH «ANY — 0apiIbIKy
JieTeH Co3iHiH OipiHIIi SpiMiHiH TOHKEPTII Ka3bUTyHI.

X e A:o(X) kasybl: «4 KUBIHBIHAA L KACHETi OpbIHIANATHIHAAN X
aneMeHTi Tabbuaabl (0ap) merenai Oinnipeni (3 — 6ap 6oy KBaHTOPHI). 3
KBAaHTOPBI: «0apy», «TaObLIajbD» JEreH Co3Aep OpHbIHA KOJJaHbUIaIbI. 3
Oenrici arpuUTIIBIHHBIH «EXistence — Oap» nereH ce3iHiH OipiHII SpMiHIiH
Tepic ayAapbUIbII Ka3bUTYbI.

Mbicansl, «ke3 kenred X€R canpl ymin X+Yy=3 TeHmiri opbH-
JanaTelH Y €R caHbl TaObUIAABI» JIETCH COWIEM/l JIOTHKAIBIK CHMBOJIIAD
apkpuIbl VX € R, dy e R: X+ y =3 nmem ka3yra Oonajibl.

Erep o(x) xacueri opwiHmanatbiHaaii X € A aiemeHTi Oap kKoHE OJ
XKamrez 6osca, ogma d!Xe Ao (X)  mem xkasamsl

Teopema typaasl. Erep teopema 1) oo = 3 MMIUIMKAUMACHl TYpiHIE

TYKBIPBIMJIAJICA, OHJA O — TeopeMa IIApThl, al 3 — TeopeMaHbIH
KOPBITBIHABICHI JICTT aTanajpl.
Ocsl 1) o= 3 TeopemacbiHa KaTBICTBI VII TeOpeMa KypacThIpyFa

Gomamel: 2) P =>o.- Kepi Teopema; 3) O = — Kapama-Kapchl TeOpeMa;

4) B = @ - Kepi TeopemMara Kapama-Kapchl TEOPEMa.

12



Teopemanaps! gosenaeyae Kui KOMAaHBIIATHIH /1IiC — «KAPCHI KOPY»
omici. OHBIH HETI3IHAC Keleci KOHmpano3uyusa et aTajiaThlH 3aH JKaThIp:
(a=>B)e (P=a )Hemece (P=a) < (a=p).

An o= TeopeMacsl OpbIHIAJFaHMEH OFaH Kepi [ = o Teopema
(eHneIme KapamMa Kapchl oL = B TeopeMma fia) OpbIHAaIMaybl MyMKiH. Erep
a—=[p xoHe B—= o e3apa Kepi Teopemamapsl OpBIHAAJICA, OHIA O
eKeyiH OipiKTipin, KpUTepHi Aeml aranaTelH o <> [} TypiHAeri Teopema
aiyra 6omazapl. by sxarmaiina o-HBIH OPBIHIATYHI YIIiH [3-HBIH OPBIHAATYEI
KaKeTTi KoHE KeTKimikTi Oonaapl. MyHnail TeopeMaHbl aHBIKTamMa
peTiHae ae KonmaHajel, odTKeHi o OoibiHma B (Hemece [3 GoiibIHINA L)
AHBIKTANIA/IbI.

MpbicaJ.

1) Ezep mepmbypoviuw-pom6 6oaca, onoa OY1 mopmoOYpolulmviy
OU020HANOAPbI 63aPA NEPREHOUKYISD.

Bbyn o= 3 Typinzeri Teopemana: o — «TepTOYPHILT — poMO», 3 — «Oyi1
TOPTOYPHIIITEIH IUOTOHANIAPEI ©3apa MepreHANKYIsIp». AN ofaH Kepi
B = a Typinzeri Teopema: «Eeep mopmoypuluumuly OUO20HANOAPYL 03aPa
nEepneHoOuKyasap 0ojica, oHoa 01 — pomby, dPUHE OpbIHAAIMaabl. Bipak
KOHTDAIO3HIIMs 3aHbIHA CYHEHIN OFaH mapa nap f = ¢ TYPIHIETi Teope-

MaHBl aja anambl3: «Eeep meopmoOypviuwimely OUOSOHANOAPl  63apa
nepneHouKyiap boamaca, oHoa oi pomé emecy.

2) Ecep cannviy coyevl yugpul exice 6ouince, OHOA Ol HCYN CaH.

byn o= typinzeri Teopemara Kepi [ =>o TypiHAeri kemeci
Teopema Jla OpbIHIanangsl: «FEeep cam ocyn 6oica, oHOA OHbIH COHEbl
yughpul exice boninedi». Enpeme, ocbl o = 3 koHe 3 = o TypiHAEri eki
TeopeMaHbl OipiKTipin o <= 3 TypiHzAe, Kejleci KPUTepUili jkaza anambl3:

«Can orcyn 60oayvl yutin, OHbIH COHEbL YUDPLL eKice OONIHYI Kaxcemmi Jcone
HCEMKINIKMI.

4.1.4. Kecinai, uHTepBaJ (apaJblK), HIeHeJITreH KUbIH.
R HakThl caHJap OJKUBIHBIHBIH IUDKWBIHIAPHI YIIiH  Keleci

oenrineynep Kul KOJIJTaHBIIa]IbI: [a, b] = {X eR:a<x< b} ,
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sFHE A< X <D KOC TEHCI3AIriH KaHaraTTaHIBIPATHIH HAKTHI CAHJAP MKHBIHBI
KeciHAi HeMece cerMeHT el aTanambl na [a, b] apKbUTBI OenTiIeHe .
Jepbec xarnaiina, [—a, a] KECIHIICIH, SFHU {X eR:—a<x< a} JKUBIHBIH
{X eR: |X| < a} apKpUIBl  ga Oenrineiimi. bym —KoopauHATTHIH Oac
HYKTCCIHCH KaIlIBIKTBIFBI (¢ JaH acCHalThlH HAaKThl CaHAap JKUBIHBI
(|X| = |X - 0| KOOpDAMHATTBIH 0Oac HYKTeciHeH X HYKTere JAeHiHri
KAIITBIKTBIKTBI KOPCETE ).

Ocsl cusiktsl, (a,b)= {xeR:a<x<b} —unrepsan (apanbIk), an
[a,b)z{xe R:aSX<b} HEMeCe (a,b] ={Xe R:a< XSb} — JKapThLIai

HHTepPBaJ (apajbIK) JCT aTanajpl.

Kecinmi, MHTEpBaJ XoHE KapThUlall MHTEpBAIIAp — MHTEPBAJAApP
(apaJjbIKTap) e ataiaibl.

Ken xarmaiima R HakThl CaHOap JKUBIHBIH «IUTIOC aKBIPCHI3IBIKY
JKOHE «MHHYC aKBIPCBI3JBIK» [IEN aTalaTblH, COMKEC +0 JKOHE —o0

CHUMBOJIZIAPBIMEH TOJIBIKTBIPBIN aNbII KOJIJaHFaH Hakmanel. byn eki
aKBIPCHI3ABIK YIIIiH KeJeci KaThicTap OpeIHAANab! (§ 4.4 KapaHbI3):

+00=+400; —o=-00; —o<+w; VaeR:-w<a<+wo - pemmik
Kamsicmap,
(+00) + (+00) =400;  (—0) + (—0) =—00;  (+00) - (+00) = (—00) - (—00) = +00;
(#56) - (o0) = (o) - (490) =5
VaeR: a+(+w)=+0+a=+40, —o+a=a+ (—w)=—x;
Va>0: a-(+wo)=(+w)-a=+w0, a-(—w©)=(—w0)-a=—wx;
Va<0: a-(+w)=(+x)-a=-w, a-(-w0)=(-0w0) a=-+omx;
By exi akbIpch3ABIKTEI € R nakmer (akvipavt) candapwvinan

€pEeKUICNIeT MEeHUIKCI3 HEMECE aKbIPChl3 CAHOap NETl aTalubl.
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—00 JKOH€ +00 aKBbIPCBhI3 CaHAAPBIMCH TOJIBIKTBIPBLIFaH R HaKThBI
caHmap JKHUBIHBI Keueﬁmiﬂzen HAaKmbul candap HCUBIHBI HCMCCC

KeHelimineeH canoap oci Ien atanaabl aa, R apkbuibl OeirijacHem:

ﬁzRu{+oo}u{—oo}.

Keneci akpIpchbI3 HHTEpBAIAAPABI *Ka3bI KOPCETEHIK:

(-0a] = {xeR:x<al; [-0ia] = {-o0}U(—o0al;
(-0;a)= {xeR:x<a}; [-oa) = {—o}u(—0;a);
[a,+0) = {xeR:x=a}; [a;+0] = [a;+0)U{+eo};

(a,+0) = {xeR:x>a}; (a;+0] = (a,+%) U {+o}.
R= (—o0;+®) ={XxeR:—00< X< +o0};

R= [—o0;+00] = {—o0} U (—00; +00) U {+0}.

KemneiiTiiren canaap ecinaeri HyKTeHiH -3nCHI0H MaHailiapsl (g > 0)
1) (a —g, a+ 8) apalbiFbl & HAKTHI CAHBIHBIH € MaHAWBI JIET aTajaibl 1a
O, (a), U,.(a), T.c.c. cumBongapmen 6enrineneni: O,(a) = (a—eg, a+e).
By manaias! keneci Typiepene xxazyra 00abl:

(a—s, a+8)={X€ R:a—-e<x< a+e }:

={xeR: —g<x-a<e }={xeR: |x-a|<z }=0,(a).
Connmimen,, O,(a) = (a-¢, a+s)={XeR:|X—a|<g}.
2) Erep a=+o0 Ooica, oHia
O, (+0) = (g,+0] = {x e R: x> &} U {+o0};
3) Erep a=-—o 6oica, oHza

O, (—0) =[-o0,—€) ={xe R:x<—g} U {-o0}.
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ConbIMeH 0ipre MareMaTHKaja aKbIPChI3AbIK (MEHIIIKCI3 caH) Jel
aTaJIaThIH 00 CUMBOJIBI JIa KUl Maiganansiiaasl. Tanoacel kepcemiimezen
AKbIPCHIZ0ObIKKA  KAMBICHbL pemmiK Kamvic opviHoanmaiiovl. OHBIH €
MaHaibl Keeci TypAe *Ka3bpliaabl (TOMEHIETi CypeTTi KapaHbl3):

4) O, (0) =[—o0;—€) U (&;+0] = {X eR: |X| > 8} U {—o0} U {+0}.

Erep a € R - akpIpiibl HeMece akpIpChI3 HYKTEHI Oliaipce, oHa
OHBIH KaHai na 6ip manaiein U(a), O(a) , T.c.c. Genrineiini.

Mbicanaap. a) Oy, (10) = (9,9; 10,1); 3) Oygy(+00) = (100; + o0];

0) Oygo(—0) =[-o0; —100); B) Oyp(e0) =[-0; —10)U(10; +oo].

-0 -£ a€ a ate € "+
o0
-0 +a0
_8 8
a+te
a
a-e

ConbiMeH Oipre, ¢ HaKThl CAHBIHBIH TCK OIp HCAbIHOAZLL MAHAUbI FaHA
KapacThIPBUTYBl MyMKiH. MBICabl,
5) a HYKTEHIH 0K HcaK MaKaibl )XOHE OHBIH OeNTiIeHYi:
O,(a+0) =[a a+¢) ={xeR:a<x<a+e}={xeR:0<x-a<eg};
6) a HYKTEHIH CoJl HcaK Manaiivl )XoHe OHBIH OeNrineHyi:
O,(@a-0) =(a-g a] ={xeR:a-g<x<a}={xeR:-g<x-a<0};

Erep a HykTeHiH MaHaliblHAH OCHI HYKTEHIH €31 aJbIHBIN TacTajca,

OHJIa OJ1 @ HYKTEHIH mecik manaiivt nen atananel ga Og(a), U:(a), T.c.c.

Oenrineneni. JKorapriga KepceTired anTbl MaHaiiFa CoHKeC alThl TECUITeH
MaHaitnap 6ap:
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1 6g(a)={X€R: O<|x-a|<e}=(a-& a)u(a, a+e);

21) O, (490) = (&, +00) = {X R: X >&};

3) Co)g(—oo) = (—o,—¢) ={xeR: x<—g};

4" Co)g(oo) = (—o0;—g) U (g; +0) :{X eR :|X| > 8}.

5') a HaKTBI HYKTCHIH OH HCAK, MeciK MAHallbl.

O.(a+0) =(a a+¢e) ={xeR:a<x<a+g}={xeR:0<x—a<e};
6') a HaKTBI HYKTEHIH COJl HCaK, meciKk MaHaibl.

Co)g(a—O) =(a—g a) ={xeR:a-g<x<a}={xeR:-e<x-a<0};

MyHga eckepeTiH JKOHT, a HYKTeCi TOpW3aHTallb OpHAIACKaH
a0cimcca OcCiHIe JKaTaTbIHbIHA OAaiJIaHBICTBI, OHBIH «COJI MHCA2bL», «OH
Jcazely Nl allThUIabl. AJl erep HYKTE BEpTHUKANIb OpPHAJIACKAH OpIUHATA
OCIH/IC KaTCa, OH/A OHBIH «MOMEHZI HCAZbL», «HCOZAPLL HCA2bl)  JICTI
aiTeUIambl. MbICalbl, opouHama 6eciHoe ocamkan b uyxkmeci yuin

O, (b) = (b —-&, b+ 6‘) -  OHBIH & MaHaiibl  Ooiyca,  an
O,(b-0)=(b—¢, b]- omem  momenzi &  manaiim  na,

Og (b + 0) = [b, b+ 8) - OHBIH Jcozapevl & maHaibl. XKanmel anraHna,

opouHama ecine KamMulcmol, KOFapblla KOPCETUITCHICH, aimbl MAKAOb
kepceTyre 6onaabl. Mplcabl,

#) O01(4+0)=(4, 4+0,1)=(4; 51);
1) Oo1(4-0)=(4-0,1; 4)=(3,9; 4);
€) Oo1(-5+0) =(-5, -5+0,1)=(-5; -4,9);

) 002(10) =(9,8; 10)U(10; 10,2);
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Lllenenzen ycuvin; HCULIHHOIY WEKAPATADb]
X ={X}C R —ke3 KenreH HAKTHI caHIAP )KHBIHBI OOJICHIH.
Erep ke3 kenreH Xe X,sFHH X — )KUBIHBIHBIH Ke3 KEJIreH 3JIEMEHTI
ywin X<M TeHci3niri opeiHAanateiH M € R HakThl caHbl Gap Ooica

(xkBanropnap tininge: VXe€ X dM e R: X<M ), onna X — :korapbinan
LIEHEJITeH KUbIH, a1 M — OHBIH KOFApFbI IIEKAPACHI JIEI aTanaibl. By
JKarmaiaa ke3 kenreH M’ > M canbl 1a X KUBIHBIHBIH JKOFAaPFBI MIEKAPACHI

Gonma amathiHABIKTaH [M; +oo] apanbiFbl X IKHBIHBIHBIH J#C02aP2bL
wekapanap  dcuvinvin  Kypains X, =[M; ).  Meicanwl,
X ={-2} U[1;3)U(10;15) xubHbIHbIH okoFaprbl mekapacel M =15,
oiitkeni, VX € X dM =15: X<15 By )KUbIHHBIH )KOFapFbI IEKapaiap
KUbIHBL — X, =[15;+00].

Erep ke3 kemren X€ X yimiH X>M TeHCI3Airi OpbIHAATATHIHIAL
meR  HakTel caHbl Ta0bpUICAa (KBaHTOpPIAP Timinge: VX € X
dmeR: Xx>m), onga X — TOMEHHEH HIEHEJIeH KUbIH, all M — OHBIH
TOMeHIi HeKapachl Jen artaaaabl. by skarjaiina xes kearen M <m
CaHbI 1@ X KUBIHBIHBIH TOMEHT IeKapachl 60JIa anaThIHBIKTaH [—o0; M|
apasbirbl X SKUBIHBIHBIH MOMEHZI UWieKapanap MCublHblH Kypaupl:
Xg = [—oo; m]. Mbicansi, xorapbiarbl X = {—2} U [1; 3) U (10;15) JKUBIHBI-
HBIH TOMEHTI mIekapacel: M=-2, elrkeni, VX X dm=-2. X>-2.
AJl OHBIH TOMEHTI HIeKapanap >KUBIHBL: Xy, =[—oo;—2].

Erep X TemenHeH e, )koFapbl/iaH Jia IIEHETeH, IFHU

VxeX dmeR M eR: m<x<M (1)
Oosca, oHa X — 1IeHeJTeH KUBIH JICTT aTanajbl.

Mpicanbt, )xorapeinarel X = {—2} ] [1; 3) U (10;15) — IIE€HEJINEeH JKUbIH,
oiitkeni, VXe X dm=-2 IM =15: -2<x<15

HepbOec xarnaiina, erep

vxeX IM>0: |x<M @)
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AFHM Ke3 KeareH X € X HakTel canbl ymin —M <X<M xoc TeHci3airi
opelHAaTaTeiHAa M >0 HakTel caHbl Oap 6osca, oHma X — mIeHeJreH

KUBIH. Mbicanvl, a)(—3;1) — MICHENTeH >KUBIH, OHTKEH, VXE(—3;1)
M =3: |X| <3; 0) SiNX (QYHKUUACHIHBIH MOHJED KHUBIHBI — IIICHEITSH
xublH, olitkeni, VX € R IM =1 |sin X| <l

Erep X :korapblaaH IleHeJIMereH >KMbIH 0o0jica, OHIA Ke3 KeJITreH
M >0 canbl ymiin X, <M maptel opsinoarmaiimuinoaii X, € X 3IIEMEHTI

Tabbltamel gereH ce3 ( X <M < (X, >M) ). Cougsikran, (1)
TYKBIPBIMBIH TEPICTEHTIH TY)KBIPBIMABI KYpPACTHIPY YIIiH, KBaHTOpJIAp
aCTBIH/IAFbl OPHEKTEP/Ii ©3apa OPbIH aybICTHIPAJbl 1a TYXKBIPBIMIBI OFaH
Kapama Kapchl TY)KBIPBIMFa aybICTHIPAIbI

vxeX IM>0: [X<M < (YM>0 3x,eX: [%|>M). (2)

Mpvicanvl, a) HaTypan caHAap >KUBIHBI N={1,2,...} — JKOFaphlIaH

wenenmere, oiitkeni, VM >0 3X, =[M]+16D : |X0|=[|\/|]+1> M.

Bipak VneN, n<+oo, opbHaanateiHABIKTAH N KUBIHBIHBIH KOFAPFBI
HIeKapachl peTiHae +0o0 aJlbIHAIbI;

0) OyTiH caHmap KUBIHBI Z={...—2,—1,0,1,2,...} — JKOFapblIaH Ja
TOMEHHEH Ji¢ [ICHEJIMereH IKWblH, Oipak VNeZ, —co<n<+0w
OpPBIHJIANATHIHABIKTaH, Z KUBIHBIHBIH TOMEHI IIeKapachl: —o0, al
JKOFapFBI IIEKapachl: +00 .

X cR caH/ap KUBIHBIHAA eH YIKkeH M (eH Kimr M) caHbl 6ap 00Iybl
MyMmKiH. Backama ailitkamma, OGapiapik X€ X ymin X<M  (x>m)
TEHCI3ITH KaHaFaTTaHILIPaThIH MeX (m S X) canbl Oap OOIyBI

MYMKiH. MyHpaaii xarnaiina M canbid (M caHblH) X CAHOAp HCUBIHbIHBIH
eH yaKeH iemenmi (e Kiwii rlemenmi) IeT aTaiiibl ma, Keleci Typae

Oemrinedigi: M =maxX =max x (Mm=min X =minx).
xeX xeX

X C R KuBIHBIHBIH Jcozapzvl wieKapanap MCUbIHLIHBLY el Kiui
gnemenmi X >KUBIHBIHBIH 021 HCO2apebl WIEKapacyl NCT atanaabl 1a,
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sup X wmemece SUP{X} apkpuIBl OeirieHeni KoHE «CympeMyMm X» el
xeX

OKbLIIaAbI (Jl(lm.' Supremunt — eH OfCOé’apé’bl): SUp{X} = min Xaale .
xeX

X € R KUBIHBIHBIH MOMeNni WieKapanap MCuviHbIHGIHY el YIAKeH
onemenmi X SKUBIHBIHBIH 0271 mMOMeHZI wieKapacel NETl aTanajsl Ja,
inf X nemece inf{x} apkbuibl Genrineneni skoHe «uHDUMYM X» jen

xeX

OKbLIazBI (1am. infimum — ey momenei): INf =max X, .
xeX

Mpeicai. X =[2;3) KUBIHBIHBIH ~ ©H  Kimi  93JeMeHTi  Oap:
min X =min[2;3) =2, eiitkeni Vxe[2;3), x>2 xone 2€ X. Bbipak
OyJT JKUBIHHBIH €H YJIKeH »JIeMeHTi koK. LlIpiHbpiHma na, 3 caHbl €H YIIKeH
s1eMeHT 6ona anMaiiisl, eifiTkeni, 3¢ X. Bynan, ke3 kenren M >3 canbl
Ja €H YJIKeH »JieMeHT Oona ajaMalThIHBI IubiFanel. Kes kenren 2<c<3
caHbl Ja  €H YJIKEH O5JEeMEHT 0o0ja ajMaiiapl, eWTkeni C<C' <3

c+3

oonareiHpaii  C' € X snementi Tabbimamsl  (Mbicamsl, ¢ = CaHbI;

c+3 S . i )
c< — < 3 TEHCI3IIKTEPIH TEKCEPIHI3IEp);

sup[2;3) =3, eiitkeni «3» caHbl X =[2;3) KHUBIHBIHBIH >KOFApFBI
HIeKapanap JKUbIHBI - [3;+00) apalIbIFBIHBIH €H Killli JJIEMEHTI;
inf[2;3) = min[2;3) =2 0onaThIHBIH KOPCETY OKYIIIbIFa Tal-ChIPhLIAIbI.

Erep X — xorapbyian (TOMEHHEH) IIEHEIIMETEH JKHbIH 0oJica, OHJa
sup X =+oo (inf X =—o0). Meicansl, SUpN =+, infZ =—o.

Eckepty. Jlon sxoraprbl mekapa (171 TOMEHTI IeKapa) aHbIKTaMachlH
Oackama typiaepae ne oepyre Oonansl. ConapabiH Oip TYpiH KenTipeiik.

X — caHzap >KUbIHBI OEpiNICiH (0J1 MIEHeIMereH O0ybl J]a MYMKIH).

Erep,

1) vxeX x<M (x=m);
2) «ke3 kemreH akplpiel M; <M (M >m) cawbl  ywin

M, <% <M (M >X >m) TteHcizairi opelHAanaTeiHAai X € X caHbl
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Oap Oonca, onma M (coiikec M) caHbl (aKBIPIBI HEMECE aKbIPChI3) X
KHUBIHBIHBIH 0271 H#€02ap2bl (0271 MOMeEH2I) uleKapacsl IeT aTanasl.

§ 4.2. Oynxnus

4.2.1. ®yHKuusd ’KIHe OHBIH Oepiny Taciagepi.
D kannait na 6ip canmap xwublHbI 00J1ChIH. Erep op6ip X € D canbiHa

JKaIFBI3 Y caHBIH colikec KosThIH f  epexeci kepcerince, omma D
JKUBIHBIHIA caH MAHAI (yHkmmsa Oepinmi Aelmi sxkoHe oHbl Y= f(X),

X €D apxpuier 6enrineiini. Epexe f,g,h, ... opinrepimen, keiine Y opminin
e3iMeH zie Genrinene Gepeni, Mpicansl Y = Y(X).

D — QyHKIMAHBIH AHBIKTATY KHbIHBI (aiimarbr), an E={yeR:
y=f(x), Xe D} — QyHKUMSIHBIH MOHJAEP KMBIHBLI Jel aratagsl. By
karmanaa F xkubiisl D sxuslaeiaelH f GyHKINS OOMBIHIIA anbiHFaH OeiiHeci
nen atanazgsl na f :D — E nemece E = (D) apkpuibl Genrineneni. y —

Toyeni aliHbIMan maMa, ajl X — apryMeHT JeN arajajabl. ApPrymMeHT —
Toyenci3 alHpIMan HeMece 0acka Oip Toyenci3 aHpIMan t-re Toyemnai mama
Gonysl 1a mymkin: X = @(t). Aprymentrin Gepinren X, MoHiHe coiikec
kenetin Y, = f(X,) cambiH, X=X, HykreciHmeri GyHKUHS MIHi 1emn
aTaiiaer (oHbr f (X)|X=Xo apKbLIBI 1a Oenrieii).

OyHKIMA TYCIHITI caH bl MOHAI (YHKIMSIIADMEH FaHa HIEKTEIMEHIi.

D xone E — TaburaThl Ke3 KeNTeH KUbIHAAP OOJICHIH.
AHbIKTaMa. Eeep opbip X € D anemenmine xanoau oa 6ip f epeoceci

Gouwinuwa ocanzoiz Y= T(X)€E  osnemenmi coiikec rence, omda D

JCUbIHBIHOA anbiKkmanzan | gynxkyusicol Oepindi detioi.
Mbicaasl, erep D — kenicrikTeri Bextopnap xubiabl, an E =[0;+00)

caH/ap KUBIHBI 0oJica, OHAA Y = |X| ¢ynkuuscel opOip X € D BekTOphIHA
OHBIH MOJYJIIH COHKeC KOSIbI: Y = |)?| e E.

OyHKOUAIapAB! TYPI TocUIIepMeH Oepyre 0omabl.
1. Kecremik Tacin. DyHkuus Kkecte TypiHae Oepilyi MYMKiH.
Meicanel, T - aya TeMmepaTypachkl carar caiiblH emmeHciH. OHna opOip
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t=0, 1, 2, ..., 24 yaxwiT Mesringepine T, Ty, ..., T,,, canmapsl caiikec
keneni, srau 0-1eH 24-ke nelinri OYTiH caHIap >KUBIHBIH/A aHBIKTAIFaH
kectemeH Oepinren T = f () GyHKUMACHIH anambI3 (KeCTEHI KapaHbI3).

t 0 1 2 24
T To T1 T2 T24

Byn Tocin QyHKUMSHBI TONBIK cUOATTail alIMaibpl, eHTKEeHI KecTe
(YHKUMSHBIH —aHBIKTATY aiMarblHIAFrbl OapiblK HYKTeNepAl KaMTybl
MYMKiH eMmec. MBIcaibl, MbIHA TOMEHAEC KOPCETUIreH KecTeleri MOHIEP

y=X XoHE Y = X (GYHKUUSUIAPBIHBIH €KeYiH /16 KaHaFaTTaHIbIPaIbl:
X -1 0 1
y -1 0 1

I'paduxrik Tacini. OXY xkaspikThiFbiHIarel XeD xone Yy=f(X)
GonatbiH (x, y) HykTenep kublHbl Y=f(X) GyHKIMACHIHBIH rpaduri men
aTanajpl.

AHAJMTHKAJIBIK Tdcin. MyHnma X apryMeHTiHIH OepinreH MoHiHe
coiikec KeneTiH (yHKIMS MOHIH ecenrtey anroputmi Y= f(X) HakTsl
kepcerinieni. byn skarmaiiia (QyHKUUSHBIH aQHBIKTATy  JKHUBIHBI T,
OepiireH OpHEKTIH MarblHACHI OONaThIHAAW X apryMEHTIHIH >XUBIHBIH
TYCiHeI.

Mbicaasr, f(X)= (YHKIMACHIHBIH aHBIKTATY JKABIHBI

1
V1-x?

D= {X || <1} =(-11), an monnep xubasl E ={y € R: y>1}= [1;+0).

f:D—>E dysxmmsace Vx, ,x, € D, X, # X, mouzepine f(x)= f(x,)
mwaptel opeigganateiHgain Y, = f(x), Y, =f(X,) Moumepai colikec-
TeHaipeTin ¢yukuusa OonceiH. Onpma opOip ye€E canmpia f(X)=y
OonateiHIal KaH7ai a Oip aHbIKTalNFaH X € D CaHBIHBIH COWKeC KOWBLTYHI

Mymkin. Ocebimait ampikramran f ': E— D  dynxumsicer Gepinren f
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¢yHKIMsACHHA Kepi ¢pyHKmms jgen artananel. Y = f(X) GyHkumsaceiHa kepi

dyHKIMAHE Taby ymiim Oy Termeyaeri X-ti Tabames: X = f (Y), coman
COH OipBIHFAMIBIIBIK YIIiH X TTEH Y-Ti 63apa OpbIH aIMacThIpaMbI3.

. 1
Mpicanbl, Y =5X (yHkumsceiHa Kepi QyHKIHS Y = 5 X.

Erep f:X =Y xome ¢:Y >Z ¢yuxuusnapsr Oepince, onga

onapIblH ~ KOMIO3UMIMSICHI Hemece Kypaedi  (QyHKHusichl  Jier,
h=h(x)=g(f(x)), xe X rtenairiMmen aHpikTadrad, h=gof:X —>Z
apKBUIBI OENTUIEHETiH (YYHKIUSHBI aiiTa bl

Mpicaubl, f(X)=x+1  xoHe g(x)=x* Oonca, oHJa
g(f(x)=(x+D? f(g(X)=x*+1 GonampL

Eeep y=1(X) ¢yukyuacoinoiy D anvikmany owcuvinor X =0
HYKMeCIiMeH CalblCMblpeaHOa CUMMEMPUATIbL OOTbIN, COHbIMEH Dipee

vxeD, f(-x)=f(x) (vxeD, f(-x)=-f(x))
menoiei opvinoanca, onoa T (X) —areyn (max) pynkuyusa oen amanaow..
Mbicansl, Y=c0sX, y=x", neN, y=f (|x|) (YHKIUSIIAPBI JKYIL,
an y=sinx, y=tgx, y=ctgx, y=x""' neN, y=x-f(x)

(yHKOMsIaph TaK (TEKcepiHizuep);, Y = Jx, y=X+x? — Kyl Ta, TaK Ta
emec GyHKLUsIIap.

EKi scyn nemece exi max (OyHKyuanapowiyy KoOemuminoici — zucyn
dyukyua, an ncyn Qynkuyua men max QyHkuyuanapoviy Koodeuminoici
max Qynxkuyus 6oramvinin kopy Kuvin emec (ko3 owcemxiziniz!). Kyn
Qyukyua zpaguzi ) ecimen canvicmvipzaHOa CUMMEmMPUATIbL, Al MaK
dyukuyus zpaguei kKoopounam 6ac HyKmeciMeH CAAbICMBIPIAHOA
CUMMEMPUATbL.

1, x>0,
Mbicanbl, Y =signx=40, x=0, QyHkumsce (—0;+00) apanbiFbiHIa
-1, x<0
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aHbIKTFaH TaK (QyHkous. Mommep xwubiHbl ym Hykregen: 1, 0, —1

TYpabl.
AmnbikTany aiimarel X=0 nyxmeciven canvicmoip2an0a CAMMET-PUSITBI
Ke3 KenreH (PyHKIUSHBI JKYN JKOHE TaK (YHKIFSUIAPIBIH KOCHIH-IBICHI

f(X)+ f(—x) N f(x)— f(—x)
2 2
Erep VXeR ymin f(x+T)=f(X) Temniri oppinganateingaii T oH
caHbpl Ta0bUICa, OHAA (YHKIMS NePHOATHI (TEpUOABI T-Te TEH) el
aranazbl. Mbicanbl, SINX QyHKIMACHIHBIH Meprobl 27, an SINmX, me N

petinze xas3yra oonansr: f(x)=

(OYHKIUSCBHIHBIH Ja MepHoabl 27 0oJiael, Oipak OHBIH €H Killli TIEPUOIbI

T=2%,
m

Erep X, <X, Gomnarein VX, X, € D(f) cammgaps! ymiin:

f (%)< f(x,) opeiHmaica, onga y= f(X) — kemimenTiH,
f (%)= f(x,) opbiHmaica, onga y= f(X) — ecmeiTiH,
f(x)) < f(x,) opeinmaica, ouna y= f(x) — ecmeui,
f(x)> f(X,) opsmnanca, onma Y= f(X) — kemimeni
(YHKIMS €1 aTanaipl.

X SKWBIHBIHIA OCHl TOPT KACHETTIH TeK OipiHe FaHa ue OONaThIH
(OyHKIUSHBL X KUBIHBIHAQ MOHOTOH/IBI JICTI aTaM/IbI.

Meicanbr, y=x dynxummsicsr X =(—00; 0) xome X =(0;+0)
JKUBIHJAPbIHBIH apKaHCBICBIHA MOHOTOHJBI (Colikec, KeMiMesi JKoHE
ecrieni), an X = (—o0;400) JKHUBIHBIHAA MOHOTOH/IBI €MEC.

Eckepry. Bepinren A apasbifblHbIH HYKTENEPIHIE HAKMbL MaH2e
HeMece 00, -00  aKbIPCHI3ABIKTAPhIHBIH OipiHe TeH OOJaThIH (yHIUS

Typaibl «DYHKUMS A apanbiFbIHIa KeH MazblHAda AHbIKMALZAH» el
1

aiitamMps.  Moicams,  f(X)=4 x—3'
-0, X=3

X3, (GYHKITHSICHI (—OO, +OO)

apalibl-FbIH/a KeH MaA2blHAOA AHBIKMAI2AH.
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4.2.2. JuemeHTap (pyHKIHUSIAP.

Hezizzi anemenmap ¢ynkyuanapza™ MpiHa (QYHKOWSIAp KaTabl:
y=C (C — mypaxmui); y=x* (o0#0) — dapexucenix ¢pynkyus; y=a*,
(a>0, a#l) - kepcemxiwumix gynxyua; y=Ilog,x (a>0, azl) -
nozapupmoix  gynkyus; Y=SINX, y=coSX, y=tgx, y=ctgx -
MPULOHOMEMPUATBIK, YPYHKUUANAD;

y=arcsinx, y=arccosx; y=a r & y=arcctgx - Kepi
MPULOHOMEMPUATBIK, hyHKUuAap.
byn ¢ynkuusnapra apudmernkanslk amangap MeH (QYHKOHAAIAH

(yHKIUS ary aManJapblH KOJIJIAHBI 3J1eMeHTap PyHKIHSIApAbI aJlaMbl3
(amanmap caHbI aKbIPITEL OOTYHI KEPEK).

Muicanet, y =lg(@* +sin? x +1) — snementap QyHKIws .

Mymsna 013 Heri3ri aj1eMeHTap QyHKIUIIapablH KAaCHEeTTEPiH aTarl,

oJIapJIbIH TpaUKTEPiH FaHA KOPCETEMI3.

1) y=C — Typakrsl QpyHKuus. MyHaa opOip x HaKTbI caHra (HYKTEre)
0ip rana C canbl colikec keneni. byn ¢ynkuumsHelH rpaduri — X ecine
napauiens xoHe y=C HYKTeci apKbUIbI OTETIH TY3Y.

2) y=x* aeQ, a#0 — oapencenix ¢pynxyuanviry rpaduri:

a)a=neN, arau y=x", NneN 6omsm, N=2K, (k=12,..) — xyn
can Gonral karmaitel S-cyperre, an N=2k-1 (k=12,...) — Tak canm
OoJFaH Karalibl 6-CypeTTe KOpCeTireH.

6) y=x", neN — ngopexenik QyHKUMSHBIH rpaduri: N Ky ca

Oouica 7-cyperte, an N Tak caH 0ojca, 8-CypeTTe KOpCeTireH.
1
8) y=Xx", neN — mopexenik QyHKIUSIHBIH Ipaduri:

*
Herisri snemeHtap QyHKUMsIap Typaisl TONBIFbIpaK Mamimertepai Aiimoc E.JK.,

BanbikoaesT.O. MaremaTnka O0oOiibIHIIA >KOFApbl OKY OPbIHAApbIHA Tycylrijepre
apuaaran kypaia, KIIC PIBK «[Jayip», Aamatel 2006, arTel KitantaH Kapayra
0OoJabl.
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n — xym can Ooica 9-cyperre, am N — Tak caH 6onca 10-cyperre

KOpCETUITEH.
1

2) y=x", neN — gopexenik (GYHKIUSIHBIH Tpadwuri:

N — xyn cad Oonca 1l-cyperrte, anm N — tak caH Oonca 12-cyperre
kepceTinreH. Jlopexe KepceTKIImiHIH Oacka MOHICP JKaFdaiIapbiH
©3/IepiHi3[IiH KapacThIPYIapbIHbI3Fa YCHIHAMBI3.

3) y=a*, a>0, a#l — kepcerkiuTik ()YHKUUSHBIH rpaduri:
O<a<l  oxarmaiter 13-cyperre, am a>1 oxarmaiter 14-cyperre
KOPCETiJreH.

4)y=Ilog,x, a>0, a=#l norapudmaix (yHKUMSHBIH rpaduri:
O<a<l xarmaitel 15-cyperre, anm a>1 >xarmaitel 16-cyperTe Kepce-
TIJITEH.

5)y=sinx, Yy=co0SX, y=tgx, y=C tX( TpHUTOHOMETPHSIIBIK
dbyaxmustapaeg rpadukrepi cotikec 17-20-cyperTepe KopceTireH.

6) y=arcsinX, y = arccosx, y = arctgx, y = arcctgx kepi TpHro-
HOMETPUSUTBIK  (QyHKUUsUTapasiH rpaduktepi 21-24-cyperrepae Kepce-
TiJTEH.

1-mbican. OYHKIMAHBIH aHBIKTAy JKHBIHBIH Ta0y Kepek:

y =arcsin(2x +1)

Y byn QyHKIUSA — CHHYCHI «2Xx—1»-Te TeH 00JaThIH OYPHIII, ajl CHHYC
(yHKIUSACHIHBIH MaHzAepl [—1; 1] OomareiHabikTan: —1<2X+1<1 Hemece

—2<2X<0< -1<x<0. Conbiven D=[-1,0]. «

2-mbican. Y =+1—x* +10g; X (YHKUMACHIHBIH AHBIKTANY KHbIHBIH
Taly Kepek.

¥ MyHarsl GYHKIMSHBIH aHBIKTATY KHBHB V1—X? kome logsX
OpHEKTepl MarblHaJ bl OOJAaThIHJAAW X-TIH MOHJAEP IKHUBIHBI, SFHU

1-x*>0, . . . .
{ 0 TEHCI3AIKTEp JKYHECiHIH wmemiMaep KublHbl. JKyiieH1
x>0,

LIEIIEMI3:
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1-x° >0, x| <1, ~1<x<1,
& & < 0<x<l. D=(01]. =~
x>0, x>0 x>0

YA yﬂ

0 x
0 X
5-cypet 6-cyper
VA
YA
_1
1 3
2
x »
0 x
0 £
T-cypet 8-cypet
A A
4 y
0 X 0 x
9-cyper 10-cyper
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VA

S
~
224 4

15-cypet

YA

S
=Y

)
\
A

16-cypet
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yll
] yl=s1nx y=cosx
| |
N\ AR \NA N4
>3 1 1 } | > x
-n\/o T 27 27 \-n 0 T 2n
-1
17-cyper 18-cyper
YA y=tgx y=ctgx Y
Lo .
)i N
/i AN
V174 N\
! > X ' > X
Lg | 0 T -l I ol EI\T
Lo I ZN 2\
I I
I I
L L
19-cyper 20-cyper
y y
I T
2 .
y=arcsinx E
> 2
-1 0 I x
y=arccosx
l_E ;
Y/ §
x=siny X=cosy
21-cyper 22-cyper
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i

2"AY YA2n
XY \g x=ctgy
-:___/__n_ _______ ; ZRN
2 A=t y=arcxgx Nr=ctgy
0 2 —arcct
— ij
_T:“

24-cyper

§ 4.3. Canpap tiz0erinin meri

4.3.1. Hakrbl canaap Ti30eri sk9He OHBIH LIeri.
Anbikrama. Erep op6ip N =1,2,3, ... matypan canbina Kanjgaii ga 6ip f

f(n) =X,

{Xn}z{xl,xz,...} caHmap Ti3Oeri Oepinai neini. backama aifTkanna,

epexxeci  OoifpIHIIA caHbl Colikec KOWBLICAa, OHIA

Hakmol canoap mizbezi Oen, HAMYpPal CAHOAP IHCUBIHBIHOA AHBIKMAIEAH
f: N>R @yuryuacuin atimaowi. Mynoaii  @dyHKkyusHvly MaHOEPIH

X, =f(n), neN

Hemece nemenmmepi (keiioe aiimviman X, ) oen amatiovl (n camnvt X,

apxulavl  Oeneinetdi Ode, oaapovl mizdex myuienepi
Myuecininy HoMipin kopcemeoi).

TisOekti, {X,}; X, Xp, -

CUMBOIIIAPBIMEH JIe Oenrineimi.

n=12,..

n?

;{xn}f::l; x,, neN; x

Mpeicannpap.



5) {n° +1}={2, 5,10, ..}. 6) {(-1)”-n}={—1, 2, =3 4, ...

MyHpaarsl 2-MbIcasiga, Ti30€KTiH OapibIK XYM HeMipii Mymienepi
«@»re TeH: 2=X, =X, =Xg=.., Oipak coHma 1a X,,X,, ... opTypii
AIIEMEHTTEP PETiH/e KaObUIIaHAIBI.

{X,} Tis6erenin Gapnblk snemeHtTTepi Oip FaHa a MOHiH Kabbuiaca,

OHBI TYPAKTHI Ti30€K Aemn aTalbl.

byn macanmapaarsl 1), 2) xone 4) Ti30ekTep mieHedreH, an 3), 5)
)KoHe 6) Tiz0ekTep mieHenaMereH. (4.1.4. mynkrreri (1) kapanpi3). bipak
3-MbIcaiigarel Ti30ex, ToMeHHeH «0» caHbIMEH, al S-MbICAgarbl Ti30€K,
TOMEHHEH «2» CaHBIMEH IICHENIreH; 6-MbICalmarkl Ti30€K TOMEHHEH g,
JKOFapBIJIaH Jia ICHEIMETCH.

Enpi Ti30eKTiH 1mIeri Typaibl YFBIMIBI KapacThIpaibIK,.

Hewmipnepi ecken caiibin 1-Ti30ektiH wmymenepi O caHbiHa, an
4- Ti30ekTiH wMymienepi 1 caHbIHA <OKaKbIHAAW» TYCeTiHIH Oalikayra
Oomanmpl. bynm TizOextepmiH MymenepiH exi Tomka Oemyre Oomampr: 0
caHbIHbIH (1CaHBIHBIH) Ke3 KeJreH MaHaWbIiHaa 1-Ti30ekTiH (4-Ti30eKTiH)
AKbIPCHI3 DICMECHTTEpI Oap Ja, al ChIPThIHJA KaJFaH JJIeMEHTTepi Oap
0osica, oJIap/IbIH CAHbl AKBIPIIbL FAHA.

AnbiKTama. Ezep 6epincen € >0 canvl 6otivinwa, nomipnepi N> n,

boramuln Oaprvik X, dnemMeHmmep YUt
|Xn - a| <g (D)
mencizoiei opviHOaiamuinoau N, oK canwt (01 &-ea mayenoi) maodwlica,

oHOa A caHbl {Xn} mizbezenin weei Oen amanaowl.

By mekti lim X, =a Hemece X, > a (N—> o) apKpuibl Oenrineimi

n—o0
ae «{Xn} mizbeci a-ea ymmulinaovly Hemece «{Xn} mizbezi a caHviHa

HCUHAKMANAOb) TNl OKHUIBI (MYHIAW mi30eK HcuHaKmol JCT aTanxabl).
Mynnarsl & € R GonranapIKTan, OHBI KEHIE AKbIP/Ibl HEMECE HAKMbL UWIEK
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Jen Te araiapl (KaHBUIBIC TYABIPMaraH Karjaijga N —> +o0 OpHBIHA,
BIKIIAMABUIBIK YITiH, N —> 00 JIETI Ka3abl).
.1 ..
1-mpbican. lim==0 Ttenairiu gonenaey Kepek.
n—o N

Y & > 0 canpt Oepincin: O,(0) =(-¢, ¢). llex anpiKTamaceHa

. . . 1
coiikec, HeMipi VN>N, OomatelH —osneMmeHtrep ymiH |——0|<e
n n

TEHCI3/ir1 OpbIHIANATBIHAAN N, caHbIH i3Ae#Mi3. ON YIIiH OChl TEHCI3MIKTi

1 1
<g¢ & —<g& & n>-. bynan,
n €

Io0
n

«N»-Te KaTBICTHI MIEMIEHIK:

1 . 1 1
erep N, =— JeN ajcak, oHaa Hemipi N >N, =— 0onaTbIH GapibIK —
€ n

<€ TeHCI3Hiri OpBIHJANATHIHBIH KOpPEMI3.

. 1
BIIEMEHTTEp  YIIiH ‘— -0
n

. 1
Ennemre, anpikrama Ootiprama, lim==0.

-
n—oo N
Erep, oyn wmeicanma, €=0,1 Oepince: Oovl(O)z(—O,l; 0,1), OHZIA
1 oL . . 1 1
——0/<€e=0,1 rencizuiri Hemipnepi N ,=— =10 caHpHaH YJIKEH —
n ) n
DIIEMEHTTEp YIUiH, SFHH l i i ... DJIEMEHTTep YIIIH OpbIHIAJa/bl;
11 12 13
. 1
an erep £=0,01 Gepince: O, ,,(0) =(-0,01; 0,01), onma |~ -0/ <e=0,01
' n
s . . 1
TeHci3miri HeMipiaepi N ,=——=100 caHbIHAaH YyIKEH — »JIEMEHTTEep
) n
. 1 1 1 .
YILIiH, SFHU ——, ——, ——, .., DJIEMEHTTEp YILIH OpbIHJAJIa/bl, T.C.C.
101 102 103

Erep Vne N, X,=a o6oiuca, ouma limx, =lima=a exeHi aHbIK

n—oo
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(Oy xarnmatina (1)-mi mrapr: |Xn — a| = |a— a| =0<e¢ ke3 kearen n=1,2,3,
... YUIH opbIHAANaTeiHAbIKTaH N, caubiH 0< N <1 apanbiFbiHaH amyra
Oomaspl).

Haszap ayoapuinwiz! Erep |Xn - a| <& TeHCI3miri Ti30eKTiH HeMipiepi

n>n, OOJATBIH OapIIbIK MEMEHTTEp] YIUiH OpbIHIAJICA, OHJA O TEHCI3IK

TI30€KTiH, HOMIpNepl n >n, >n,, N, <oo, OOJATHIH JIEMEHTTEP] YIIiH
JIe¢ OpBIHJAJIATBIHBI TYCIHIKTI. JleMeKk, N, CaHBIHBIH PONiH Ke3 KeIreH
aKkplpiel N > N_ caHbl arkapa amajpl. MyHzaarsl 0acThl Hopce,

€ €
|X, —a| <& TeHcismiri Hemipepi n>n_8 >n,, n, <o GomarkiH
oapavlk X, OSJIEMEHTTEpl YIIiH (MyHIad 3JEMEHTTEp — aKbIPChI3)
oppiHzanca  Oonramel.  backama  aiitkanga,  |X, —a| <& TeHcisairi
OPBIHOAIMAIMbIH DIIEMEHTTEPIH  CAHBI AKbIP/IbL OOTYbl FAaHA MaHBI3JIBI.
Congsikras, erep limx, =a Gonca, onma Vk € N Hatypain caHsl yuuiH 1e

n—oo

ocel  limx,, =a Temmiri opemmamamer |X,—al<e, Vn>n, =
n—o

.. —a] <&, n+k>n>n,.

2-mbican. lonenzey kepek: limg" =0, |q|<1.
n—oo

¥ Erep q = 0 6onca, ouga lim0=0 TenairiHiH OpbIHAATATHIHBIH
n—oo

xorapbiia kepaik (@ = 0). Eumi q#0, |q| <1 ooncoi. V>0 on canbl
Oepiicin. VN>N_ Hemipiepi yIIiH ‘q” —O‘ <& TeHci3miri opbIHIa-

JaThIHAAW Ng caHbIH i31edik. OJ YHIiH OChI TEHCI3MIKTI N-T€ KaTBICTHI
HIEIIEeMi3.

q"—0‘<8 = |q|"<8 = nlg|q|<lg5.

Bynau |q|<1 HeMece |g|q|< lgl=0, sarou |g|q|<0 €KeHIH
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eckepin, N>——=n_ anambi3. CoupiMeHn Ve >0 oH canbl Oepiice, oHIa

lge
lg|q

lge . ) . ..
vn> n, = 9e HeMipJIepi yIiH ‘q" —0‘ < & TEHCI3/Ir OpbIHAANAIbI EKEH,

lg|q

JeMeK, aHbIKTaMa Goiibramma, limqg" =0, |q| <l. =
n—oo

lllex ampkramacwiHmarsl (1) TEHCI3AIKTI Keneci Typlepre XKa3yra
Gonapl: ‘xn —a‘<€ & -e<x,—a<e & a—-¢<x,<a+teg.
Bynan, Hemipiiepi N>N, OonaThIH X, HYKTENEP1 «a» HYKTECIHIH €
MaHaibIHa KaTaThIHBIH Kepemi3: X,c(a—g, a+g)=0.(a), (n>n,).
Onmaii 6osca, IIeK aHBIKTAMAChIH TOMEHJIETIIIE TYKbIPhIMIayFa O0Iapl.
Ezep oepinzen €>0 canvt Oouivinwa nomipaepi N>N, oOoramoln
oapnvik X, anemenmmepi O_(a)= (a —g a+ 8) Manauvinoa Hcama-
moutHoaii N, canvl madvlica, oHOa a canvl X, mi3zdecinin uie2i 601a0bl.
An, memipaepi n<n, GomateiH X, mementrepi O.(a) MaHaibIHIA
JKATYBI 112, ’KaTHaybl 1a MyMKiH. SIrau, O.(a) MaHalbIHBIH CHIPTHIHAA X,
HYKTenepi Oap Ooica, oHaa onapAblH caHbl akbIpyibl. COHIBIKTAH IIEK
TYCIHIriH OblIaiiia aHbIKTayFa 1a OOJIafbl: ezep & HYKmecCiHiH Ke3 Kel2eH
MAHAUbIHBIY CHIPMBIHOA HCAMKAH X, J1eMeHmmepi aKbIPJbl Hemece

00c :KUBIH Dosica, ono0a & HyKkmeci X, mi3z0ecinin wezi 601a06l.
3-mpican. {(-1)"={L-11-1..} )
Ti30€riHIH IIeT] )KOK €KEHIH JIaJIeNACY KEPeK.
¥ TizbekrTiH mieri 6ap >koHE OJI & TEH eI YKOPHII, OCHl & CAHBIHBIH
1 . . 11
€=— MaHaiblH anaibiK: O, (2)=| —=; = |. ApaKambIKTBIFbI 2-T€ TEH «—
3 3 3
. 2 . .
1» skoHe «1» HYKTenepi Y3BIHIBIFBI g-re TeH O, (a) MaHaiibiHga Oip
3

Mesrinjie kaTa anMaiisl. AHBIKTBUIBIK YIIiH, 1¢ O, (a) aen anaiisik. Onza
3
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Oyl MaHaHIBIH CBHIPTHIHAA KaTKaH N = 1,3,5)7,... Hemipmi X, = 1
3jieMeHTTepi aKkbIpchbI3 KUbIHABI (!) Kypaidimer. Omaii Gojica @ caHbI
OepinreH Ti30EKTIH mieri Oojla amMalmael. Al @ — Ke3 KEITreH HYKTE
OonraHABIKTaH (2) TI30EKTIH Ieri )KoK.,

4.3.2. Hakrs! weri 6ap Ti30ekTepain KacuerTepi.
1-teopema. Erep X, Ti30erinin meri 6ap Oojca, OHAA O IEK JKAIFbI3.
¥ Xp Ti30eriHiH eki mreri a skome b Oap mem kopubIK. OnapabiH

0, (a),0,,(b) wmanaiimapein O, (a@)N 0,,(b)=< (arHu  KubUIbIC-
NafThIHAAN) eTil ajJaiblK. Xo—> & YMThUIFaHOa X, Ti30eriHiH Ogl (b)
MaHaNBIHBIH CHIPTBHIHJA JKaTKAH MYyIIIeIepi aKbIpJbl KUBIH, OJlall 0osca X,
Tis0erinin O, (b) maHalibiHaa XKaTkaH Mywenepi aKbIPCHI3 KUbIH Go1a

aJIMaiiIbl, COHALIKTAH aHbBIKTaMa OOMBIHINA b cadbl X, Ti30eridiy wieri
Ooia agMaiael. 4

2-Teopema. Erep X, Tiz0eri HaKTHI CaHFa XUHAKTANICA, OHJIA O Ti30eK
HIeHeJITeH.

¥ limx, =a nen anaiibik. €=1 canpl Gepincin. VN>n; Hemipiepi
Oap X, Mymienepi yuiH |Xn —a|<1 OpBIHAANATBIHAAN eTin, N, OH OyTiH

caHblH Tabambis. Onua (n>nl) ‘ana‘ g‘xn —a‘<1, Oyman n>ng,

|Xn|<1+|a| amameI3. Ewnmi |x1||x2|‘x 1+|a| CaHJAapbIHBIH €H

ul:
ynkenin M nen ancak, oama Vne N, |Xn| <M anampeiz. “

EckepTty. Ti30ek »)UHAKTBI OONYBI YIIIH Ti30€KTIH MICHENTeH OOIybI
KaXKeTTi, Oipak (3-MbIcaniaH KepreHiMi3aen) KeTKITIKCI3.
3-teopema. Erep X, €(a,b) »xarca, onna limx, =ce[a,b].

Meicanbl, :LG(O,I), all  |im 1
n 1 n—w p +

1=0€[0,1]-

4-teopema. Erep limx, =limy, 6 =a xone x <z <y , n=12,...,

opbiHaica, ouaa limz, =a.
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Y &>0 campl Oepincin. Onma VNn>N, Hemipinepi yIIiH
a—-e<X,,anvn>N, Hemipiepi ymin Y, <a-+& TEHCI3IIKTepi OpbIHIA-
mareiagaii Ny sxone Np cammapsl Tabbutazel. Am Vn>max{Ny,N,}=n,
HeMmipnepi yumiH, a-e<X,<z, <y, <a+g, sran |z,—-a/<e (n>n,)

-~

TEHCI3/IT1 OPBIH/ANAIBL.

1
Mpeicanel, Vne N, 0< <— xome X, =00, yn:1—>0
n

n® +5
(1-mercam, 3m.) opempamansl. Omait Gomca 4-TeopemMa OOMBIHIIA
1

n’+5

-0 (n—>x):

5-reopema. Erep X,—a ymrhbuIca, oHja ‘ xn‘ — ‘a‘ YMTBUIa b

¥ MbIHa TYKBIPBIMAP/BIH Mapamnap eKeHiH Kopy KUBbIH eMec:
(Xn—a) < (Ve>0 oH canbl Oepince, VN >N, HeMipiepi yIIiH
|Xn - a| <€ TeHCI3UIrl OpbIHAANATBIHAAW N, caHbl TaOBLIaIBI).

_‘aH g‘ X, —a‘ TEHCI3IT1 OpBIHAATIATHIHBl OeINTii.

xll

ConbiMeH 6ipre‘
Omnaii Oonca, Ve>0 cambl Oepince, N>n,, ||xn|—|a|| < |Xn —a| <g

V'S

OpBIHJAIATBIH N, CaHbl 0ap, IFHU lim‘xn‘ = ‘a‘.

Haxkrbl meri 6ap TizdexkTepre xacajaTblH
apumMeTHKAJIBIK aMaJIiap

6-teopema. Erep limx, =a xone limy,=b Hakrs! mexrepi Gap Gonca,

onma lim(x, £y,), im(x, -y,), Iim%(limyn;tO) mextepi ne Gap,

n

COHBIMEH Oipre Keyeci TeHIIKTep OpbIHIajabl:

lim(x, £y, )=limx, £limy,;
lim(x, -y, )=limx, -limy,.
Byt TeHIIKTIH canmapsl:
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lime-x, =c-limx,, c¢—const (KO3 KETKi3iHi3) ;

n

Y, limy,

.X limx
lim—=* = n

, limy, #0°
v o lim(x, +y,)=limx, +limy, Tewuiriniy xonenzemecin Keuri-
peitik. €>0 canbl Oepincin. limx, =a, limy, =b Ttenmikrepinin aHbIk-
€
2
TEHCI3MIKTEpi  OpbIHAANATBIHmAaW N,  caHel  Tabputampl.  OHpOa

(% + ¥a)—(a+b)|=|(x, —a)+(y, =b)| <|x, —a|+]y, —b] <§+§=s
TEHCI3IITT Ke3 KeNreH N>N. VIIH OphHAanansl. AHBIKTaMa OOWBIHINA

oyman lim(x, +y,)=limx, +limy, merager. =

. . g
Tamacel GoifbiHma VN >N, Hemiprepi ymim |x,—al<=, |yn—b|<§,

Eckepty. byn teopemara kepi TYKBIPBIMHBIH JYPBIC €MECTITiH MBIHA
MEICaIIIaH KOpeMi3: x, = (=)™, y, =(=1)" oouca, oHsIa
{x, +,}1=1{00...0,...} Ttis0erinin lim(x,+Y,)=0 meri Gap, O6ipax

lim(=1)""*, lim(-1)" mekTepi koK.

4.3.3. AKbIpPCHI3 KillIKeHe :KdHe aKbIPChI3 YJIKEH IamMaJjap.

Ileri Henre TeH O, Ti30eriH aKbIPChI3 KilipeiieTiH mama Hemece
KBICKaIlla, aKbIPChI3 KillkeHe nen araiapl. CoHbIMeH, erep Ve>0 caHbl
apKpUIBl ¥V N>N, HOMIpJepi YIIiH |ocn| <& TEeHCI3Airi opeIHAANATEIHAAW N,

caHbI Ta0BLICA (Iim o, = 0), OHJIA O, — aKbIP-ChI3 KillIKEHE IIama.

n—o0
AUHBIMAN X,-HiH wiezi a canvt 607ybl yutin, X, =a+ 0o, meHOIZiHiK
OPBIHOAIY bl KANHCEMMI HCIHe HeemKIiKmi (O, — aKblpcol3 KiuiKene).
AnbIkTama. Erep Oepinren E>0 canbpr OolibiHIIa HeMipiepi N > Ng
GonateiH P, 3MEMEHTTEpI YILIiH |[3n| > E TeHci3airi opelHAaNaTbIHAANR Ng

canvl maowviica, ona P, Ti30eriH aKbIpPChI3 YJIKeHeTiH mamMa Hemece
aKbIPCHI3 YJIKEH JIeT aTai/ipl 1a,
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limB, = nemece [, >0, N—>o (1)

n—oo

JIeTI JKa3a/bl XKoHEe [3, aKvipcwl30biKKa ymmulaadsl neviii. Erep akbipcbi3
yikeH P, KkaHmail na 6ip Ny caHbIHAH OacTam meK oW MaHOep HeMece meK

mepic Manoep KadbIIIaca, OHIA COUKeC

limB, =+ mnemece P, —>+x0, N—>w; (2

n—oo

limp,=—-0 Hemece P, —>-0,N—>o0. (3)

n—oo

Eckepty! «Ti30ekriH meri Oap» Ooica, oM HaKTH (aKbIpJbI) CaH,
IUTIOC ~ aKpIpChI3 ~ HEMece  MHUHYC  aKbIpChI3  OOJybl  MYMKIH:

limx, =A, Ae R = [—oo, + oo]. Bipak TaHOachl KOpPCETiIMEreH oo

n—w

aKBIPCHI3ABIK TI30CKTIH mieri periHAe KaObuptanOaiinbl! Mbicaisl,

lim(n® +n) =+ wezi 6ap, an lim (—:l.)r1 N =00 (Ti30€K aKbIPCHI3 YIKEH
n—oo

n—oo

mama) OONFaHMEH, Oyl mi30eKmiH, uiezi Hcok.
Keneci kacuemmep opvinoanaowt (ke3 cemkiziniz):

. 1
1°. Erep X, aKpIpchI3 KillIKeHe 00Jica, OHAa — aKbIPChI3 YIIKEH, JKOHE,
X
n

KepiciHIIIe, X, aKbIPChI3 YIIKEH 00Jica — aKbIPCHI3 KillIKEHE.
X
n

2°. AKBIpCHI3 KilIKeHE TIi30€KTiH MIeHelIreH Ti30ekke KeOewuTiHmici
aKpIpChI3 Kilkere, srun erep limx, =0 sxene VneN, |y,|<M Goica,
ouma limx -y, =0.

3°. Erep X, akpIpChI3 YJIKEH, a |yn| TOMEHHEH OH CaHMEH IIEHEIIreH

Oosca, oHIa X, Y, —> 00, SFHHU OJIaP/IbIH KOOEHUTIHJIIC1 aKBIPCHI3 YIIKEH.

.1 ) 1 .
Meicansl, lim==0 xone ‘sm n‘ <1, IFHU {— ¢ — AKBIPCHI3 KIILIKEHE,
n n
. ) . 0~ . .. sinn
an sinn — mrenenreH Ti30ek. Omnaii 6oca 2° OOUBIHIIA:  [{m—— = () -
n—>0 n
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Eckepry. Erep {Xn} MeHeIMereH Tiz0ek 60Jica, OHIa OHBIH aKbIPCHI3
YJIKeH OONybl MiHIETTI emec.

MeEicaisl, {n(_l)n}z{l,Z,%A,...} IICHEJIIMETeH Ti30ek, Oipak o

aKBIPCHI3 YIKEH eMeC (K03 ocemKizinis).

4.3.4. AHBIKTATIMAFaH 6PHEKTEp

n

1 Erep limx,=limy, =0 (y,#0) Goiuca, onna {ﬁ} Ti30€riHIH

IIeTi TypaJbl AJJIBIH aJIa aHBIK eIl HopCce aifTa aTMaiiMbI3.

Meicansl,
1 1 X,
erep X,=—, Y, =— Ooica,onza —=nN—>+0w (N — x©);
n’ n ;
1 1 X, 1 _
erep X, =—, Y, =— 0Oonca, onma —+==—>0 (N—>0);
n n .n
_a 1 X, .
erep x, =—, Yy, =— Ooica, onma —=a—>a (n—>w);
n’ n A
-1)" 1 X .
erep X, ( ) , Y, == 6ouca, onna —=(-1)" mreri xox.
n n :
X, : : .
ConbiMeH <—-; 1eriH Talby ymiH X,—0, y,—0 OonarbiHbIH Oiry
Yn
KeTkinmikeis. byn skarmaiina X, MeH Y, alHBIMaIapbIHBIH ©3repicTepiH
o . X .
CHITATTANTBIH KOCHIMIIIA MOJIMETTEp KakeT Hemece {—” mierin Tabyra
Yn

. . X .
apHaiibl Tocigep KojmaHy Kaxer. X,—0, y,—0 Oosca, oHma —- epHeri

n

(6} TYpiH}IeFi AHBIKTAJIMaraH OpPHEK JCII aTaJlalbl.
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AHBIKTaIMaraH ©pHEKTEPiH KelOipeyepin aTan eTeHiK.
Erep:

2) X, =0, Y, = 0oiuca, oHIa %o OpHEK, (2] Typinaeri;
n

3) X, >0, y, = Gonca, onaa X, -y, OpHex, (0-oo) Typinzeri;

4) X, —>+4o, y, > -0 Oonca, OHAA x +), OPHEK, (oo—oo)
Typinzeri

5 X,—>Ll y,—>o 6Gouaca, ouwma X" epueri 17 Typingeri
AHBIKIMAIMAZAH OPHEKmep NIETI aTajabl.

Anvikmaimasan epHekmepdiy backa mypiaepi aiobiMbl30d  Kej-
mipineoi.

AHBIKTaJIMAFaHBIKTBI allly — COMKEC OPHEKTIH IIeriH (erep oJI IIeK
Oap 6osca) Taly mereH ces.

Mbicau. Ecenrey kepek: lim («/ n+1-+n ) .
n—o

Y  Mynma X,-Y,=~n+1- Jn epHeri  (co—o0)  TypiHzeri
aHbIKTaIMaraH epHeK. OChl aHBIKTAIMAFAHIBIKTHI aIlTaibIK;

¥ - _m_\/;_(m—\/gxm—i-\/;)_
T - n+l+n - N
1

=0,
\/n+1+\/;

n — o0,

4.3.5. MoHOTOHIBI Ti30eKTep. € caHbI

AunbIkTama. Ezep VNne N namypan canoaper ywin

Xn B Xn+l (Xn 2 Xn+l) (1)
mencizdiei opviHOaica, oHOA {Xn} Kemimeiimin (ocneiimin) mizoex oOen

amanaowi.
Erep (1) kaTbic KaTaH TeHCI3AIKTEP apKbUIBL:
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X, < Xpy1o (X > X,,1) OpBIHZANCa, OHAA {Xn} ecneni (xemimeni)
Ti30€K J1en aTanajibl.

Erep {Xn} Ti30eri ymiiH OCBl TOPT KaFmalablH Tek Oipi FaHa
OpBIHAAJICA, OH/Ia OHBI MOHOMOHOBL Mi30eK Neii.

Kemimeiitin (eceTiH) Ti30EKTEp TOMEHHEH X; CAaHBIMCH, OCICHUTIH
(keMHTIH) Ti30EKTEp KOFAPBIAAH X; CAHBIMEH IICHEITCH.

Mbicanaap.
11 11 N
1) 1,1,5,5,...,—,—,... — eocmeiTiH Ti30ek, o KoFapeimaH X;=1
nn

CaHBIMEH IICHEIITeH;
2) {nz +l}:{2,5,10,...} — ecnesi Ti30eK, TOMCHHEH X;=2 CaHbI-

MCH HICHCJIICH.

Monomonost emec Ti30CKKE, MBICAIBI, {1 E 1 § l § l § }

'2'3'4'5'6'7'8"
JKaTambl, ON 1MIeriHe Oipece jKakpIHAAM, Oipece anpICTam BIPFAJIBII
YMTBUTAIbI.
Keneci Teopema ananmsne >kui KoJAaHbUIaAbl (OHBIH JIQJIENJICYiH,
MBbICAJIBI, [2] KiTanTaH Kapayra 0oJiaspl).

Teopema. Erep {a,}— kemimeiimin (ecneiimin) misbex oicane on

afcoeapbldan M canvimen (momeHHeH m CaHblMGH) IICHECJICE, OHJIa
lima,=a, a<M (a=m) 2

n—oo
OPBIHJIANATHIHAN a CaHbI TA0bLIAIbI.

n

.a
Mpicaa. lim—=0, (a — ke3 kenreu can) 3
n—>o nl

TEHJITIH J2JIeACY KEePEK.
n

a . .
v a>0 6omnceH. U, = — JIeT arncax, oHna vn>a-1 wnemiprepi
n!

n+l

Uy a -nl a
u, (+ha" n+1

YLIiH <1, memece Vn>a-1, u,,<U, opsHAa-
JaThIHBIH KepeMi3. SfHu {un} Tisberi N>a-1  wewmipiepi yurin
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. . . a . .
kemimeni. CoHbIMEH 61pre u, :_I Ti30eri momennen 0 canvimen
n!

wenenzen. COHIBIKTAH KOFaphIIaFrsl TeOpeMaaaH

an
limu,=lim—=m, m>0

n—o n—o nl
) n+l an a
xoHme m=limu,,, = I|m ——
n—o oo(n+1)| n—wo nl n+]_

. a . a .
=limu,-——=m-lim——=m-0=0 aname3. Omnaii Gonca, ke3
noe T N4+l n—wn+4+1

kenren >0 ymrin (3) Termik ,Z[¥pLIC Erep a<0 6ouca, onga aa (ITABIHFBI

JIoJIeNIeTeHIMI3 6OI/II)IHIHa) N— oo meiFangel. (3) TeHIIK

n!

-

QIIENIEH].

Eckepty. Kemeci kareicTap MareMaTHKaaa KUl TailaTaHbUIAIbL:
Inn n* a" n!
(@>0,lal>1): lim—-=lim—=1lim = =1im— =0, memece

n—wo N no>wg" nowopnl nowon

(@>0,/al>1): Inn << n"<<a”<< nl << n", n>n,>0.

Karreiry. [lonenaey kepek:
<1,
1) I|m\/_ 1,a>0; 2 ||mJ_ 1. 3) limg" = A
n—e 00, |q|>l.

Ocbl karThiFyarsl 3-Mbicanna (=1 >xarmaliblH KapacTeipy YIIiH
JKOFapBIJaFbl TEOpeMa KOMETiMeH

()= (1+1Jn @

n

TYpiHzeri Ti30ekTiH mieri 0ap exeHiH kepcereiik. Oi yuriH anaeiMeH (4)
Ti30EKTiH @cIeJIi )KoHe KOFapblIIaH IeHeJreHAiriH KepceTeik.
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Ti30exTiH >xanmnbl Mymiecine HploToH OMHOMBIHBIH (POpMYITachIH:

n(n-1) a2 .p2

(a+b)"=a"+n-a" "o+ +..4+b"=
2!
n — —
:zn(n D...(n k+1)an,kbk —
k=0 k!
n
X, = 141 =1+n'1+m.i+m+n(n—l)...(n—k+1)'ik+
n 2l n? k! n
n(n D..(n-n+1 1 P 1(1_3 .
n! n" 2! n

A2 ) o

anambi3. byn rernikten Vhe N, X, =2 Gonateiasl kepinin typ. Exni (4)
mizbexmin dHco2apvloaH uienencendicin kepcererik. On ymriH (5) TeHmiKKe

vk =2,...,n, 1—k—_1£1 xome VN=12.., 2" <n! TeHcismikTepin
n

nanaajsaHaMBbI3:
_2+£+ +i+ +i < 2+£+...+i+...+ 1 <
% 21 k! n! 2 2k 2t
1
< 2+ 1+...+i+... =2+L=3.
2 2" 1_1
2

Enni (4) misbexminy ocneni exenin kepcereiiik ((5) kapaHbI3)

X1 =2+i 1—i +...+i 1—i 1—bL +
2! n+1 k! n+1 n+1
+1(1— ! j...(l—n_lj+ 1 (1— ! J...(l— n j ©6)
Nl n+1l n+1) (n+1)'0 n+1 n+1
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(5) mem (6) Temmiktepmi camsicThipcak, VNeN, X, <X,
OpPBIHAAIATHIHBIHA KO3 XKETKi3yre 6oapl.
ConbiMeH (4) Ti30ek ecreni, s)xone VN e N, 2<X, <3 GoiraHIbIKTaH,

JKOFapbIIarbl TeopeMa GoibIHIIA X, Ti30eri KMHAKTHI kone 2 < limx, <3.

By mexTi Diinep caHBl aenm aTaiiapl KoHE e apKbUIBI OenrineHeni. Ditmep
CaHbI HppaITMOHAaJl CaH, OHBIH aJIFaIIKel Occ MoHI: e=2,7128.... CoHbIMEH

KeJiecl TEHIIK TUIEIAECHAl

Iim(lJrljn =€ (7)

n—o n
Byn TenmikTi kebiHece (1°°) TYPIHJCTI aHBIKTaIMaFaHIbIKThI alllyFa

naiinanananel. Erep {mn} Ti30eri akpIpChI3 yAIKeH: M, —> 0, N — o0 Qorca,
oHpa (7) TeHAIKTI )KaJIbl TYPHE X a3yra 0omajbl

Iim[1+iJ n =e. (7

n—o0 mn

2 2n
Mpicad. [llekri Taby kepek: lim % .
n—o| 3n° —4n

¥ Tiz6ek — (1*) Typinzeri anpikTanimaran epaek. OubiH mierin (7')

Mn
. . 1 . .
TEHJIKTET1 [1—1— — TYpiHE KeNTipe OTHIPBII TadaMBbI3:
m
n

3241 ) 3241 )" an+1 )
B T B R =(1+2—j =
3n“ —4n 3n“ —4n 3n° —4n
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_(4n+1)2n

3n2—4n_ 4n+1 2n 3n2—4n 3n2—4n
4n+l 3n274n 4n+1
8
1 1 8
= 1+ 2— = 1+ 2— —> 63 .
3n° —4n 3n“ —4n
4dn+1 4n+1
m
. 3n%—4n ) 1) "
bi3 Mmyama m,=——— >, N—>oo, sran  lim| 1+ — =e
dn+1 n—w® m,
(4n+1)2n 8 .
KOHE ﬁ —> g, N— o KaThICTapblH mainanaHablK. COHBIMEH,
n°—4n

(anz41 )" .
lim — | =e%.
n>o| 3n° —4n

4.3.6. Ti30ekTiH :KHHAKTATYbIHBIH Kolu KpuTepuiii.

{Xn} Ti30eri a HaKThl CaHblHA JKMHAKTaJChH: |lImX, =a. byir —
n—a

«Ve>0 Oepince VYn>n, Hewmipaepi yuIiH |Xn—a|<§ TEHCI3/IT1

opeiHanateiHgail N, >0 canel Gap» geren ces. Onma Vn>n, m>n,

HaTypa caHzapsl YUIiH Xy = Xp| =[X, —@+a—x,|<
€ € L
<|x, —a|+|x, —a| <=+ 5= €  TeHcizairi opeHaanaasl. CoHbIMEH erep

X, aWHBIMAJIBIH aKbIPJBI HIeri O0ap Oosca, oHzma o ymiH keneci Komm
WapTel opblHAanaab: ke3 kenren €>0  camwbl Gepince, Vn, m>n,
HOMIpJIepl YIIiH |Xn —Xm|<8 TEHCI3AIrl Iypeic OonmaThiHIAl N, caHbI

TaOBUIABL.

Komwm 1mapTelH KaHaraTTaHABIPATBIH caHAap Ti30eriH (yHAa-
MeHTaabbI (iprei) Tizoexk Hemece Ko Tiz0eri qen araifnb.

Ko mapTeiHa Kepi TY)KbIPBIM J1a OPbIH/IajIa Ibl:
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ezep {xn} Hakmol canoap mizbezi Kowu wapmuvin Kanazam-
manovipca, onoa {Xn} mi3zbe2inin aKpipavl wiezi oap.

By exi TyKBIpBIMIIBI KeTleci TeopeMa apKbUTBl Oepyre 0oambl.

Teopema (wexkminy 6ap ooayvinviy Kowu kpumepuiii). {Xn} HaKThI

caHmap Ti30eriHiH aKpIpJIbI mIeTi OONybI VIIiH, OHBIH (yHIAMEHTAaJIbIbI
Ti30eK OOJYbI KaXKETTi KOHE KETKLTIKTi.
4.3.7. Irizoek. ZKorapFbl skoHe TOMEHTI HIEKTeP.

Erep ke3 kenred {X,}, N = 1,2, ... HakTsl cannap TisGeri Gepince,
OHJIa OJIaH, HEOMIpJepi N, <N, < ... N, < ... OONATHIH kaHa {xnk } ck=1,2,

. caHzap Ti30erin amyra Gonazbl. AJIbIHFaH OCHI Ti30ek Oepiaren {X,},

n=1,2, ... Tiz0eriniy imri3oeri xen arananel. Ti30eKTeH aKbIpChI3 (KOII)
imTizoexTep amyra Oomaasl. Mpicaisl,
1L -11-1..} Q)

Ti30erinex {1, 11 1,...}, {—1, -1 -1 —1,...}, {1,—1,—1, 1,—1,—1,...},
T.C.C. ImTi30eKTep amyra 00xa bl

Erep {Xn}, n=1,2, ... Ti30eri »KUHAKTHl 0ojica (OHBIH IIEri HAKTHI
HeMece aKbIPChI3 +oc, -oc  caHjap 0OJybl MYMKiH), OHJIa OHBIH Ke€3 KEJITeH
imTi30eri e con caHFa JKMHAKTalIaThIHBI TyCiHiKTi. CoHBIMEH Oipre Kemeci
TeopeMa Jia OpbIHIATA b

Teopema. Kes kenreH HakThl caHgap tisGerinen: {X,},n =12, ...
aKbIpJIbl HEMECE aKbIPChI3 +oC, -oC HYKTEJIEPiHIH OipiHe KMHAKTAJaThIH

1mTi30ek OeJrin ajryra O0JaIbl.
Meicaisl, (1) Ti30ek >KMHAKCHI3 OOJIFaHBIMEH, OJIaH |1 caHbIHA )KHHAKTHI

{1, 1 1, 1} imTiz0erid, —1 caHblHA JKHHAKTHI {—1, -1, -1, —1,...}
1ITi30€rin anyra 00Japl.
Erep {Xn} Ti30eri JKOFapbliaH IIIEHEJIMEreH 0oJca, OHJa OHBIH

KYpaMBbIH/Ia aKbIPChI3 +oC HYKTECIHE JKUHAKTAIATBIH, aJl TOMCHHEH IIeHET-
MereH 0oJica, aKbIpChI3 -oC¢ HYKTECIHE JKMHAKTAJAThIH iMmTi30eKTep Oap.

Muicasl, {—1, 2,-3, 4, .. } = {(—1)n n} Ti30eri — meHeaMereH Tizoek. by
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Ti30EKTEH aKBIPCHI3 +oC HYKTECiHE KMHAKTAIATHIH {2,4, 6,...} 1mTiz0eridn
J)KOHE aKBIPCBI3 — o HYKTECIHE  JKHMHAKTAIATHIH {—1, —3,—5,...} =
= {—(2n —1)} 1mTi30erin Oemin anyra OOJIATBIHBIH KepeMi3. Al erep {Xn}
Ti30eri IeHenreH 00Jca, OHNA YKOFaphIIarbkl TeopeMma Keieci boibiiaHo-
Betiepmirpace Teopemachina kenemi (b. Bompmamo (1781— 1848) — uex
marematuri, K.Beiiepmrpacc (1815-1897) — memic maremarwri).

Teopema (Bosbuano-Beiiepmrpacc). Kes kenre meHenres {X,}
Ti30eTiHeH KaHmai ma Oip HAKTHl CaHFa >KMHAKTAIATHIH 1MTi30€K Oeimn
aiyra 6omambl.

KenripinreH TeopeMamapiablH AoNeNnaeyiH, MbIcanbl, [2] KiTamraH
Kapayra 0oJabl.

AHvikmama. {Xn} Ti30CriHIH KOFapFbl mieri (TemeHri mieri) nen

Keseci eki wapm opbIHAaNaTeiHAal M caHbH aiTansl (M HaKTHI Hemece
aKBIPCHI3 +oC , -oc HYKTENEpi OOIybl MYMKiH):

1) im Xn = M TeHuiri OpbIHIANATHIHIAMN {xnk } , k =12,

I
k—o0
1mTiz6eri TabbUIaIbL;

2)  ochl imTI30eKTEH dacka {xnk }, k=1,2, ... immizoexmepi yuiiu

limx, <M (limx, >M ) TeHci3airi oppIHIATAMBL.
k—ow K koo K

XKoraprer mekti M =limx, = limx, = limsupX,, am TemeHri miekti

n—o n—oo

M =limx, = lim X, = liminf X, cumBongapsiMen Oenrineimi.
n—o n—o0

Mpuicaisl, {1, 2, %, 4, %, ..}:{n(_l)n} Ti30€riHIH JKOFapFbl IIeri

. _1\n . . . . _1\n . . .
Ilmsupn( D" = 4o, Tomenri mreri liminfn®Y =0, Oipak TI30eKTiH

N—>o0 n—w
©31HIH II€eT] )KOK.

Op ke3me limx, < ﬁxn TEHCI3ITIHIH OPBbIHIATATHIHBI  aHBIK.
ConbIMeH Oipre kejeci Teopema Jia OpbIHAaIa bl
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Teopema. {Xn} Ti30eTiHiH meri (HaKThl HeMece +oc, -oc ) O0yhI YIIiH,

limx, =limx, TeHOIriHIH OpBIHAANTYBl KaKeTTi KOHE SJKeTKUTKTL. By
J)Karmanaa

limx, =limx, =limx,

—'"n

TEHJIKTEPI OPBIHIANIAIBI.
§ 4.4. DyukuusAHbIH HYKTeAeri meri

4.4.1. AHbIKTaMaJIap MeH TYcCiHiKTep.

y=1(X) ¢ynxkmmsacer a nBykrecimin Gemrimi 6ip U (a) Tecik

MaHaibIHAa aHBIKTAAFaH OOJICBIH ( (DYHKIUSHBIH a HYKTECIHIH ©3iHJe
QHBIKTATYbI MaHbI3IbI €MEC).
l-anbikrama. Ezep ez kencen €>0 canvr 6otivinwa f ¢ynxyus-

CHIHBIH AHLIKMATLY AUMARLIHOA HCAMAMBIH HCIHE
0<|x—a|<3 (¢) 1)
MeHCI30iKmepiH KaHAeammaHObIpamvli OAPIbIK X CAHOApbl YUl
| f(x)- A| <g

mencizoiei opvindaramenoar 8(€) >0 canvt mabwiica, onoa A canol

f(X) @yuxyusacoinvy a nyxmeoezi wezi den amanadw oa,
limf(x)=A;, f(x)>A (x—a); x—a) = (Ff(X)->A
X—a
CUMBONOAPbIHBIY OipiMeH bencineneoi.
1-mbican. [lonenzaey Kepek: IinI x> =1.
X—.

v x* ¢yukuusceiH 1 Hykrecinin 6enrini 6ip mpicansl, O,(1) = (0; 2)
MaHaibIHIa KapacTeipaidbik. VX € (0; 2) yurin

‘xz —1‘:|x+]“x—]4£3-|x—]4
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TEHCI3/IiTi opbIHnanaael. Erep ke3 kenred € >0 caHbl Oepinice, oHIa

. € .
S:mln{l;g} men axyra Oomanmel (MyHmarel | caHbl 1-HYKTeciHiH

. . . € S
MaHaWbIHBIH paguyci). Conna O<|X—1|< S:mln{l, 5} TEHCI3IIrH

KaHaraTTaHABIPATBIH KE€3 KCJII'CH X YHIIH

€
1< 3|x-1< 3:5 < 3-Z=¢,
3
SIFHA ‘Xz —1‘ <& TeHCI3iri opeiHAANanel. by — l-aHbIKTama OOWBIHIIA

-~

limx? =1 neren cos.
x—1

2-mpbican. Tenmikti monmenzaey kepek: limA=A, aeR.
X—a

¥ IlemeiHga ma, Ka"vgat ga Oip €>0 oH canbsl  Oepiice,
| f(x)— A| = |A— A| =0<0<e TeHci3miri ke3 KelareH X HYKTeCiHAe
OpBIHAATATHIHBI aHBIK.

2-anbikTama. Erep VneN, X, #a wmapTelH KaHAFATTaHIBIPATHIH, ¢
CaHbIHA >KUHAKTaJaTblH Jpoip {Xn} c D(f) mizbezine coiikec keneti

{f(xn)} Ti30OeriHiH we2i 6Oap xoHe o1 A canvina men Oonca:

lim f(x,)=Aonna 4 caubl f(X) (QYHKUMSCHIHBIH @ HYKTECIHJETI IIeri
nN—oo

men aramanel ga, lim f(X)=A nemece f(x)— A (x—>a) CHUMBOJI-
X—a
JIapbIHBIH OipiMeH OeriieHe .
Erep mynna 4 meri 00, +00, —00 aKbIPCBHI3IBIKAPBIHBIH OipiHE TEH
6onca, ouma f(X) ¢yHkmmACEI X —> @ YMTBUIFAHIA aKbIPCHI3 JiIKeH

wiama JIe1 aTanajapl.

(1) »xone (2) aHbIKTaMayiap — napa-nap. biz MyHia OHBIH I9JeiAeyiHe
TOKTaJIMalMBbI3 (OyJ1 Jomenaey i, Mplcansbl, [2] KitanTtaH Kapayra 0oJaJsl).
1, 2 anbikTamanaps! coiikec Kowu, I'eiine anvikmamacet nevinui.
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Eckepmy. Erep dbyHKUMSHBIH OepiireH HYKTee meri bap Ooica, oHia
OJI HAaKTHI (AaKBIPJIBI) CaH HeMece +00, — o aKbIPCBHI3ABIKTAPBIHBIH Oipi

6omysr Mymkin: lim f(x) = A, -c0 < A<+oo,
X—a

2
. X1 —4
3-mbicad. [llekri Taby kepek: lim .
x—=2 X—2

Y  X—2 ymrbuFaHga QYHKUUAHBIH X=2 HyKTeciHmeri MoHi
2

o . 4
Ha3apra aJbIHOAWTBHIHABIKTAH, Ke3 KenreH X# 2 yIIiH 5 = X+2. An

X+2 epHeriHmeri X OpHBIHA, Z2-aHBIKTaMara CoHikec, X,—> 2 -Te
YMTBUIATBIH K€3 KeNreH X, Ti30eKTi KOWBII, caHObIK mizdexkmep uieZinin

Kacuemmepin naijanaHaMbl3
2

lim > = lim(x+2) = lim(x, +2)=2+2=4.
X—=2 X — X—2 n—o

OyHKUUSAHBIH ILIETiH ecenTereHae X, Ti30eriH KepceTim XKas3bll

JKaTHalIel, X-Ti 2-T€ YMTBUIATBIH Ke3 KEITreH TI30eK Jen KaObuiman
2

X 24 imx+2)=limx+2=4, =
X—2 X—2

KBICKApPTHhIII JKasalbl. lim
X—2

1 . : .
4-mpican.  f(X)=sin= ¢ynkuusaceibin X =0 nykrecingeri meri
X

Y¢1 (

JKOK CKEHIH JIQJICIIIey KepeK.

X

Xy

=
w
a
[N




.1 . . .
v f(x)=sin= ¢yukumacel — X=0 mnykTecinin ke3 Kearem mMamaibi-
X

HbIH 6apabik X #0 HykTenepinme aHbIKTAJFaH KoHe Tak QyHKuus. 0-re

YMTBUIATBIH X, = 2 Ti30eKKe ColKec KeJIeTiH
n(2k +1)
£ (%) =sin "D _ oo = ()¢

Ti3Oerinig mieri koK. (4.3.2.m., 3-mbicanmbl KapaHwiz). Omaii Oonca
.1 .
2-anbikTama Oowpiaia f(X) =sin— ¢yukuuaceiaeiy X =0 HyKTeciHae
X
mieri )oK (25-cyper). “
AnbIKTama. Ezep kes keneen €>0 canvi 6oiivimua
a<x<a+d (a-d<x<a) ()
MeHCiz30IKmepin KaHa2ammaHObpamuvlH OAPvIK X-mep Yulit
| f(x)- A| <g
mencizoizi opvinoanamoinoati O(€) >0 canvi mabvinca, onoa A canvi
f(X) @ynxyusacvinbiy a Hykmeode2i OH Hcak, (con Heak) wiezi oen amanaosl
oa, lim f(x)=A,  limf(x)=A f(a+)=A,
X—a+ X—a
X>a
(lim f(x)=A limf(x)=A f(@)=A)
X—>a— Xx—a
X<a

CUMBONOAPbIHBIY OipiMeH bencineneoi.

Teopema. lim f(x) meri 6ap Gomysr ymia lim f(x), limf X
Xx—a X—a+ X—a—
meKTepi 6ap api oJapbIH 63apa TeH 00IYBI KAKETTI XKoHE HKETKUTIKT1, SFHU

lim f(0=lim f(0=A )

< limf(x)=A (3

X—a

¥ TeopeManbl A-HaKTHI caH ynrin gasenaeimis (A =+ Hemece
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A=—00 ymin monmengeyni OKymbIFa Kanaelpambi3). Ilememma ga (2),
TEHIIKTEP/Ii KeJieci Type xka3yra 0oJabl:

Ve>0 38(e)>0: (Vx:0<|x—a|<d, x>a) = [f(X)-Al<g;
Ve>0 33(e)>0: (Vx:0<|x—a|<d, x<a) = [f(x)-A<e
(2) xaTeIcTapmarsl €Ki TEHAIKTIH A€ Oip Me3riife OpeIHAaNybHa X > a

MEH X <@ MIapTTapblHbIH €Keyi Je KepeK. X>a, X<a < X#a eKeHiH
€CKepill, alJIbIHFbI KBAHTOPJIAP TUTIHAE jKa3bUIFaH aHbIKTaMaHbI OipiKTipin

Ve>0 38(e) >0: (vx:0<|x-a|<d(e)) = [f(X)—Al<e

TYpiHZe *ka3yra 6omansl. A 6y (3) TeHIOIKTIH aHBIKTaMachl.
Mbpbicaibl,
. x=2] . x-2 . x=2 . —(x-2
lim | |:Ilm =1, Ilim u:Ilmg_—l,
x—=2+ X —2 x=>2 X —2 x—=2- X —2 x=>0 X—2 SITHU
x>2 x<0
-2

lim 221 lim M.

Omnaii Gosica KenTipiareH Teopema OOMbBIHIIA,
X2+ X—2 xo2- X—2

M (YHKIMSICBIHBIH X = 2 HYKTEIE MIeTi KOK.
X—2

Eckepmy. ['eiine OOMBIHINA aHBIKTAJIFaH IIEKTEP VIIIiH JIe >KOFapbIIarbl
CHSKTBI Oip)KaKThI IIEKTEP YFBIMBIH aHBIKTayFa 0oajpl.

Eungi y=f(X) ¢yskumsacer X ={X: |X| >K, (K>0)} >xubIHBIHIA
AHBIKTAJICHIH.

3-anpIkTamMa. Ezep kez kencen €£>0 canvl 6Gotiviniua |X| > 3(g)
mewncizlizin Kanazammanovipamuin oapavis X € X yuiin |f(X)—A|<8
mencizoiei  opoimoanamommoaii O(€) >0  camvr mabvinca, omoa f(X)

Gynryusacoinbly  X-miy  oo-Ka ymmoelizanoa weel oap scone on A canvina
men oetiodi oe, lim f(xX)=A nemece f(x)—> A (X—)oo) m.c.c. CUMBOJI-
X—0

oapvinbly Oipimen Oencineiol.
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By sxarnaiira 1a 0ipaKaKThl lIEKTEP YFHIMBIH KENTipeHiK.
3'-anbiKTama. Erep ke3 kenren &>0 canbl OoifbiHma X > O(€)
(X < —6(8)) TEHCI3/IIT1H KaHAFaTTaHBIPATHIH OapiIbIK X YIIiH
| f(x)- A| <eg
TEHCI3/ITI OpPBIHAIATHIHIAMN d(¢) >0 canbl TabbLICA, OHAA X-TiH +00 -Ka

(- -xa) ymreuFanga f(X) ¢ysxmmacsmbIg meri 6ap sxoHe 01 A caHBIHA

TEH Oeimi ne,
lim f(x)=A memece f(X)>A X— +x

(lim FOO=A memece  f(X)—> A, X—)—oo)

CUMBOIIIAPBIHBIH OipiMeH Oenrineimi.
Teopema. lim f(x) mreri Gap Oomybr ymia lim f(X) xone
X—>00 X—>+00
lim f(x) GipxakrThl mIeKTepi O6ap opi oNapBIH 63apa TeH OONYBI KaKeTTi
X—>—00
xoue xkerkimikti, srau lim f(X)=lim f(X)=A < Ilimf(x)=A.
X—>+0 X—>—0 X—0

v Jlonennmeyi anIbIHFBI TeOpeMa [QJCNIEMECi CHUSKTBI, KATTHIFY
peTiHjie e31epiHi3 AaMeaen KepiHi3aep. “

. T
Mpicau. onenney kepek: lim arctgx =—.
X—>+00

¥ Kes xenren €>0 cansl Gepincin. Onia

arctgx — =
2

i i
<g & E—s<arctgx<§+8

. e T
€KCHIH €CKEPCEK, KOC TCHCI3AIKTIH COJI )XaFbIHaAH arCtg X> E — & HEMECE

x> tg (g - sj wbiraael. bynan 6(g) = tg (g - 8) JIen ajicak, OHJa

X—>+00

arctg x — =
2

<g, W:x>8(g)=tg(§—gj,s{mn, lim arctgx=g. -
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DOYHKIUSHBIH HYKTeeri HeriHiH Kalnbl aHbBIKTAMAChI

y=Tf(X) ¢yHkumsacel a HYKTeHIH KaHmai aa Oip U (a) TECIK
MaHaBIHAA AaHBIKTAICHIH ((PYHKIMSA @ HYKTECIHIE aHBIKTaIybl Ja
aHBIKTAIMAYBI 1a MYMKIH).

Kannbl anbikrama. Erep D nyxrecinin ke3 xenren Ug(b)

MaHaWbl  YIIiH f(Uoﬁ(a)) < U, (b) eHri3yi  OpBIHIAIATHIHIAN

U,(a) c U(a) Tecik MaHaii Gap Oonca, omma D  mykreci f

(DYHKIMACHIHBIH @ HYKTEIETI IIeri Jen aTajajbl J1a KeJleci CHMBOJIIbIH
OipimMeH OenrineHei:
limf(x)=b; f(x)>b (x—>a); —a) = (f(x)—>bh).
X—a

(Byn scazoaiioa, «x a-2a ymmoiizanoa f Qynxyuacer b -za
YMMbLIA0bL) Oen me aiumaosl).

IlexTiH Xammel aHBIKTAaMachl 36  SKarFrmaliael KAMTUTHIHBIH
KepceTeHik.

Kannsl anviKmamaoazel x-apeymeHm YMmMbLIAMbIH a4 HYKmeze
Kambicmol 6 mecik manait o6ap:

1) a HakTBI CAHHBIH O TECiK MaHAMBI

0,(a) = (a-5,a) U (a a+8)={xeR:0<[x-a/<8};
2) @ HAKTbl CAHHBIH OH JHCAK, § MeCiK MaHailbl:

Co)s(a+0) =(a, a+38)={xeR:0<x-a<3}.

Byn aicazoaiioa, b myxreci f QyHKUMACBIHBIN @ HYKTENETi o Jcak,
wiezi nen arananapl ga (apryMeHT X-TiH — @-HYKTECiHE TEK OH JKaKTaH
YMTBIJIATBIH JKargaiibl) Kellecl CHMBOJIAPIAbIH OipiMeH OenriaeHe:

lim f(x)=b; f(x)—>b(x—>a+0); x—a+0) = (f(x)—>h);
x—a+0
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3) @ HAKThI CAHHBIH CO/ HCAK, § meciKk MaHaiiol.

(5;3(&—0) =(a-3,a)={xeR:a-8<x<0}.

Byn arcazoaiioa, b myxreci f (GYHKIUSICBIHBIH, @ HYKTENET1 COJ1 HcakK
wiezi nen aramansl Aa (apryMeHT X-TiH a-HYKTECIHE TeK COJ JKaKTaH
YMTBIIATBIH ~ JKaFjaibl) KeJeci CHUMBOJIJIBIH  OipiMeH  OenriieHen:

Iim0 f(x)=b;, f(x)>b (x—>a-0); x—>a-00 = (f(x)—>h);
X—a—
4) a=-+00 - IUTIOC aKBIPCHI3 HYKTEHIH O TECiK MaHAMNBI:
Os(+0) = (8,+0) ={xeR: x>8};
Byn orcagoatioa, b mykreci f (ynkuusceiHbIH a=+o0  HykTemeri

IIeTi JIeTT aTajla/ibl 1a Kexeci CUMBOIABIH OipiMeH OenrieHemi:
lim f(x)=b; f(x)>b (x—>+0); (x—>+0) = (f(x)—>b);
X—>+0

5) a=—00 - MHUHYC aKbIPCBI3 HYKTEHIH O TeCik MaHaMbI:
Os(-0) = (—o0,—8) ={xeR: x<-38};

Byn acazoaiioa, b nyxreci f QyHkumschHbIH a=-—c0 HyKTezeri

IIeTi JIeTI aTalla/ibl 1a Keleci CUMBOJABIH OipiMeH OenrieHemi:
lim f(x)=b; f(x)>b (x—>-o); x—>—0) = (f(x)—>b)
X—>—0

6) a=oo - aKbIPCHI3 HYKTEHIH O TECiK MaHaMbI:
Os (@) = (—0; —8) L (8i+0) = {x e R:|x|>3).
Byn scazoaiioa, b nykreci f GpyHKUMACHIHBIN @ =00 HYKTeseri meri

JIeT aTajajibl a KeJIeCi CUMBOJIIbIH OipiMEH OeriieHe i:
limf(x)=b; f(x)—>b (x—>oo); X—>x) = (f(XX)—>b);
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Kannvet  anvikmamaoazel (x-apzymenmi a-2a  yMmuli2aHoa) f
gynxyuscol ymmotramotn D nyxmecining 6 manaiivt 6ap:
1) b HakTBI CAHHBIH € MaHAWbI

0,(b) = (b—& b+e)={f(x)eR: [f(x)-b|<ef;
2) b HakThI CAaHHBIH KOFAPFHI € MaHANBI
O,(b+0) = [b, b+e)={f(x)eR: b<f(x)<b+g}.

Byn xarjaiina, «X a-ra ymreuranaa f ¢ynkuuscer D - Fa acozapvioan
YMmMbLIaobly NCHI e Keeci Typiepae xKa3a bl
!(ILT;I f(x)=b+0; f(x)—>b+0(x—a); (x—a) = (f(x)>b+0),

3) b HakTBI CAaHHBIH TOMEHTI € MaHAMNEI
O,(b—0) =(b—¢, b] ={f(x)eR: b-e< f(x)<b}.

By xarnaiina, «X a-ra ymteurranga f dymkumscer b -ra memennen
YMmbL1aob» neimi e Keneci Typraepae JKazazpl:
ll_rH1 f(x)=b-0; f(x)>b-0(x—a); (x—a) = (f(x)>b-0).

4) b=+ - WIOC aKbIPCHI3 HYKTEHIH € MaHAWBI:
O, (+0) = (&, 4] ={f(x) e R: f(x) > &} U {+o0}.

byn karmaiima, «X a-ra ymTeuwaHga f pyHKmmACEl b =+
YMTBUIAIbIY b1 (570111 Ie Keseci TypJiepae JKa3aJbl:
!(i_l’)T;f(X)=+oo; f(x) >+ (x—a); x—oa) = (f(x)—>+n).
Convimen bipee, «X a-ra ymthuwanna f QyHKOUSICH akwvipcvts yaxen
wiamay Nen aTanaisl.

5) b=-o0 - MUHYC aKbIPCBI3 HYKTCHIH € MaHAMbI:
O, (-x) = [—oo;—s) = { f(x)eR: f(x)< —8} u{—oo}.

Byn oxarmaiima, «X a-ra  YMTBUIFaHIA f (YHKIUACHI
b = —oo ymTBITANBY OEliI € KeNeci TypIIepae Ka3a Ibl:
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Ixiﬂ;f(x):_w; f(x) >—o (x—>a); (x—>a) = (f(x) >—x).

Conviven Oipee, «X a-fa ymtbuiranna f QyHKUMSICH akwipcvl3 yakeH
wiamay Jet aTanaisl.
6) b =00 -aKBIPCHI3 HYKTEHIHE MaHAMHI:

Oe(CX))Z[—OO,—S)U(S,-f-OO]:{f(X)G R: |f(x)|>s}u{—oo}u{+oo}.

byn okarmaiima, «X a-ra  YMTBUIFaH/a f (GyHKIHACH
b = oo ymTBITAABIY ACiii e Keneci Typiep/ae Ka3abl:

limf(x)=00; f(X) > (x—>a); (x—a) = (f(x)—>).

X—a
Convimen Oipee, «X a-fa ymTbuiranaa f QyHKUUSICH akwbipcyl3 yakeH
uiaMay JIeTl aTaajbl.

ApryMeHT X YMThUIATBIH opOip MaHaira f (yHKUUSICH yMTHUIATHIH
6 MaHail colikec Kenemi, SSFHA, 0apibIFbl 36 xaraai KapacTeIpbuiaabl. OCh
JKarIalnapaslH  opOipeyin JacTypini « £—O » TUIIHIE TYKBIPhIMIAYFa
0OJaTHIHBIH KOPCETEHIK.

1 Aunvikmama. Eeep ke3 kencen €>0 canvt Ooubinwa  f

DYHKYUSACOIHLIY AHBIKMALY aumazbioa scamambvii dcane 0 <|X—a| <d (g)

MeHCI30iKmepiH  KaHazammaHoblpamold  0apavlK X CaHOapbl  VWLIH

| f(x)- b| <& mencizoiei opvinoanameinoat 6(€) >0 canvl maboiica, onoa
b canvt f(X) @yuxyuscoinviy a nykmeodeei wieci den amanaobi.
By, wHerisri aHpIkTamamarel 1) okarmad, siFHH, D HYKTCHIH:
0,(b) = (b-& b+e)={f(X)eR: |f(x)—b|<&} xarnaitbi;
2-3 Anvikmamanap. Ezcep xes kencen €>0 canvt 6ouvinwa
a<x<a+o (a —d< X< a) menCci30ikmepin — KaHAeammaHOblPpamolH
bapaviy x-mep yuiin | f(x)- b| <& mencizoici opvinoanameinoatl 3(g) >0

canvl maowviaca, onoa A canvt f(X) @yuryuscoinvly a HyKkmeoeei OH Heax,

57



(con scak) wezi Ooen amanadvl O0a  Keneci CUMBOLOAPLIHLIY OIpiMeH
beneinenedi

Iim0 f(x)=b; Ilimf(x)=b, f(a+0)=b,
X>a

(lim f()=b, limf(x)=b, f(a-0)=b).

byn, Herisri aHBIKTaManarbl ¢ HAKTHl CAHBIHBIH COWKeC oH cak O
mecik Os(a+0) =(a, a+d)={xeR:0<x-a<38} manaitvt MeH con rcax
dmecix Os(a—0) =(a-3 a)={xeR:a-5<x<0} manaiivt.

4-anvikmama. Erep xes3 xenren &>0 cabl Goiibrma |X| > 8(e)
TEHCI3JITIH KaHaraTTaHABIPATBIH OapiIbIK X € X  YIIiH | f(x)-— b| <g
TeHC3airt opbiHganaTteiHgait 6(g) >0 camsr Tabeuica, onma f(X)
(YHKIUACHIHBIH X-TiH 00-Ka YMTBUIFaHJA Meri 0ap ykoHe ol b caHbIHA TeH
peini ge lim f(x)=b memece f(X)> b (x— ®) Tt.c.c. cUMBOIIAPBIHBIH

X—00

OipimMeH Oenrineimi.
by, Herisri aHBIKTaMagarbl & =0 - aKbIPCBI3 HYKTEHIH TeCiK O
MaHalbl, SFHU, C°)5 (00) = (—o0; =8)U(8;+0) = {x eR:|x> 6} GoJiFaH
JKaranbl.
5-6 anvikmamanap. Erep ke3 kenren €>0 canbl OoibpiHIma X > 6(€)
(X < —8(8)) TEHCI3/IITIH KaHaFaTTaHbIPAThIH OAPJIBIK X YmiH| f(x)- b| <g
TeHci3airi operHaanateiaaaii 8(g) >0 canbl TabblICa, OHIA X-TiH -+ -Ka
(- -xka) ymreuranma f(X) QyHKOUSACHIHBIH mieri OGap jkoHe on b

caHblHA TEH JAeWal Je, KelieCi CHMBOJIIAPBIHBIH OipiMeH OenrineHei
lim f(x)=b wnemece f(x)—>b, x—+w

X—>+400
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(Iim F)=b 448 f(x)—>b, X—)—oo).

X—>—©
by, a =+ - IUIIOC  aKbpIPChI3  HYKTEHIH  TeCiK
8 manaiibr: O (+00) = (8,+0) = {x e R: x>8} men MHUHYC aKbIPCBI3

HYKTeHiH Tecik & MaHaibl: Os (—o0) = (—00,—0) = {X eR: x< —8} KaFIanbl.

bi3 xanmel aHpIKTaMaHbIH 6 Aepbec skarnaiibiH FaHa KepceTTiK. OHbBIH
KanraH nepOec 30 »argalbIH OCBI CHSIKTBI JKa3bIN IIBIFYFa 00J7aabl (OHBI
OPBIHJAY OKYIIBIFa TaIlCHIPBUIAIb).

Mpuican. lim (X2 +1)=5+0, oiitkeni, VO, (5+0)=[5; 5+¢)

X—2+0

J0s-vari-2(2+0)=0< x—2<A+e -2

VX €Oz (240)=0<x—2<\Are-2 < 2<x<JA+s <
o 4<xX?<d+e o 0<x’-4<e < 0<(xX*+1)-5<¢ GonamsL
Ocbl MbIcasia, X—>2+0 < X—2, X>2 OonaTblHBIH €CKEepCEK,
X>2 < x>+1>5 TeHci3mirinen GbyHKIMS  TIeri  5-ke  KOFaphIIaH
YMTBUIATBIHBIH aHFapyra Oomansl. Meicanel, X —>2—-0 < X—>2, X<2.
CoHJpIKTaH, 2 HYKTECIHIH KETKUTIKTI a3 MaHaWbIHJaFbl X HYKTeJepi YIIiH

Xx<2 < x2<4 < x?+1<5 GonarbIHABIKTAH
lim (x2 +1)=5—0.
x—2-0

Eckepmy.Kepcerinren wmbicaimarsl, f(X)= x° +1 (hyHKIUSCHIHBIH
X =2 HYKTeJeri OH *akK >KoHEe COJI XaK IIeKTepiHiH coiikec 5+ 0 koHe
5-0 TtypnepiHae, SFHU, SPTYPAC Ka3blUIFaHbl OOWBIHIIA, OJIAPIBI SPTYPII

HIEKTEp JIeT oiinayra OonMaiinel. byi exi skarjaiina na GyHKIus 5 caHbIHA
YMThLIabL, Oipak OipiHi xarmaiaa, QyHKIUS S-Ke KOFapbliaH, aj eKiHII
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Karaana, ol 5-Ke TOMEHHEH YMTHUIATBIHBIH KepceTei. MyHza, 6ip:KaKThl

HIEKTEp ©3apa TeH, COHABIKTaH Iirr;(x2 +1) =5,
X—>.

4.4.2. Ieri 0ap ¢pyHKOMAIAPABIH KacHeTTepi

Erep IXiLr;f(X)zA meri HakTHl caH Oonca, oHma « f(X)

(YHKIUACHIHBIH, X —> 8 YMTBUIFAHA AKbIPAbL wiezi fapy Neimis;

erep o MK HAKThI CaH HeMece TaHOAchl KOpPCETUIreH -0, —oo
aKBIPCHI3ABIKTAPABIH OipiHe TeH O6ojca, oHma « f(X) QYHKUMACHIHBIH
X —> @ YMTBUTFaHIA wezi apy nevmis.

At erep )I(ILT; f(X) =00 OGosica, oHAA 071 QYHKIHMSHBIH A HYKTEE IIeTri

JKOK >Karjaiira >kaTapbl.

Mpeicansl, f(X)=——— o¢yukuusceinpiy X =3 HyKkTene +0 TeH

(x-3)

mreri 6ap, editkeni, f(3+)=f(-3)=+c0. An f(x)= Ls (hyHKIMSICHIHBIH
X —

1
X_

X =3 HykTene meri koK, oiTkeHi f(3+)=+o0, an f(3-)=—o0. Bipak Oy
eKi QYHKUUSHBIH eKeyi e X —> 3 yMTBUIFaH/a aKbIPChI3 YIIKEH.
Enni X —a ymteurrania akeipibl meri 6ap f(X) GyHKOUACHIHBIH

KACHETTEpIH KapacThIpalblKk (MyHJarbl @ — HaKThl CaH HeMece
00, +00, -00 aKBIPCHI3IBIKTAPBIHBIH Oipi).

1-teopema. Erep lim f (X) mreri 6ap 6osica, OHzta 0J1 €K XKAaJFbI3.
X—a

¥ byn kacuer Tiz0ex yuriH nonenpenred (4.3.2.mm. 1-reopemaHb
KapaHp3). COHOBIKTAH (YHKUMS IIETiHIH 2-aHbIKTaMachl OOMBIHIIA, OJI
KacueT QYHKIIUS YIIiH JIe TyphIC.

2-teopema. Erep Ilimf(x)=A (A-maktel can), omma f(X)
X—a

GbyHKIMACH a HyKTeciHiH Oenrini 6ip U (a) MaHaiibIH/Ia [IIEHENTeH, SIFHI

60



v xeU(a), x#a, [f(x)|<M
TeHCI3Air opelHaanaTeiHgan M > 0 caubl TaOBUTAIBI (3.2.4.11. meHenreH

JKUBIH YFBIMBIH KapaHbI3).

¥ Teopema miapThl OOMBIHIIA, erep € =1 caHbl Oepisice, oHIa
vxeU(a), x=a yuix |f(X)—A|<1
TeHCI3Airi opeIHAanaTeiHmaid Oenrimi 6ip U(a) Manaiiel TaObLIaIBI
(O < |X - a| < 6(8)) MEH Us(a), x=a naparap!). bynan
|f(x)|—|Al<|f(x)— Al Tencisnirin maiinananem, vxeU(a), X#a yuwin
[fO)|-|A<|f(x)—A<l, 6yman [f(X)|<1+|A|, VxeU(a), x=a

anambi3. Myaza 1+|A|=M nen ancak Gonranpl. 4

3-teopema. Erep  lim f(x)=lim f,(X)=A xoHe Kanmaii ma Gip
X—a X—a

U(a), X=a aiimareigarsl X-rep yinid f(X) <o(X) < f,(X) Tencis-
JiKTepi opbIHIaica, ouga limoe(x) =A.
X—>a

Y 4.3.2.1. 4-teopeMachiHaa Ti30OeKTep YIIIH Oy KacueT IoJiel-
nenreH. Omait Oosica, QyHKIMS WIETiHIH 2-aHBIKTaMachl OOWBIHINA, OYII
KacHueT QYHKIUsIap YIIiH e Aypeic. 4

4-teopema. Erep lim f(x), limp & ) axpbipier miekrepi 6ap Goica,
X—a X—a
OHJIa
lim[ f (x) £p(x)]=lim f (x) £ lim o(x); @
x—a x—>a x—a
lim[ f(x)-(x)]=1lim f (x)-limo(x); (2)
an  lime(x) =0 6oiuca, onna
X—a
f(x) lim f (x)

oa 0(X) W | ©
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¥ byn kacuerrep 4.3.2. MyHKTTE Ti30€KTep YIIiH KENTIPUITeH >KoHE
KOCBIHIBIHBIH IIIET1 VIIiH aTaJFaH Kacuer monengeHreH. COHABIKTaH
(hyHKIUS MIETiHIH 2-aHBIKTaMaChlHA COWKeC Oy KacueT (DYHKIUS VIIH Je

IypeIC. “

Caapap. limCo(x) =Clime(x); C— TypakThl caH.
Y 4-reopemama f(X)=C pmenm ambin, limC =C ekeHiH eckepcek

OoJiFa”bl.

5-teopema (uexkmepoe aiinviman ayvicmotpy). Erep lim f(x) =b,
X—a
Iirrg F(y) mekrepi 6ap sxone f(X)=b (Xx=#a) 6osca, onma limF[f(x)]
y—> X—a
wieri 6ap xoHe keseci Teraik opsiaaanaap: M F[f (X)]=lim F(y).
x—>a y—b
2
X

Mbicanbl limeX +2X

x—1

Eungi y=f(X) &ynkumsacer a Hykrecinig Oenrimi 6ip U (@)

=limeY, eliTkeHi |im(x2+2x)=3.
y—3

x—1
MaHaWbIH/IA aHBIKTAIFaH OOJICHIH (OHBIH @ HYKTECIH/IE aHBIKTATYBI TYPaJIbl
IapT KOHBUIMAM/IbI).

6-Teopema (mexmin 6ap oonyvinviy Kowu kpumepuiii). y = f(x)
(bYHKIHMSCBIHBIH llg; f (X) wakTsI meri 60ysI yIiiH, 6epinred apbip € >0
CaHbI OOMBIHIIIA

O<|X'—a|<8 JKOHE 0<|x”—a|<8

TEHCI3IIKTEPiH KaHaFaTTaHABIPATBIH Ke3 Keared X', X" cangaphl yIniH
| f(x)-—f (X")| <eg

TeHCi3air operHaanateiaaail 8(¢) >0 caHBIHBIH TAOBLTYbI KAKETTi JKOHE
SKETKLIIKTI.
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4.4.3. AKBIPCHI3 KillIKeHe 7KdHe aKbIPChI3 YJIKeH (pyHKumMsiIap.
OcBl MyHKTTET1 KapacTHIPbUIATHIH (QYHKIHATIAP @ HYKTECiHIH Oenriii

6ip U(a) manaiibinaa aHbIKTaqraH fen yry kepek ((DyHKIUS ¢ HYKTEHiH
©31H/Ie aHBIKTATYbl MiHIETTI eMec).
Ezep limf(x)=0 6onca, onoa Xx—>a yumuvineanoa f(X) gynxyus-
X—>a

Cbl aKbIPCh3 KilKeHe (a.K.) oen amanaowl.
1-Teopema. lim f(x)= A Tenairi opeipanyst ymin f(X) = A+a(X)
X—a

TEHITIHIH OPBIHAATYBl KAXKETT] JKOHE JKeTKUTIKTI (MYHIAFbI OL(X) mama
X-allHBIMAJI @-Fa YMTBUIFaH/Ia aKbIpChI3 KilkeHe GyHkius). backama

aiitkanna, limf(x)=A <
X—a

& f()=A+a(x), a(x)—>0 (x—>a). (1)

¥ 1lemsmga ga, lim f(x) = A opsirganca, ouma o(X) = f(X)— A men
X—a
Oenriner, f(x)=A+a(x) HKOHE lim a(x) =lim[f (x) - A]=
x—a X—>a
=limf(x)—A=A—-A=0 TtenuikrepiH anambi3. OnapAblH COHFBICHI
X—a

X —>a, o(X) a.k. ekeHiH KepceTei.

Kepicinme, erep f(X)=A+a(x), a(X)—>0 x-—>a Oonca, oHma
-

lim f (x) =lim[A+a(x)] = A+ lima(x) = A aTambI3.

X—a

2-teopema. Erep x—a ymreurranga oy (X), o, (X),..., o, (X)

aKpIpChI3 KilllkeHe (GyHKIMsIap 0oJica, OHAA OJAPJABIH KOCBIHOBICHL Od,
Kkebeuminodici ne ( X — a YMTBUIFaHIA) aKblPCbL3 KiKeHe (YHKYUA.

¥ TeopemaHblH JYpBICTBIFBI (YHKUWS INETiHIH KacHeTTEepiHEeH
wbiFael (4.4.2.10. 4-teopema). “

3-TeopeMa. X —a YMTBUIFAHAA aKbIPCHI3 KillIKeHe (PYHKIHMA MEH

OCBI A HYKTECIHIH KaHzai qa Oip MaHaMbIHAA [ICHEITeH (DYHKIUAIapIbIH
KOOCHTIH/IICI X — @ YMTBUIFaH/Ia aKbIPChI3 KilllkeHe (DyHKIIHSI.
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¥ a mykrecinin U(d) wanaiterama  f(X) menenren, srHm

vxeU(a), |f(X)|SC KoHe lima(x)=0 OGoncein. Onma Ve>0 canml
X—>a

Gepice, 0<|X—a|<6(8) TCHCI3MIKTEpiH KaHAFaTTAH/ABIPATHIH OapibIK X

YILiH |a(x)|<% TEHCI3/IIT1 OpbIHAaIaThIHAAN d(e)>0 canbl TabbLIAMBL.
COHIOBIKTAaH Ke€3  KENTeH Vx:0<|x—a| <d(¢)  wmykremepi yuriu

|oc(x)-f(x)|:|a(x)|-|f(x)|£g-c=8 amampis, seam a(X)- F(X) -

aKpIpCHI3 KilIKeHe pyHKIus.

X

. e
Mbicansi, f(X)=sin [XZ + j (Xx#0) GyHKUHACH HICHETeH, a

3 :
x—0, ©(X)=X" — axpIpch13 kimkene ¢pynkuus. COHIBIKTAH 3-TeopeMma

e* -1
oiibiama, limx®-sin| x* + =0.
x—0 X

AKBIPCBI3 YIIKEH QyHKIMAIAPABIH &, O — TUIHAETT aHBIKTaMAaCHL.

Anbikrama. Erep op6ip €>0 caumsl GoiibiHina 0<|X—f:1|<§S
TEHCI3/IIKTEePiH KaHAFaTTaHJBIPATBIH X HYKTEJIEpi YIIiH |f(x)| >g TEHCI3MITI
opbiHanaTeiHaai 8, >0 canbl Tabbuica, onna f(X) dynximacs x — a

YMTBUIFaHIa AaKbIPChI3 YVJKeH (PYHKOMS HeMece KbhICKama X —>a
YMTBUIFaH/Ia aKbIPCHI3 YJIKEH JeTl aTalajbl 1a,

limf(x)=« Hemece f(X)>w (X—a)

X—a

CHUMBOJIJApBIHBIH OipiMeH OenrineHeni.
Eckepry: Erep limf(x)=ow xoHe a HYKTeCiHIH Oenrim Oip
X—a

manaitbiaza f (X) >0 vemece f(x) <0 Gomca, onma caiikec lim f (X) = +oo,

X—a
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lim f (X) = —o0 men sxkazamel xoHe [ dyHKumsACHHBIH X =a HykTexmeri

X—a

meri coiikec +00, —o0 TeH Jelal. An lim f(x)=co Oonca, onma

X—a

dynKkyuanviy weei Hcok, 6ipak o1 X —> 8 YMTBUTFaHIa aKbIPCHI3 YIIKEH.
Mbeicanbl, X =0 ymreuranga f (x) :1 (YHKUMSCBHIHBIH LIETi KOK,
X
GipaK o1 aKbIpChI3 yikeH. Oiitkeni op6ip € >0 canbl apkbuIBI 0<|X| <9

>g TEHCI3IIr

TEHCI3MIKTEPIH  KaHAaFaTTAHABIPATBIH X  VIIOiH

opeiHanaTeiHAal O(€) TaépLaaabl. Packinma na,

>e & |x|<1, x#0
€

1 .
KaTbIChl OPBIHAANATBIHABIKTAH §(g) =~ JHeIl ajicaK, OHaa 0<|X| <d YIIIH
€
1
X

((p(x) #0,x# a) 6ouica, onza lim f (x)-@(x) = .

>¢ Oosagsbl.

4-teopema. Erep limf(x)=¢, |¢[#0 xome  lime(x)=co
X—a X—a

Hepbec >xarmaiifa, €Ki akbIpChI3 YJKEH IIaMaapblH KeOeUTiHmici
(o0-00) Hemece akKpIPCHI3 YIKEH IIaMa MEH IIeri HeJre TeH eMec

¢ynxrumsaapg kobeiringici (oo-lim f(X), limf(x)#0) — akpipcrr3 yaxen
¢Gynknus 6onansl: o0-c0=o00; 0-K=0w, K=0.
. . - T
Mbpicaisl, lim x- arctgx =+oo, eiitkeni  lim arctgx = E #0 xoHe

X—>+00 X—>+00
lim @(x) = lim X = +oo.
X—>+00 X—>+00
5-teopema. Erep ke3 xenren x =a ymia ¢(X) #0 6onca, onna
. . 1
lime(x)=0 <& lim——=wx; 2
X—a

KOHEC
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limg(x) =0 < Ixmﬁzo. (2)

(4) xxoHe (5) TeopemanapaaH Kejreci KOPBITHIHIBI ITBIFa b

Canpap. Erep limf(x)=¢, |¢|#0 xome limep(x)=0, omma
x—a x—a

sin x
Mpeicaass, lim ntgx = lim—— =
x—>E x—)” COS X

AKpipasl wezi oap qbyukuu;mapza mMaH Kacuemmep axKblpcul3 YaKeH
dynukyuanap ywin opwvinoana oepmeitdi. bipax keiidip ananozusanap
OPbIH AAmMbIHBL KEJIECl TeopeMaiaH KopiHel.

6-Teopema. X — a YyMThUIFaHIa Oipaeil TaHOanbl aKBIPCHI3 YIIKEH

(yHKIUSTApABIH KOCBIHABICH! (OCHI TaHOAMEH albIHFaH) aKBIPCBI3 YIIKCH
¢bynkius ~ Oomamgsl.  backama  alitkanga, erep  lim fj(X) = +oo,
X—a

lim f,(x) =+ Hemece lim f;(x) = —oo, lim £, (x) = —o0 0onca, oHaa
Iim[ f,(x)+ fz(x)] =lim f,(X) + lim f,(X). (3)
X—a X—a X—a

(3) TeHmikTI OHHAH CcoOJIifa Kapad »’Ka3cak, KeJieCli CuUMe010bIK
menodikmep mwFagpr: (+0) + (+00) =40, (—00) + (—00) = —o0.
¥ Tennikrepmain OIpiHIICIH AoMeNnaeiiKk (EKIHIIICI OChl CHSKTBI
JIOJICTICHE/T ):
Erep lim f (x) =lim f,(X) =+c Ooxuca, onga
X—a X—a

Ve>0, 35,(e), vx:0<|x—a| <5 () = fl(x)>§;

Ve>0, 3 8,(e), Vx:0<|x—al<d,(e) = fz(x)>%.

An 8=min{8,,8,} nen ancak, onja
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vx:0<|x—al<d= f,(x)+ f2(x)>§+§=g,
arad  lim[f,(x) + f,(X)] = +o0 amameiz. “

7-TeopeMa. X —>a YMTBUIFaHJa aKbIPChI3 YJIKEH (YHKIUS MEH a
HYKTECiHIH MaHaWbIHAa IIeHeNTeH (YHKIUS KOCBIHIBICHI X —> a YMTBUI-

FaHJa aKbIpCHI3 YAKEH QyHKIUS O0NaabI.
¥ byn na 6-reopeMa CHSKTHI JoJIeNACHEI].

V'S
Mpuicanot, lim (X +7c0s X) =00, OUTKEHI X —>oo YMTBHUIFaHAA
X—0

f(X) =X — axpIpchI3 ynken Gpynkius, an /COSX — meHenreH GyHKIMS.
Eckeprty. 4-7 TeopemanapiaH 0i3 aHBIKTaMa €Till KaObUIIaraH

(4.1.4.m. KapaHpbI3) (+00) : (+00) = +00, (—00) : (—OO) = +00,

(+90)+(+0) =+0;  (—00)+(—o0)=—00; a>0 Gomca: a-(+0)=-+o0;

a- (-OO) =—00, T.C.C. CHMBOJIBIK TeHIIKTEP/IiH IIBIFaTHIHBIH KOPEMi3.

§ 4.5. dynknusnapabiy y3igiccizmiri
Anpiktama. Ezep Y = T(X) ¢yuxyusco:

1) X nyrmecinin xanoaii oa 6ip Uy (Xy) manativinoa anvikmanein;,
3) lim f(x)=f(x) 1)
X—=>X0

menoici opwvinOanca, oHoa (yHKuuA X, HyKmecinde y3inicciz oOen

amanaovl.
Byt aHpIKTaMaHbBI KBAaHTOPIAPBI TTAliIaaHbI JKa3yFa O0Ia Ibl:

(f(X) oynkumscer X, Hykrecinme ysimiccis) < Ve >0
38> 0:VxeU (%) = | f(X) - f(X)| <&)
(1) Tenuikti

lim f(x) = f(lim x) 1)

X—=>X0 X—=>X0
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JIem Te jkazyra Oomanpl. bynan, erep ¢yHkmmsa ysimicciz Oosica, oHzaa
(hyHKIMS acThIHA IIEKKe ©Tyre OONaTHIHBIH, OacKamia alTKaHma, y3lriccis
(hyHKIUS MEH IIeK TaHOaJapblH ©3apa OPBIH ayBICTBIPYFa 0OJaThIHBIH
KepeMmis.
Mpeicanbl, Iinlsin X =Ssin Iin?t Xx=sinZ=1 (sinX QyHKIMACHIHBIH Ke3
x> x>
KeJreH X € R HykTecinzae y3iticci3 0oIaThIHbI TOMEHAE KOpCEeTiIel).

AnbIKTama. Ecep y = f(X) gyuryuscor:
1) x, Hyxmeciniy 6eneini 6ip Uy = [XO; X +0 ) - OH JiICaK MAHAUBLIHOA

(U; = (XO -0, X, ] - COM JHCaK, MAHAUBIHOA) AHLIKMANBIN,
2) lim f(x)=f(x) ( lim f(x)= f(XO)) menoiei opviHOaICa, OHOA
X—>Xg+ X—>Xg—

f @yukyuacer x, Hykmeciniy oH dcazvinoa (con icazvinoa) ysinicciz
dynkyua den amanaodsi.

y=f(X) OGyHKUMACBIHBIH X, HYKTeciHAe Y3uIicci3 OOybl YIIiH,
OHBIH X, HYKTECIHIH OH >KarbIHJa Ja, COJI KarbIHIA Jja Y3lIicci3 OOIIybI
KQXKETTI KOHE KETKUIIKTI:

lim f(x)=f(x)= lim f(x). (*)
X—Xg + X—=Xg—

Angeiveizna h= (Xo + h) —X, =AX(h) canpin aprymentrin X,
HYKTeciHaeri ecimieci, aIn Af (Xy; h)=f (X, +h)—f(x)=
= f (X, +Ax(h)) — f(X,) cansin, h ecimieci Tyasipran (Hemece h ecimmiere
colikec) (YHKLMSAHBIH X, HYKTECIHJErl ecimileci aen artaimsiz. Myunoa

amanzan ocimuienepoiy h canvina mayenoinizine éaiinanvicmol oaap
AX(h) arcane  Af (X,; h) apxpiner  Genzinenodi. Bipax 6i3, scanpirvic

myovipmaca, icui  Koaoanwuivin - scypzen  AX  ocone  Af (X,)
CUMEOJI0APbIH NATIOAIAHAMDBI3.

f(X) QyHKIMACBIHBIH X, HYKTeciHIe y3imicci3 00y aHBIKTaMachlH

keneci Typaepae ze xasausl (tomenge Ay = Af (X,) = (X, +h)— f(x,) )

68



lim [ £(x) - f ()] =0, )
X—XQ

lim f(x+h)—f(%)]=0, 3)

Jim [ (% +A%) = £ ()] =0, (4)

fim,2y =0 ©

1-mpican. y=C (C — TypakThl) — Ke3-KEJII'eH X HYKTECIHIe Y3iicci3

(hyHKIHSL.
v IlememDa  ga, f(x)=C, f(x+h)=C 0OJIFaHILIKTAH,

Ay = f(x+h)—f(x)=C—-C =0 6Gonaas! na, |hirTgAy = LirTJO:O aIaMBbI3.

Omnait 6omnca (5) OoiipiHma Y =C (GYyHKUMACH Ke3 KEJITeH X HYKTECiHAe

y3imicciz. “

2-MbIcad. Y =SiNX — Ke3 KeNTeH X HYKTeCiHae y3iiicei3 QyHKius.

¥ Ilembiaga ga, (Jsino|<|o,VaeR  rencismiri Temenne momen-

. . . . AX AX . AX
neneni), |Ay|=[sin(x+Ax) —sinx| = ZSIH?-COS[X+7) <2 sin = <
A%
< 2'7 :|AX , SAFHU |Ay| < |AX|. bynan ke3 kxemren g>0 caHbl
Oepince,
|AX < yuIH |Ay| <& TEeHCI3JIr OpbhIHIANAThIHAAN O caHbl TaObLIA-

THIHBIH KepeMi3 (01 caH O =¢ ), IFHU IimO Ay=0. =~
AX—>

1-Teopema (MorOmMONHOBI hynKyuAHBIY Y3iniccizizi mypasbl).

Erep [a,b] kecimgiciage y = f (X) MOHOTOHIBI *oHE [f(a), f(b)]
KeCIHIICIHAer1 OapiblK MOHIEP I KaObLIIalThIH QYHKIUS O0Jica, OHIA OJ
(a,b) apameirbiHBIH op0Oip HYKTeciHme y3umiccid (a men b HykTenepiHiH

COMKeC OH JKOHE COJI JKaKTapblHAH y311iCCi3).
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Byn TeopemanaH, Oapiblk Heri3ri 3jemMeHTap (YyHKUMSJIAPIbIH
03/1epiHiH AHBIKTAJY KUBIHBIHBIH IIIKI HYKTeJiepiHge y3imicci3, an
AHBIKTANY SKMBIHBIHBIH IIEKAPAJBIK HYKTeJepinae 6ip kakThl (OH,
COJI JKaKThI) y3ijticci3 60JaThIHBI HIBIFATBI.

Mpbicanbl, Yy=arcsinx ¢ynkumsicel (-1,1) apaibIFbIHBIH OapIbIK

HYKTeNepiHme ysimicciz (X=-1 HyKTeciHme OH >arblHaH oHe X=1

HYKTECIHJIE COJ JKaFbIHAH y3imicci3), o [-1,1] keciHmiciHIe MOHOTOHIBI
. . T T . . .

ecrieni koHe apoip Y, e{—z;a} YLIH arcsinX, =Yy,, X, =siny,

OonaTblHAAR X, e[—l,l] HYKTECI TaObLIaIbl.

2-teopema. Erep f(X) xone g(X) dyHkuumsmapsl X, HyKTe-ciHae
y3imicciz Oonca, omma f(x)+g(x), f(X)-g(x) GyHKIUSIIAPBI, Al
f(x)
9(x)

g(X)#0 ©Oomnca, omna (GyHKIMSICBL X, HYKTeciHme Yysimicci3

Oomazpl.
¥ Jlonenzeyi (4.4.2.1. 4-TeopeMaHbl Mai1araHaMbI3):

lim[f(x)+g(x)]=lim f(x)+ Iinxwo g(x) = (%) £9(x);
X—=Xg X—>XQ X—>

X'Lfgo[f(x)'g(x)]=x|ifgo FO9-Jim g(x) = (%) 9(%);
lim  (x)
lim 1) _xoe T _T00) gy g A

X—>X0 g(X) lim g(X) - g(xo),
X—=XQ

3-Teopema (kypaedi ¢QyHKIHMSIHBIH Y3iidiccizairi). Erep y= f(X)
GyHKIMACH X, HYKTeciHzae y3iiicci3 xaHe Y, = f(x,), a1 z=g(y), Y,
HYKTECiHIe Y3imicci3 ¢yHKuus Oonca, oHma Z= g[f(x)] Kypaeni
(GYHKIMACH, X, HYKTECiHAE Y3imicci3 Oomambl.

¥ Kes kenren € >0 oH canbl 6epinicin. Ouaa g(y) GyHKIUACH
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Y =Y, HYKTeciHae y3imicci3 OonraHabIKTaH, VY : |y - y0| <G HYKTe-
nepi yuin |g(y)—9g(Yo)|<e TeHcismiri opbiHmanarbingaii ¢>0 caHbl
tabputanpl. ConbiMen Oipre f(X) ¢yHKuMACH X=X, HyKTecCiHIe Y3i-
miccis GonFanabikran, >0 caubl Gepince VX: |[X—X)|<8 HykTemepi
YLIiH | f(x)-f (Xo)| = | f(x)- y0| <G TeHCI3Iiri opsiHAanaTeiHgal & >0
canbl Tabbutaapl. OnaH coy TadbuFaH O >0 caHbl OOHBIHIIIA

90T (01-9(¥o)|=[alf ()] -9l f (x)]|<e
TEHCI3ITH aJaMBbI3. -~
1-3-Teopemanap/iaH IIBIFATHIH.

Canpap. Onemenmap  ynkuyusanap  030epiHiH  AHLIKMATLY
JHcublHbIHOA Y3inicci3 6onaowl.

Omaii Gonca Oepinmren f(X) osmemeHTap (QYHKIMSACHIHBIH X,
HYKTECiHE Y3UTicci3 OONAaTBIHBIH JONeNey YIIH, X, HYKTECiHiH OCHI
(bYHKIMSHBIH aHBIKTATY KHbIHBIH/IA YKAaTaThIHBIH KOPCETCE OOJIFaHbI.

Eckepry. ErepX=a HykreciHie >koHE OHBIH KaHAal na Oip
MaHAHbIHIA KEH MArbIHAJa aHBIKTATFaH | (DyHKIMSACHIHBIH OCBI HYKTEE
weri Oap xoHe |im f(x)= f(a) Temairi opeiHmanca, onga (QyHKUMA a

X—a
HYKTECIHJIE KeH Mazblhada y3inicciz Jet atanajpl.
1
—, X#3, .
Meicansl, f (x) = (X _3) GbyHKIMACH X =3 HYKTECIHIE KeH
+00, x=3
MAZbIHAOA Y3iNiCCi3.

§ 4.6. Tamama mexrep
0 . . .
(6 JKOHE (1°°) TYPIHIETI aHBIKTaIMaraHIbBIKTAp bl alllyFa KeOiHece
KeJecl ekl TEHAIK Iaiaananbuiaib!.
sin x

lim——==1 (Gipinwi mamawa wex). Q)
x—0 X
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lim (1+ 1) =e (exinwi mamawa wex). )

X—0 X
(1) TeHmikTi mONENACHIK.
. yis
Y X — 0+, srau X aliHbMaiel 0-re¢ OH JKaKTaH YMTBUICBIH 0 < X < >
IlenTpaik OypHIIBEI X paaranfa TeH OipiIiK TOHTeNeKTI KapacThIpaibIK (26-
cypet). byi cyperren: OA=0B =1, BC =tgx,

OB L A, A =sinx, Syoas <Scer0as <Saocs CKCHI KOpiHexi.

1. 1 1 .
Srone =Esm Xy S,eomodn =3% Srocs =Etgx OPHEKTEPIH COHFBI KOC

TEHCI3/IIKKE KOICaK, %sinx<%x<%tgx = sSinX<X<tgx =
1 1 cosx sin x
= —>Z>"—"—"" = cosx<——<1. 3
sinx X sinx X
AY
4 C
x A -
0 D B X
26-cyper

SINn X
c0S(—X) skoHe

(byHKUMSUIAPbI XKYIT OOIFaHABIKTAH,

T T . . sin(—=x) sinx
VXxe| —=,= |, Xx#0 Hykrenepi ymiH COS(—X)=COSX, Sin(=x) =—
22 (—x) X
Oomanbl 11a, (3) KOC TEHCI3IK, X HOJTe COJ KAKTaH YMTBUIFAH/AA Ja, SFHU
T . )
- E <X<0 HYKTenepi YIliH e OpBIHAAIAIbI.

Oumnaii Gonca Kelneci KaThICTap/Ibl xKa3yFra 0oajbl:
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Y T sin x
VXx#0, ——<X<—, cosx<——<l1.
2 2 X
Enni cosX QyHKUMSCHIHBIH Ke3 KeNreH X HYKTeciHjaeri ysimic-
cizairinen  limcosx = cos(lim X) =1 opsmpanagel. ewmek, (4.4.2.m., 3-
x—0 x—>0
. . sinx -
Teopema OoifprHma) lim——=1 ajxameI3.
x—0 X
Erep X —>O0ywmreurranma  «(X) >0 ymrTbuica, OHOA Gipinui
mamawia wiekmi Hcannsl mypoe xazyra 0onaabl

lim SN _y 4)
X—0 OL(X)
Enmi (2) TeHmikTi monmenaeiik.
Y AnxgeiMeH
X
lim (1+1) e 5)
X—>+00 X

TEHAITIH nanennaeiik. Erep {nk}°c — oH OYTiH caHAapJaH KypairaH Ke3

k=1

. . 1Y .
KeJreH ocmeni Tiz0ek 0oJjica, oHma Ilm(1+—j =e TeHuairinexn (4.3.5.1m.,
n

nN—oo

(7) xapaHbI3) KeJIeci TEH/IKTI alaMbI3:

Nk
Iim(1+iJ =e. (6)

k—0 nk

{X} Ke3KenreH + 00 -Ka yMTBLIATBIH Ti36€K GOJICHIH.
Bepinren X, caHbl ymiH N <X ,<n +1 OpbHIaNaTbIHAAH €H

YJiKeH OyTiH N, canbIH TaOyra 60maner. OHIa
XK XK ng +1 nk
(1+iJ < (1+ij < [1+ij = [1+i] -(1+ij
Xk Ny ny Ny Ny
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1 Xk 1 Xk 1 Nk 1 ng +1 1
1+— | 2|1+ 21+ =1+ .
X, n, +1 n, +1 n, +1 141

JeMek, 6apieik K yria
1 ng +1 1 1 XK 1 Nk 1

(1+ J : s[l+—j S(l-f-—j -[1+—j
n, +1 141 X, n, N,

n,+1

TEHCI3AIKTepi opeIHAananbl. byHIare!l eki meTKi epHEKTIH IIeri e 0oIaipl,

eliTkeHi lim _t lim| 1+ L =1, xoHe (6) OoitbIHIIA
k—o 1+ 1 k—0 n,

n +1

1 nk +1 1 nk
lim| 1+ =lim|1+— | =e
k—o0 Ny +1 k—0 Ny

Conppikras 4.3.2 1. 4-TeopeMa OOWBIHIIIA

Xk
VX, —> 40 (k—>oo), i!im£1+i) =e
—>00 Xk

anambI3. ['eiiHe aHbIKTamMachl OolbIHIIA (5) TEHIIK TJICIICH/I.
Enni keneci TEHAIKTI A2JI€I0eHIK

1 X
lim (1+—j =e. 7
X——00 X
Erep X, ——o0 (k —o0) yMTbUIaTBIH Ke3 KelreH Tis0ek 6oica, OHaa

Y ==X — +0 (k—00). Ocbl aybICTBIPYIBI €CKEPII,

Xk =Yk Yk (yk -D+1
Xy Yi Yy —1 Y -1
Yk-1
= [14- ! ] -(1+ 1 ] anaMbl3.
Y —1 Y —1
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An y, —> 400 (K—00) yMTBUIATBIHIBIKTAH, COHFBI ©DHEKTIH OipiHII
KeOeHTKIMIiHIH 1eTi (2) OOMBIHINA e-Te TEH, all eKiHII KoOSHTKINIiHIH meTi
l-re TeH. Onaii Oonca ke3 kemreH X, > —© (K—o0) ymiH

X
lim (1+ iJ =e, anambiz. (7) TCHIIK JAQJIENICHII.
k—o0 Xk
(5) xome (7) TeHmiKTEpACH
1 X
Iim[1+—) =e (8)
X—»00 X

TEHIITIH aJlaMbI3.

(8) TerumikTe 1 =t alfHBIMAJ ayBICTBIPYBIH KOJITAHCAK

’ . 1

!E’B(l+t)t =e. 9)
Erep X — oo ymreurraaa (X) —> oo ymteiica (t — 0 ymTeIIFanga

S (X) = 0 ymreinca), ouna exinwi mamawia wexkmepoi Keneci Typuepie
Jrcazyza 601a0wl

a(x)
lim| 1+ —— =g
Hoo( a(x)j (10)
1
!Tg (1+B(t) ) =e. (11)
1-cannap.
Iimwzi, a>0, a=#l (12)
x>0 X Ina

TeHJIir1 opeiHAanansl. JepOec xkarnaiina a=e Ooinca

||mM:

x—0 X

1. (13)
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log, (1+ X : .
¥ IlemeEga ga, erep M:Ioga(1+ X)X TEHAIriH, Jora-
X
puUPMIIK >KoHE Kypaeni (QYHKIMsUIApAbIH Y3uTicci3miria, (2) TeHmiKTi
N . log, (1+X :
naianaHcak lim 109, (3+%)
X

x—0

1
=limlog, (1+ x)* =log, lim(1+ x)* =
x—0 x—0

1
=log,e=—— amambz. 4
Ina
2-cannpap. Kerneci TeHik OpbIHIATAIBL:

X

lim a =lna. (14)
x=>0 X
Hepbec xarnaiina erep a=e Oonca, oHzIa
X p—
lim® 21 (15)
x—>0 X

TEHJITT OPBIHIATIAIbI.

v a*-1=y aiiupivan aysicTeipybiHan 8 =1+Yy, Xx=log,(1+Yy) xone
X—>0 = y—0 amamsi3. Omnaii 6oica (12) TeHaik Oo¥ibIHIIA

X

liml
im& 2 —jim— Y - >0 1 ha -
x>0 X y-0log, (L+Y) |im|Oga(1+y) 1
y—0 y Ina

0sin3x’ ~ xow

sin 2x 2x+1\*?
Mpeican. Ecentey kepek: a) lim ; 0) Iim( j
X—

2X+3 ’
_ sin 2X-2x Iimsm2x‘”mg 1‘3
v a)limSIHZX — 2X _ _ x>0 2X  x>03 — 3 _ g
x-08iN3X x>0 sin3x.3x Iimsin3x 1 3
3%
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3x+2 3x+2 3x+2
5) Iim(2X+1j =Iim(1+ 2“1—} :Iim(1+ 2 J _
x—>n\ 2X+3 x-o\  2X+3 o=\ 2X+3

%Ai( X+2)
-2 2x+3 lim -2(3x+2)

- 1 2x+3:y . 1Y o= 203 _3
=lim| 1+ —— =l -2 =|lim|1+= =g,
X0 2X+3 Yy y

— y >0

o~
CoHbIMEH,  erep lim f (x)°“ weri  yuwin lim f(x) =1,
X—>00 X—0
lim g(x) = oo Gosca, onga onsl (10) Hemece (11) Teraikrepai naiinananyra
X—>00

Oomabl.

§ 4.7. AKbIpCHI3 KillIKeHe KdHe aKBIPChI3 YJIKeH
aMaJaapabl CAJbICTBIPY

a Hykrecinig Oenrini 6ip U(a) MaHaiibiHa aHbIKTadFaH o(X) TeH
B(X) dyHKIMsIApBIH KapacThipambl3 (01 GYHKIUSUIAPABIH a HYKTECIHIe

AHBIKTATYbl MIHJETTI €Mec), @ HYKTeCi aKbIpibl (HAKThl) HEMece aKbIPChI3
(490, —oo0 Hemece 0 ) 6OJTYybI MYMKIH.

AnpiKTama. Ezep U (a) mecix Mayauoda aHbIKIMAAZAH HCIHE

a(x)=7(x)-B(x). XU (a) acone limy(x) =0 (1)

wapmmapuvin  Kanazammauovipamein  Y(X) @yHKyuscel mabwiica, oHOa
X—=>a ymmoewizanoa o(X) gyukyuscer B(X)  Pynkuyusceimen
CAIbICMBIP2ANOA aKbIPCHI3 KiKene Oen aman,

a(x) =o(B(x)), x—a, ()
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apkwLivl Oeneinetimiz. Conavl meyoikmi OvLiall OKUMbBIZ: « X —> A  yMmbLI-
eanoa, o(X) men kimi o B(X)» Hemece «a Hykmecinoe o(X) ¢pynxuyus-
cot  B(X) @ynxuusacvimen canvicmeipzanoa Kiwi o» .

Erep VxeU (a) nykrenepinae B(x) =0 Gonca, onna

im %) _ :
(1) mapr <& !(ILT;B(X)—O. (1

Hepbec xarmaiina erep P(x)=1 Oonca, onga o(x) =o(l) Oenrineyi
X—a yMmreurFadma, o(X) (QYHKIMICH aKbIPCHI3 KillIKEHE IIaMa eKCeHiH

. 1
KOPCETEi. MBICAIBI, e o(l), X—>+0.
nx

Erep a(X o A x( X—>a, KaThICBIHAAFBl  B(X) aKbIPCHI3
kimkene, sran limB(x)=0 Oonca, oHmga X —> a ymmoeirzanoa o (X)
X—a

Qyuxkyuacer B(X) @yukyuaceimen canvicmoipeanoa pemi icozapul

AKbIPCHI3 KIWKEeHe wama Jet ataaabl.
An o(X),B(X) yHKImsIapsl X —> 8 YMTBUIFaH/Ia, aKbIPCHI3 YIIKEH,

SIFHU !(in;oc(x):oo, IXirT;B(X):oo oonca, onma o(X)=o(B(x)), Xx—a

Kasyel: X —>a pmmorizanoa, o(X) gyuxuusacor P(X) pyuxuuscvimen

CAILICMBIP2AHOA Pemi MOMEH aKbIPChl3 YAKEH wiama JIeT aTanaibl.
Mbpbicaisbl,

1) x}=0(x), x— 0, eitrkeni x> =x*-X, x> >0 (x—0);
2) Erep n>m  Gounca, omma X" =o0(x"), x—>0, 6Gipak
X" =o(x"), X—ox;

3) 1-cosx=o0(x), x—0, eiitkeni
2

2sin2 X sin >
. 1-cosx . 5 .. X 9
lim =lim 2=I|m—- 2 =0-1=0.
x—0 X x—0 X x—0 2 X
2

Erep o(X) men P(X) mamamapsl X —>a YMTbUIFaHIa aKbIPCHI3
KILlIKEHE JKoHE
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im2M_c cxo 3
x—a B(x)
TEHIIT1 OpBIHAAJCa, OHIA OJlap X —> a YMTBHUFaHAa, perrepi Oipaeit
aKBIPCHI3 KilmkeHe jemn atanaael; an erep (3) Teraikre C=1 6oJica, oHga
X—>a ymTbUIFaHAa, o(X) QyHkousacer ((X)-Ke IKBHBAJEHTTI
(acMMUOTOTAJIBIK TEH) JICT aTaJIaJIbl 1a, Keeci Typae OenriieHemi:

a(X) ~B(X), x—a nemece a(X)~p(x), Xx—>a. (4)
MbicaJbl,

sinx~X, X—0; (5)

X2
1—cosx~?, X—0; (6)
Inl+x)~x, x>0, (7)
e -1~X%, Xx—0; (8)
a*—-1~xlna, x—0; 9)
arcsinx~x, x—0; (10)
arctgx~x, x—0; (11)
(1+x)* -1~oax, x—0. (12)

Erep lima(x) =0 6omca, ouma (5)—(12) KaTbICTapbiH CoiiKec
X—a
sina(x) ~a(x), x—a (59

o (x)

l—cosa(x)~T, X—>a (6"
JKOHE C.C. KATBICTAPBIMEH ayBICTHIPYFa OOJIa b,

. sina(x) |oUX)=
Y  Iememga ga, lim ( )= )=y

:Iimmzl;
x—a  o(X) Xx—>a=y—>0

y—0 y

Ocbl CHSIKTBI alfHBIMAJT ayBICTBIPYBIH JKacai OThIpbIM, (6') KaThICTHI 1a
aiyra 0oJaapl
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"m—l—cgm(x) = )=y ‘: Iiml_cgSy =
x-a o (X) X—>a,y—>0 y»0 vy
2 2
2
2sin? Y sin?
—lim—2 =lim| —2 | =1
y->0 y y—0 X
2 2
(7)-(12) xartbictapeirn (5') xome (6') TypiHZE  ©3IEpiHI3 >Ka3bIII

KepiHi3zep.
OKBHBAJCHTTIK KaTBIC YIIIH KeJIeCi YIII KACHET OPhIHAATAThIHBIH aTal
eTeMi3:

1° a(X)~a(x), x—a;

2°. a(X)~B(X), x—a=PpX)~a(X),x—>a;

3° Erep a(x) ~B(x), x—a xone B(X)~y(X),x —>a,
ouma  a(X)~y(X),x—>a

Teopema. Erep o(x) ~a,(x), x—>a, ©Ooiuca, oHIa
1mwwmmﬂmww%mL (13)

x—a a(x) xea al(x)

MyHa¥pl TEHIIKTEPIIH €Ki JKaFbIHAaFbI IeKTep Oip Me3rinae Oap.

v yfT;[B(X)oc(x)]:IXirT;{B(x) oy (X)- ((X) o(x) _

J = IIm[B(X)al(X)] I|m )
=lim[B) - 0,(9] 1= im[B(x) - a; ()],

(14) Tenuik Te ocbuIall AoNeNACHe . 4
Mpeicannpap.
sin®x _[sinx~x, X3 x> 0
v 1) lim——= =lim =lim =—=0.
x=>0Xx°+xX |XxX—=0 x—>0x +X x—>0x +1 1
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arctg x - (M—l) arctgx ~ x,x =0,

2) lim - = 1 1 =
x>0 In(1+3X)-sin5x (1+2x)2 -1~ E'Zx, X—0

X'E'ZX 1
—lim—2__-=- -
x-»0 3x-5x 15

Eckeprty. Erep

vxeU(a), |a(x)| <C -|[3(X)| , (C — x-ke Toyerci3 oH caH) (15)
TEHCI3MIrl OpbIHAANCca, OHOa X —>a YMThUIFaHaa, o(X) (yHKOHSICHI
B(x) — perTi aeiiai. Bya TYKBIPBIMIBI
a(x)=0(B(x)), x—a (16)
apKpUIbI Oenrinen, X —a yMTbUIFaHaa, o(X) TeH B(X)-TeH yiaken O
JIeTl OKHJIBI.
Mbeicaisl, 1)sinx =0(1), X — oo, eiitkeni [sinX| <1, VxeR,
2) X+x2=0(x?), Xx—oo, eiirkeni X—> qo| | )1 f OpBIHAAT-

FaH/IBIKTAH, ‘x+x2‘s|x|+‘x2‘g|x2 +|X|2 =2|X|2 (C=2) anamsIs.

3) X+ X% = O(x), x—0, eltkeni X—0, |X|2 < |X| OpBIH/IAJIFaH-
JIBIKTaH, ‘X+ Xz‘ < |x| +‘x2‘ < |X| +|X| = 2-|X| (C =2) anamepis.
«O» xoHe «0 » Jlanoay cumeoioapet e aTaaabl.

§ 4.8. Y3isic HyKTeJIepi #JHe o1apABIH TYpJiepi

bi3 sxorapeiga f QyHKIHSICEI X =@ HYKTECiH/E KoHe OHBIH Oenriii 6ip
U(a) manaiipiHna aHbiKTanras xxoHe f(a+) men f(a—) mexrepi O6ap opi

f(a)=f(at)=f(a-) (1)
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TeHJIKTEpi opbIHIaica, oHna f-Ti X =a HykreciHzae y3uricci3 GyHKIHs Aen
aTaraH efik (§4.5 KapaHpI3).

Erep f(a+), f(a—) axwipisl mekrepi 6ap, 6ipak (1) TeHIIKTEpIiH eH
Oonmaranma Oipeyi opplHAanMaca, oHAa X = 8 — (YHKOUAHBIH Oipinmmi
TeKTi y3iJIic HyKTeci Jem aTaraisl.

27-32-cyperTepae X = a HYKTeciHzae OipiHII TeKTi y3uTicTi

(YHKUMSHBIH alThl TYpl KepceTinreH. 4 opni (pyHKIHMSIHBIH

(a, f(a)) mnykrecin kepcerenmi. JKebe ymIBIHTAFBI HYKTE OHBIH

rpaMKTEeH AJIBIHBIN TaCTAIFaHbIH OiIipesni.

30-cyperre f(a+)=f(a-)= f(a);

32-cyperre f(a+0)= f(a—0), 6ipak f(a) aHbIKTaNTIMaraH.

Erep ochkl aranraH eki KarFmaineiH Oipi OpbIHZaica, OHIA X=a
Jcondenemin  y3inic Hykmeci O0en amanadvl. OUTKeHI (YyHKIUSHBIH
Xx=a nykrecinzgeri Typin f(a)=f(a+)= f (a—) TEHJIIKTEPi OpBIH/A-
JaThIHOAal eTin e3repTcek (KeTKi3e aHBIKTacak), OHAa (QYHKIUS X =a
HYKTECIHJIE Y3UTiCCi3 00IaIbl, SFHU <OKOHIIEIICII.

sin X )
1-mbican. f(x)=—— ¢ynxauaceiablH X =0 HYKTECiHIE JHCOH-
X
oenemin y3inic nykmeci 6ap. Erep Oyn ¢ynkiusael X =0 HYKTECiHIE
SIR
. =z —, xz 0
f(0)=1 pmen xerkize aHbIKTacak, sfHu  f(X)=< x JIenn

1 x=0

ancak, omma f(X) Ke3 KeareH HykTeae ysimiccis (yHKIms 6Gomasl
(33-cyper).

1, x>0,
2-mpicall. Signx =<0, Xx=0, byukwmsce yuid X=0 - Oipinmi
-1, x<0

TekTi y3imic Hykreci: sign(0+)=1,sign(0-)=-1, sign(0+) = sign(0-)
(34-cyper).
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Erep oipxaktel f(a+), f(a—) wexmepinin en 6onmazanoa Gipeyi
JCOK HeMece ONapAblH eH 0oamazanda Oipeyi aKplpcvl3 SKOHE
f(a+) = f (a—) Oonca, onma X=a — yuxyuanviy exinwi mexmi
y3inic Hykmeci 1en aTanajpl.

.1

sin—,x =0, . I

3-mbrcan. f(x)= X ¢byHkuumsicel ymin, x =0 — ekiHmi
0, x=0

TeKTi y3utic HykTeci. OiiTkeni X =0 HykTeciHAe QYHKIUAHBIH Oip>KaKThI

mekTepi )oK (4.4.1.1mw., 4-mpican) (35-cypeTTi KapaHsbI3).

yA yﬂ yl\
Ae

/ ’/\/ Ao

Vel s pt

" 1 0 & = 0 a4 x
27-cyper 28-cyper 29-cyper
YA YA YA
/

=y
)
Qe
=y
)
Q4
=

v

30-cyper 31-cyper 32-cyper
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1
N
a
I<
a
1
—
?
=

A\ 4

0 x
> -1
34-cyper
VA
14 '\
1
|
]
i .
12 X
T T
-14
35-cyper
1
—, X>1
4-mprcan. f(X)=9x-1 ¢dbysKusIcH yiriH X=1 — ekidmi
2, x<1

TeKTI y3idic Hykreci, eiitkeni f(l+) =+, f(@1-)=2 (36-cyper).
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Ay
2
0 1 2 X
36-cyper
1
A X # 31 . . .
5-mprcan. f(X)=4{x-3 (GyHKIUACH yuriH, X =3- ekinmi
—00, X=3
TEKTI Y3UJ1iC HYKTE;
6-mbicai. g(x)= ;2 GYHKIMACH VIIH X =3 — arcondenenmin
1
. . . — | X#3,
y3inic nyKme, OiTKeHI, g(x) = (X - 3) byHkusce X =3
+00, X=3

HYKTeJIe KeH MaFbIHaj[a y3iiccis.
§ 4.9. Kecinaine y3uiicciz pyHkuusiiapabii KacueTrepi

Erep f ¢pynkumsicor (@,b) apasnbirbiHblH Oapiiblk HyKTenepiHae (KeH
MarbIHa/a) Y3UTicCi3, all @ HYKTECiHIH OH arbIHaH jkoHe D HyKTeCiHiH cou
KarblHaH (KE€H MarblHajma) y3iimicciz Oosica, onma o [a,b] kecinmicinme
(keH MaFbIHA/a) y3idicci3 nen atanasl.

Annpiven keneci bonvuano-Kowu meopemanapwin xapacThIpaiibik
(1-Teopema MeH canap Typaibl Qi ThUIBII OTHID).

1-teopema. Erep f dynkumscer [a,b] kecinmicinne xey masvinada

y3imicciz xone f(a) - f(b)<0, srum f(a) wmen f(b) wmoHgepiHiH
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Ta”Oanapsl apTypi 6oica, ouga f(c)=0 teHuiri opeiHAaNaTHIHIAN (@,D)

apaNbIFBIHAH KeM JiereHse Oip C Hykreci Tabbutazst (37-cyper).
YA

37-cyper
a+b

¥ AnpikteuielK ymin f(a)>0, f(b)<0 nenm amaiieik. d, = —

HykTeci [a,b] xecinaicinin opracel. Erep f(d;)=0 Ooica, oHga Teopema
nonenpenni. Erep f(d,)>0 Gonca, onma [d;,b]=[a,b] men, an
f(d,) <0 Gonca, onna [a,d;|=[a,,b ] men Genrineitmis. by exi xarnaiina
na f(a)>0, f(b)<0 Gomanwl Opi kapaii [a,,b] kecinmiciu kak Geirm,
alIbIHFBIIAFBIall [8,,0,] kecimmicin KypaiiMbI3, ceTim mporece T.c.c.

KaidTanana Oepeni. Erep f(d,)=0,k=12,... Gonca, oHzna {an}:’:l JKOHE

o0 . . . . .
{bn}n:1 €Ki Ti30eK ajambl3. {an} Ti30eri MOHOTOHIBI OCIHENl KOHE

xorapbiian b canbiven menenren, an {0,} MOHOTOHIBI KeMiMeni KoHE

TOMEHHEH a caHbiMeH mieHenreH. Omaii Gonca, 3Jlima, =c, xoHe
n—oo

limb, =c,. An, lim(b, —a,)=0 OGonareiHabIKTaH, C =C, =C OGONAIBL.
n—w

n—oo
Mebina TeHcismikrepmi:  vn=12.. f(a,)>0, f(b,)<0 xkome f
(YHKUMACBIHBIH [q,5] KeCIHIICIHAE (KEH MarblHala) Y3iIicCi3 EKEeHiH
naianancak, lim f (a,) = f(c) 20, limf(b,)=f(c)<0,am  Oyr exi
n—oo N—w

TeHCI3NikTeH f(¢)=0 anmambz. “

byn monenpey f(X)=0 TeHneyiHiH “xax 6oay adici” nen atanaThiH
JKYBIKTAII 1SNy aITOPUTMIH Oepei.
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1-mbican. X—cosx=0 tenneyinin (0,7) apanbIFbIHIA KEM JCTCHC
O0ip TyOipi Oap. IemHbHma ma, f(X)=x-cosx ¢ynkmusice [0,7]
kecinmicinze y3imicciz xone f(0)=-1<0, f(nr)=n+1>0.

1 . S
2-mpical. y=—  QyHkumsacel ymiH  [-1, 1]  kecinaiciHae
X

f(-)=-1<0, f@) =1 saram f(-1)-f (1) <0 1mapThl OpbIHIAIFAaHMEH,
¢yHkuus Henre TeH OodaTeiHAal Oipae Oip x HyKTeci >KOK. OHTKeHi,
myHaa O - QyHKOUSHBIH Y3UTic HYKTeci, SFHH 1-Teopema ImIapThl
OpBIHIAJIMAaFaH.

Caapap. Erep f o¢ymxmumsacer [a,b] kecinmicinzme keH MarbIHaga
y3imicciz Oosca, oHna (YHKIUSHBIH Ke3 KeleeH eKi MIHIMIK apacblHoa
JHCAMKAH HAKMbL CaH 0a OCHI (PYHKIIUSHBIH MoHI 0O0Ja/IbI.

Meicaner, [a@,b]  kecinmicinme y3imicci3  OomathiH  QyHKIUS

[f(a), f(b)] xecinmicinmeri OapaBIK MOHACPAI KaOBLT QMBI

v Anrameik, f(a)=A f(b)=B, A<B, ar C oce (A;B)
apanpirbiHgarel  (A<C<B) ke3 «kenren caH  OonceiH.  OHpua
F(X)=f(x)—C d¢yukmusace [a,b] xecinmicinme y3imicci3 (Here?) sxkoHe
F(@=f(@)-C<0, F{M)=f(b)-C>0 Oonane. Omait Ooca,
1-reopema Goiterama  F(C) = f(C) — C = 0 oprnganareinmaii ¢ < (a,b)
HykTeci TaObutanbl. by tennikren f(c)=C Oomateigaii C e (a,b) OGap
EKCHIH KepeMi3, “

2-teopema. (BeiiepmrpaccToin Oipinmi  Teopemachi). Erep f
¢ynkmmscel  [a,b]  kecimpicinme y3imicci3s  Oomca, onma on [a,b]
KeciHmicinme  meHenren, srum VX ela,b], | f (X)| <K  TeHcizairi

opeinpanareiagaii K >0 canel Tabbuiagsl.

Mpeicain. y=1 ¢ynkmmscer  (0,1) apaneiFbpiHga y3imiceis, Oipak
X

. o1 L
MECHCIIMETCH, OUTKCHI1 lim = = +c0. B¥}.‘LaH (1)YHK]_[I/I${HI>IH Y3UTNICCI3AIITHIH
x—0+ X

KeciHize OpbIHIaaybl MaHbI3/IbI MIAPT EKEHIH KOpeMis.
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3-Teopema. (BeitepmrpaceTbiH ekiHmi Teopemacwl). Erep f
¢bynkmmsacs! [a,b] keciHmiciHIe aHBIKTAIFaH JKOHE y3umicci3 Ooiica, oHIa

oHbIH [a,b] keciHmiciHme eH yJKeH oHe eH Kiln MoHzepi 6ap Oonasl,
asran - VX ela,b], f(a)< f(X)< f(B) opweiHmanareimaii o, <[a,b]

HykTenepi Tabsutamer: min f(x) = f(a), max f(x)=f(B).
xe[a,b] xe[a,b]

Mpbican. f(X)=x ¢ynkuuscer (a,b) apanbiFeinaa y3imiccis,

mieHenreH | sup x=b, inf x=a|, Oipak eH yikeH age, eH Kimi xae
xs(a,b) xe(a,b)

MOH/IEPi KOK (gl max X, 3 min X).

xe(a,b) xe(a,b)

Eckepty. BeiiepmrpaccteiH OipiHI Teopemachl — eKiHII Teope-
MaCBIHBIH CalJapbl, OUTKEeHI €H VIIKeH XOHE €H Killi aJieMeHTTepi Oap
CaHJap JKUBIHBI OCHI €Ki CAaHMEH COWKeC >KOFapblaH >KOHE TOMEHHEH
menenreH (38-cyper).

y‘\
M|
m
| >
a O B oa 6 X
38-cyper

y=1(X) ¢yuryuacer X dncuvinvinoa anvikmanean OOICHIH.

AnbiKTama. Eeep apbip €>0 canvt apxovias |X— y| <d8(e) mencis-
OiciH  KaHa2ammaHOblpamvlH Ke3 KedceH X,y € X  caHoapvl Yyulin

| f(x)-f (y)| <& mencizoiei opvimoanamuinoai () >0 canvt mabulica,
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onoa T ¢ynxyuscein X srcuvinvinoa Gipxanvinmel y3iniccis @ynxuyus
Oelio.

Eckepry. 1) Y3imicci3mik aHbIKTamachl Oip HYKTE VIIiH TY)KbIPBIM-
nanaabl. Al GipKanbIIThl Y3UTICCi3MiK aHBIKTaMaChl KHUbIH HYKTENEpi YIIiH
TYKBIPBIMIATIAAbI, SFHU (QyHKYyus HyKmede OIpKaivlnmol y3inicciz oOen
aumbLIMAobl,

2) erep f ¢pyHkumsice X )KUBIHBIHIA OipKAJIBINTHI Y3imicci3 Oosica, oHaa
OJI OCHI JKWBIHAA (SFHH XKUBIHHBIH opOip HYKTECIHIE) Y3iIicci3 Oomambl. A
Kepi TYKBIPBIM KeJleci TeopeMa IapThl OPBIHAAICA FaHa TYPHIC.

4-teopema (Kanrtop). Erep f o¢ynkumsacer [a,b] xecinmicinme
aHBIKTAIFaH JKOHE Y3imicci3 Ooica, oHma f ockl KeciHmime OipKabINThI
y3imiccis.
.1 .
Y Mpeicaasl, y=sin— ¢ynkousicsl (0,1] sxaprTbutail apanbiFbIHAA
X

y3imicci3, Oipak oa MyHAa OIpKaJbINTBI Y3UTiCCI3 eMec, OHTKeHi
X, = _2 €(0,1], k=0,1,2,... xone ke3 kenreH 6>0 yurin
n(2k +1)
4
X2 — %] = <3
n(2k +3)(2k +1)

TEHCI3/Iri opbIHIanaThiHAail K canbiH Tabyra Oosanpl. bipak, erep €=1

caHbl Oepiyce, oHJa

| f (Xk+1) —f (Xk)| =|sin 7'[(2k2+ 3) —sin TC(2|;+1)| —

=) - (- =2>e=1

4-tapay. Cypakrap MeH TancbhipMasiap
1. OKublHAapabl, >KUBIHHBIH O3JEMEHTTEPiH, O0C KHUBIHIB Kauai
oenrienai? IupKWbIH, TEH XHUBIHIAAP IEreH HE KOHE ojlap Kajau
oenrieneni? XXublHaapra jkacanaTblH aMajiiapIblH aHbIKTaMajlapblH
TYKBIPBIMIAHBI3. MbIcangap KeNTipiHi3.
2. KublHoapra jkacanaThlH aManjgapiblH KacHeTTepiH, nae¢ MopraH
3aHIapbIH Ka3bIHbI3. ONapibl JaJICICHI3.
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3. MblHa JNOTHKANBIK CHMBOJNZAp apKBUIBL =>, <>, V, A, | Kanjaif
aTeUTBIMAap OenrideHeni? MpIHA JIOTHKANBIK KBaHTOpjap: V, 3 —
KaJail KonmaHbuiaae? Meicanaap KenTipiHis.

4. UutepBanaap, HYKTCHIH £-MaHANbBI Typasbl YFBIMIAP/bI )KOHE +00, -00,
00 CHIMBOJIIAPHI apKBUIBI HEHI OCNTIICHTIHIH TYCIH-TipiHI3. AKBIPCHI3
400 , -00, 00 CaHJAPBIHBIH E-MAaHAWIAPBIH Ka3bIT KOPCETIHI3.

5. 1lleHenreH >KUBIH YFBIMBIH aHBIKTAHBI3 XKOHE MBICAJIAp KEJITIPiHi3.

6. Cympemym (SupX) sxone wuHpumym (inf X) yFeIMIapbIHBIH MOHIH
aImbIHBI3. MBIcamaap KeITipiHi3.

7. OyHKIMSHBIH aHBIKTAMACHIH KeNTipiHi3. DOyHKIWSIHBIH aHBIK-TaTy
alimMarbl, e3repy anMarbl JaercH He? DyHKIUAHBI OCpyIiH HETi3ri
TACIIIEPiH aTaHbI3. MbIcal KeNTIPiHi3.

8. Kepi ¢yHkumsa, xypmenmi (YHKIUS YFBIMAAPHIHBIH MOHIH AalllbIHBI3.
Melcanaap KenTipiHi3.

9. Xyn (tak) ¢yHKUMS, TEPHOATH (QYHKIMSI, MOHOTOHIBI (DYHKIHS
nereH He? Mbicas KenTipiHi3.

10. Heri3zri 3jiemeHTap (QYHKIUSJIAPABI XOHE OJAPIBIH KAaCHETTEPiH
aTar KepceTiHi3. JjeMeHTap (yHKIUSA aereH He? Mpican KenTipiHi3.

11. Canpap Ti30eri neren He? Mpican kentipiHi3. CaHgap Ti3-OeriHiH
aHbIKTAMachl OOMBIHIIA Iiml:O, limg"=0, |g/<1  TennikTepin

n—o N n—>o0
JIOJIeTICHI3IED.

12. «Canpmap Ti30eriHiH Imieri XKOK» JereHil Kamail Tycineciz? Meican
KEJTIPiHI3.

13. [leri 6ap caHabIK Ti30EKTEPAiIH KACUETTEPIH TYKBIPHIMIAHbI3.

14. AKpIpChI3 KINIKEHE, aKbIPCHI3 YIIKEH IIaMaiap KoHEe OJlapFa KaThICTHI
KacHeTTep Typasibl He Oijieci3?

15. AHbIKTalIMaraH OPHEKTEPiH TYPJIEPiH KOPCETiHi3. AHBIKTaTMaraH
OPHEKTI allyFa apHaJFaH MBICAI KeNTipiHi3.

16. [lenenreH MOHOTOHJABI Ti30€K Typanbl TEOPEMAaHbI MailAaHbII,

n
im2--0, acR limYa=1 a>0: limYn=1
n-x Nl n—w n—o0
. 0, |a[<%; . .
limq" = TEHJIKTEPIH JQNENIEHI3.
n—w 00, |q| >1

90



17.

18.
19.

20.

21.

22.

23.

24,

25.
26.

217.

28.

Keneci xaTpIcTap/IIH MaFbIHACKIH TYCIHTIPiHI3:
Inn <n*<a"<n!<n", n>n,>0, mynna >0, |a|>1.

Ternikti gonengexis: lim (1+ —j =e. Mpican KenTipiHi3.
n

n—o0

Oyngamentanpasl (Komm) Tiz0eri; imTi30ex; >XOFaprel (TOMEHT1)
HIeKTEep Typanbl He Oilleci3 XoHE oylapFa apHaIFaH KacHeTTepni
aTaHbI3.

OYHKIUSIHBIH X =28 HYKTEAeTl JKOHE aKbpIpChl3 @ =00 HYKTeJIeri
IICTiHIH  aHBIKTaMaJlapblH, COHBIMEH Oipre (YHKIUSHBIH  OCBI
HYKTeJeperi 6ip)KakThl MIEKTEPiHiH aHbIKTaMallapbIH KEJITIPiHi3.
OyHKIMA 1Ieri MeH OHBIH OipXKakThl IMIEKTEPiHIH apachIHIAFbI
OaitnmaHBICTBI KOpceTiHi3. DYHKIUIAPABIH MIEKTepl Typajbl HeTisri
TeopeMaapbl TAJICICHI3.

AXBIPCHI3 KIIIKEHE JKOHE aKbIPChI3 YIIKEH IaManap JICTCH HE KOHe
ONapIIbIH KaHJal Heri3ri KacueTTepiH Oineci3?

OYHKIUAHBIH HYKTEIErl Y3LIiCCI3AiriHiH, OIp)KaKThl Y31LTiCCI3AiriHiH
aHBIKTaMaJIapbIH KENTIPiHI3 JKOHE OJIAPJIbIH apachIHaFbl OaiIaHBICTHI
KOPCETIHI3.

OnemeHTap (QYHKIMSUIAD HENIKTEH ©3JCepiHIH aHBIKTAly aiMak-
TapbIHA y3imicci3 6onaap?

Bipinmni tamania mieKTi JonenieHis.

BipiHmi koHe ekiHII Tamama IIeKTepi KaHJail TypAeri aHbBIKTal-
MaFraHJIbIKTapFa maiaananyra 6omaiei? MbIcan KeTipiHi3.

Keneci TenmikTep/i AoeaeHi3:

1) Iimwzi, a>0, a=1;
x>0 X Ina

2) lim2 _1:1, a>0, azl 23) "mln(1+x) =1
x=>0 X x—0 X

4) lim & -1 =1.
x—>0 X

AKBIpCBI3 KillIKeHE LIaManapiblH OipiHiH EKIiHIIICIHEH peTi >KOraphl
HeMmece TeMeH OoJaThIHBIH Kanai Oinyre Oonaabl?

29. DKBHMBAJICHTTI aKbIPChI3 KIIIKEHE MIaMaliapibl MIeK TaOyra KOJJaHy

TypaJibl TEOpEeMaHbl JaJIeNeHi3. Mplcanaap KelTipiHi3.
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30. Y3imic HyKTenepiHiH KaHJai Typiiepin Oineciz? Mplcannap KenTipiHi3.
31. Kecinaige y3umicci3 GyHKIUSUIAPIBIH HETI3r KACUETTEPIH TYXKBIPHIM-
JaHbI3 KOHE OChl KAaCHETTEePHAiH T'COMETPHSIIBIK MAaFbIHACHIH AIIbII
KOPCETiHi3.
HlexTepai Tady Kepek.

(2+n)"™ —n'® —200n%

1. lim Kayaowr: 19800.
N n® —-10n® +1 (kay )
_ Ig(n2+2ncosn+1)
2. lim ("Kayaowr: 2.)
e 14+1g(n+1)
_ In(nz—n+1) 1
3. lim———~. (PKaya6mb1: =)
n—>°0In(n1°+n+1) 5
1 |a>1,
._a'-a™
4. lim——— (a=0). (Kayader: 10, [a]=1,)
n-x g’ +a
-1, |a|<1.
2 2 2 2 1
5. Iim1 *2 +33+...+n . ("Kayaowbr: —.)
n—oo n 3

101
6. lim> 101x +100. ("Kayaowi: 5050.)

-1 x?-2x+1

- 2% +10x+1—{2x% +10x +1

x—0 X

("Kayaowbi: ; )

8. Iim(Q/(1+x2)(2+x2)---(n+x2)—x2) (neN). (k: nT+1.)

X—>0

1

9. Iim(\/m- x);. ("Kayaowb1:

x—0

1
&
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. sinx
10. lim -
x‘)“TC _X

("Kayaowbi: 1 )
2n

_ (ax+1)
11. lim %, myHnarel NeZ, N#0; a,b— TypakTeuiap.

X—0 XnJ’_

(Kayabbl: a", erep n>0; 0, erep n<0, b=0; a", erep
n<0,a#0,b=0;0,erep N<0,a=b=0.)

n—li

N—o0 3n

1
12. Iim(l—é+...+(—1) j (MayaobI: Z.)

Bepinzen ghynkuyuanapowsiy y3inic nykmenepin maoy Kepek, 01apoblH
meziH anvlKmay Kepex; QyHKuuanapovly cpahuziniy ICKu3in cany Kepex.

1 . .. .
13. y= |_|| (Kayaobr: X, =0 — xenumeneTin y3inic HyKTeci,
g(Xx
Xp3 =11 — eKiHmi TeKTi y3iIiC HYKTeNepi);

14. y = xsin—. (¥Kaya6b1: X = 0 — xeHzeneTiH y3iiic HyKTeci);
X

15. y= —- (WKaya0br: X =0 — Gipinmmi TekTi y3inic HYKTECH);
143~
1 n(2k +1) L ,
16. y =m. ("Kayaobr: X = - keZ - Oipiami TekTi

y3iIiC HyKTenepi);
X
17. y= (l+ EJ . (Kaya6bl: X =—1 — exiHmn TeKTi y3iic HyK-Teci,
X

X =0 — eHeNeTiH y3imic HyKTeCi);

- (MKayadbr: X =1 — exinmi TexTi y3inic HYKTeC)

18.y =
yl
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5. BIP ANHBIMAJIJIbI ®YHKLIMSIJIAPIBIH
TAPOEPEHIUAILIK ECENTEYJIEPI

§ 5.1. TysinabI

5.1.1. AHpIKTaMAaJIap MeH aJIFalliKbl TYCiHiKTEp
y=f(X) ¢yHKUMACH Xxp HYKTeCiHiH Oenrimi  Oip MaHaibBIHAA

AHBIKTAJICHIH. Erep Xo HYKTECIHJIET1 apryMeHT ecimImeci
h=Ax=(X+h)—X,=X—X, Gonca, omma ocsl ecimie TymbpFan
(nemece OCHI eciMmiiere colikec) ¢byHKUIMS ecimieci
Ay = Af (X)) = F(x +h) = () = F(X) = F(x) = F(x +Ax)— F(x)

apKpLibl Oenrinenetin eni (§4.5). Amanzan ecimwenep h = (XO + h) — X,

canvina mayenoi 6onamoinovikman, onap caiikec Ax(h) acone Af (x,;h)
cumeonoapeimen  Oencinenedi. bi3, bIKWaAMOBLILIK  yulin,  Jcui
Konodanvinamoti AX scone Af (X)) cumeonoapvinoa naioananamors.
AubIKTamMa. Eeep xg nykmecinoeei h=AX — apeymenm ocimuecine
catikec anvinzan Af (X)) - yurkyus ecimweciniy h=AX apeymenm
ocimutecine kamoinacvinvly h—0 yumolieandagvl wiezi 6ap 6oica, onoa
on wexky = f(X) yuxkyuacoinviy X, HyKkmedezi  myblHObICHL Oen

df (x,) dy(x,)

, =2, m.c.c. CuUMB0N0apObIH

amanaovl HCoHE Y'(x0)s (%),

dx dx
Oipimen beneineneoi.
CoHbIMEH,
h—0 h X—XQ X— X%, Mx—=0  AX

Erep (1) mex +o Hemece —oo TeH Oosca, oHza f (YHKIMACHIHBIH Xo
HYKTECIH/IE AKbIPCHI3 TYBIHABICHI 6ap, atan aiiTkanaa, erep f'(X,) =+
Gosica naroc akpipews, an f'(X)) =—o Gosca Munyc aKpipcols mysinobicol
Oap neiini. Erep f'(X,) TybIHABICHI HAKTHI CaHFa, HEMECE +00 HEMECEe —oo

aKbIPChI3ABIKTAPBIHBIH OipiHe TeH 00Jica, OHAa QYHKIUSHBIH Xo HYKTEIS
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KeH MaFbIHAJIBI TYBIHABICHI 0ap NeiiMis.

Erep (1) renuikreri mekrep h—0, h>0 (ssFHU X—>Xo, X>X) KaFIalibIHIA
KapacThIpblIca, OHa ek (0a Oap 6osca) f GyHKIUMACHIHBIH Xo HYKTEICTI
OH kaK TybIHIABICHI, am h—0, h<0 (aFHU X—Xo, X<Xo) KaFmaibIHaa
KapacThIpbuica, oHa ek (bap 6onca) f GyHKIMACHIHBIH Xo HYKTEIETI COJI
KAK TYBIHABICHI Jen atanaipl koHe coikec f'(Xy+), f'(X,—) apkpuist
OenrineHeni:

- AF (%) . AF (%)
f'(%+) =lim——=,  f'(x,—) =lim——=.
(Xo)h—>oh’ (Xo)h—>oh
h>0 h<0

OyHKUUSAHBIH X, HYKTECiHIE TybIHIBICHI Oap OOyBI YIIiH,

1) 3f'(x+), 3f'(X-) mome 2) f'(X+)=f"(x—)
[IAPTTAPBIHBIH OPBIHAATYBI KOKETTI KoHe KeTKUTiKTi. Omnaii Oonca,

F'O6+) = (=) = /(X)) . 2

Mpicaa. f(Xx)= |X| QyHKLIMACHL Ke3 Kenzemw HyKmede y3iniccis,
OWTKEeH1
|Af ()] =| f (x+h)— £ ()| =[x +h|=|x| <[x+h-x|<|n[ >0, h—0.

Bipak onvin x=0 Hyxmecinde mybvlHObICH HCOK,

¥ Paceinza na, oy nykrene Af (0) = |O + h| - |0| = |h| eCcKepceK

, h
£'04) = tim 27O i i 2y
h—0 h>0 h ho0h
h>0 h>0 h>0
) h -
£ = tim 21O i M _ i = -y
h—0 h h—0 h h-0 h
h<0 h<0 h<0

®ynkuusanbiH X =0 HykTecinme GipsKakTbl TybIHABLIAPH Oap, Gipak,
f'(0+) # f'(0-) GonranapIKTaH, OHBIH OYJI HYKTEE TYBIHBICHI JKOK.

CoHbIMEH (pyHKyusa Hykmeoe y3inicci3 00n2anvimeH, ocvl HYKmeoe
dYyHKUUAHBIH MYBIHOLICHL 00 IMAYBI MYMKIH SKEH.

An OyraH Kepi TYKBIppIM  Oackamia: X HyKmeciHOe aKbipibl
mybIHObICHL 0ap yHKYUsA Ocbl HyKmeode y3inicciz 0onabl.
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¥ eabiHAa Aa, X HykTecinae (1) axpipisl mek 6ap 6ojca, OHAa OHBI
KeJeci Typae: % =f'(x)+¢e(h), (e(h) >0, h—0) xa3a anambi3. byn

tenpikren Ay = f'(x)-h+h-g(h), an 6ynan
limAy = f'(x)limh+limh-g(h)=0, amame3. Jlemek, ¢yHKOIUS X
h—0 h—0 h—0
HYKTECIHIE y3imicciz. 4

Caanap. Erep X, Hykreci f dyHKumsceinblH y3imic HykTeci Oosca,
OHJIa OCHI HYKTE/I€ OHBIH AKbIPJ1bl MYbIHObLCHL OOTMATBI.

Hazapeiubizra!  Axpipcei3  mywinowvinap  ymin  OGackama:  f
(YHKIUSCBIHBIH Xg Y311iC HYKTECIHIE Jie aKbIPChI3 TYBIHABICHI Oap OOIybI

¥x, x>0,

MyMKiH. Mpicanbl, f(X)= ¢yHkuumsceHBIH X=0 y3ijic
3’& -1 x<0

HYKTECIH/JIE TUTIOC aKbIPChI3 TYBIHABICH 0ap (TEKCEpPiHi3).

A erep (1) mek f'(X,) =00 Gosca, oHna GpyHKIHUAHBIH Xo HYKTECIH IE
TYBIHABICHI KOK JeNl KaObuidaiiMbI3. OiiTKeHi onaii Ooimaca, oHIa O
Kenoip MaTeMaTHKAJIBIK TYKBIPBIMJIAP/IbI (MbIcabl,
f'(%+) = F'(%—) = T'(X,) Temmixkrepin  sxome  42-45-cyperrep  MeH
oNap/bIH TYCIHIKTEMeNepiH KapaHbl3), Oipkarap Teopemaiapiabl (MbICAJEI,
OpTa MoH Typallbl TeopemMaliap) Kapama-KalIbIIbIKKa OKeJeIi.

Kenmipineen myoicoipoivoap — Oipocakmsl  myblHObLIAD — YWiH  Oe
OpbIHOANAObL.

5.1.2. TybIHABIHBIH MEXaHHMKAJIBIK K9HE TIeOMeTPHUSIbIK
MaFbIHAJIAPbI.

Jle3mik kpLIAamMabIK. S=S(t) (GYHKIMACHI HYKTEHIH TY3Y CBI3BIKTHI
KO3FaJIBICBIHBIH 3aHIBUTBIFBIH KOPCETCIH (S — HYKTEeHIH t yaKbIT Ke3eHiHaer
XKYpreH >xoibl). HykTeHiH [t, t+At] YaKbIT apaJIbIFBIHAA KYPIEH >KOJIbI
AS =s(t+At) —s(t). OHBIH OCBI YaKbIT iIIIHACTI OpMaULa YKbUITAMIBIFbI

AS . . .
Vop = am t  yaksIT KE3CHIH/Erl J1e30iK  KbUIJaMJIBIFbI

. AS
v=lim — =¢'(t) ten.
At—0 At
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Toxk kymi. Q=f(t) ¢byHkuusacel t yakbIT Ke3eHIHAETT OTKI3TIiIITIH

. . . AQ  f(t+AD)-f (1)
KHMaCblHaH ©TCTIH TOK MOJIIICPIH KOPCETCI1H. OHI[a Tt = T

IIaMachl [t, t+At] YakpIT —apajbIFBIHAAFBl TOKTHIH OpTalia KYIIiH, aj

A , . . .
lim —=Q'(t) =J wamacsl t yakpIT K€3€HIHIETI TOK KYLIiH KopceTei.

TyblHIlbIHblH reoMeTpUsJIbIK MarblHACBhI

A(x, T(x)) — Tix Oypbimutel OXY nekapT KOOpAMHATTAp KYHWECiHAe
oepimren I': y= f(X), Xe[a,b] y3ilicci3 KUCBIKTBIH HYKTECi OGOJICHIH.
(a,b) apanbirbinga sxatkan kes kenren (X+h) € (@,b) umykreni ambim
A(x, f(x)) men B(X+h;f(x+h)) nykrenepinen eterin S Ty3yin

JKYpri3eMi3 *oHE OHBIH OaFbITBIH, OCHI TY3y MeH OX ©CiHiH OH OarbIThI
apacelHIarbl 3 Oypelmibl  cpitip OONaThlHIAH €Tim  TaHJAaWMbI3

(—% <p< %)! Byn Ty3yni kKuiomsbl (OHBI KOO S opmiMeH Oenrineiimiz),
a 3 OYpPBIIIBIH - KUIOWIBIHBIH OXx ©CiHE Koadey dypviubt ien ataimbi3 (39-

cyperre, h>0; 40-cyperre, h<0).
YA VA

I; ry«T
h>0 B VS h<0 c
T
i 4
B
A L C /
0,4 B _ p D/ o -
0 x ++ N x 0 Sxth  x x
39-cyper 40-cyper

Kuromsl, abcuuccanapsl X KoHe X+h TeH HyKTenep apKbLIbI
OTETIHIIKTEH, OHBIH KoJ0ey Oypoimsia 3 =B(X;h) apkeuie! Genrineimis.
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Erep h— 0 ymreurranna, S surowwinety S(X;h) kendey Oypsiiisl o

CaHbIHA YMTBUICA, OHOa S Kurowwl Kenbey Oypblmibl o-fa TeH T
bazvimmanzan mysyee YMmoliaoul.
A(x, (X)) Hykreci apkpuiel eTkeH T Ty3yiHIH O  Kejbey

OYpBIILIBIHBIH MOHJEP1 {_g g} KeCiHIiCIH/E JKaTa bl

AHBIKTaAMA. Erep Ir':y=f(x), Xe[a,b] KUCBIFbIHIAFbI
A(X, f(X))xore B(x+h;f(x+h)) HykTenepiHeH OTETIH KuIOULbIHbIH
konbey oypvuuovineiy h— 0 yMmTbUIFaHAAFBl 1Weri 6ap KOHE O IIEK
A(X, (X)) HykTeci apKpulbl ©TKeH 1 6asvimmanean my3yoiy Keydey

OypellbiHA TeH OoJca, oHAa Oazeimmanzan T Ty3yli ' KHUCHIFBIHBIH
A(X, (X)) HYKTeciHaeri sKaHAMACHI JICTT aTaJIaIbl.

AHANIUTUKANBIK TEOMETpHUsiiaH, (Xo, Vo) HYKTECI apKbpUIBl OTETiH,
OYPBIIITHIK KO3 PUIMCHTI k=tga TEH TY3YIiH TEeHICYI
Y=y, =k-(x—x,) Typinzme xa3putaTeinbl Genriai. Omait Gonca, f'(X;)
axbipavl  Gonca, y=T(x) xucewrembiy  A(Xg,Y,)  HykreciHmeri
’KaHaMaCBIHbIH TEHJCY1

y_yozf,(xo)(x_xo)’ (1)
an HOpMaiHiH TeHAeY1
1
v =— — 2
Y= f’(xo)(x xo) 2

Typinge skassutangel. Erep f'(X,) axwipesiz  Gonca, oHga skaHaMaHbIH
TeHJeyi X = X,, aJl HOpMaJbIiH TeHaeyi Y =Y, TypiHIe Oomasl.

Enmi  axpIpchl3  TYBIHIBIFA KATBICTBI KEIIECI mepm  MaHbi30bl
2Hca20aiiovl aTan OTEMI3:

1) (%) =A|)ETO% = +00, B—)% —  (pyHKums TYBIHIBICHI Oap;

xaHama X = X, xoHe o1 OY ecimeH OarbiTTac 41-cyper);

2y

2) f'(x)= A|>i(T0 Ax =—0, B> —g — (byHKMs TYBIHABICHL Oap;

*aHaMma X = X, xoHe on1 OY ecine Kapama Kapchl OarbITTanFaH (42-cyper);
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My N 1 Ay__ _E,
3) f'(x )—AI)!TO—AX— o, B— X
Ax<0
. Ay T Ay
f'(x+)=lim—ZL =40, B—>=, araun f'(X)=lim — =0, nemex,
(x+) Fiiye P2 (x) = lim A

(OYHKITUSHBIH TYBIHIBICHI )KOK. MYHJa COJI *aK, OH Jkak »xanamanap OX
OCiHE TMEPICHIUKYISAP JKOHE OJap COMKec  TOMEH JKOHE  JKOFaphl
OaFpITTAJIFAH, IFHU X HYKTECIHJIE J)KaHaMa KOK (43-cyperT);

YA YA
TA
0 X, x: 0 Xo X
TV
41-cypet 42-cyper
yA T YA T
A

Xy

0 x X (0] X
T T

43-cyper 44-cyper
’ - Ay T ' - Ay TT
4 —) = - f— = —_— —
) f'(x-) AIl<m00 40, B— > f'(x+) I|>m00 " o, B—> >
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v i AY
arau f'(X) = lim —~ = oo, AeMeK, QyHKIUAHBIH TYBIH/IBICHI JKOK.
Ax—0 AX

MyHza cox Kak, OH kakK >kaHamanap OX eciHe MepreHAnKyIsp KoHe
onap colKec KOFaphl )kKoHe ToMeH OarbiTTanFaH (44-cyper).

KochiMmia maTtepuait.

XKanamanelH o Kesbey OypbIIBI X HYKTeCI apKbUIBI OipMoHII
aHBIKTANATBIHABIKTAH, Xe[a,b] Hykremepi ymiH o=a(x) — MoHzepi

T. W
[—E; E} apalbIFbIHAA )KAaTaThIH OYPBIITHIK GYHKIMSA.

Kes xenren TI':y=f(x), xe[a,b] kuceirbl ymin [a,b] kecinminin
Keioip HykTenepiHae OYpwHINTHIK (yHKIUS  OOJIMaysl na MYMKIiH.
OiiTkeHi, aHblKTamMa OoibiHIIa, I KuceieblHblH A(x, f(x)) HYKTeciHeri
JKAHAMACBIHBIH 0ap 00J1ybl KeJieci aKbIPJIbl IEKTIiH

limB(x;h) = (), _gsansg, D
0ap 0oJiybIMeH napa nap. Mpicaiibl, 45-CypeTTe KOPCETUITeH KMCHIKTHIH A

HYKTECIH/IE XaHamachl, JeMEK OYpBIITHIK (DYHKIHMACHI KOK (aHBIKTANI-
MaraH), OiTKeHi limB(x;h)=o,, limpx;h)=a,, (o, #a,), aFHH, [iMB(x;h)
h—0+ h—0— h—0

nreri xokK. bipak, kenbey OypbIIITapsl oy, O, TEH, COUKEC €OJI JKAK KIHE OH
JKaK KaHaMaJapbl Oap.

VA
A
>0 x
o / \%<0'
45-cyper.

f(x+h)— f(x)
h
(39 xone 40 cyperrepai KapaHpI3) jkoHe arCly GYHKUMSCBIHBIH Ke3

Enni (1) TewuikTi maiipanasin, p(x;h)=arctg TEHITH
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KEJIreH HYKTEAE Y3UIICCI3HIriH ecKepil, KUCBIKTBIH OepinreH HyKkmeodezi
OypoiuimulK (hyHKUUACHIH KEEC TYpIe jka3a ajJaMbl3

a(x) = arctg Ihmw = arctgf '(x). (2

Enni (2) TenaikTi maiiganaHbi Kesleci MaHBI3Ibl TYKBIPBIMFA KeJeMi3.

Eeep xelab] nyxkmecinoe y=f(x) yuxyuscvinoly (key magoinanbt)
mywirobicol 6ap 6oaca, onda T:y=f(x), xe[a,b] ucoigvinvly (x, f(x))
Hykmecinde oypviuumuly Kodghguyuenmi tgo(x) = f'(x) mey scanamacwvl bap
Jcone, Kepicinwe, ecep 1" Kucvievl yuin (x, f(x))HyKkmeoe Kenbey Oypblulbl
a(x) mex Jdcanama bap 6oca, oHOA X HYKMecCiHoe KeH MA&bIHANbl MY bIHObL
6ap ( f'(x) =tga(x)). Kvickawa aimganoa, key MagblHAIbL MYbIHObIHbIY 6ap
001ybl MeH JHcaHamauviy 6ap O0nybl — napanap Yeimoap.

Mynoail mysscoipbim aKbipiivl MyblHObl YUIH OPbIHOAIMALObL!
Anvikmama. Erep Oepinren y=f(x), XxeA QyHKOUACH yoriH A

apaNIBIFBIHBIH OpOip HyKTeciHAe (2) TEeHIIKNEeH aHBIKTANATBIH o = oL(X)

¢byukius Gap Oosica, oHma oi [ QyHKUMSCHIHBIH A  apanbizbiHOazbl
OYpoluimblK YYHKUUACHL ICTI aTaTabL.
Anvikmama.. T:y=f(x), xe[a,b] xucbirer Oepincin. Erep f

(OYHKIUSCHIHBIH [a;b] KeCiHine y3inicciz OypviumvlK @yrKkyusacel 0ap

6oica, orma I — ochl KeciHmife mezic KUCHIK €T aTalabl.
Mpican.  Keneci ¢yHKuusutapMeH OepiireH KUCBIKTap TeETic Ie:

a) T, f (0 =3x;
, .1
0Ty F =3 9 f=]" My 70
0, x=0 ?
vy oa) I:f(x)= 3x  KuCHIFBIHBIH  Gypbiumblk GyHKyuACH. Gap

J)KOHE O]  K€3  KelreH Hykreae  y3inicciz.  UbiHbIHAQZ 74,
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arctg X #0,

32’ . S
a(x) = X woHe X#0 HykremepiHme eki y3imicci3
T
s X= 01
2

(hYHKITUSTHBIH, KOMITO3UIIMSCH Ja Y31Ticci3, aln x =0 HYKTeciHze
. 1 T
= arctg lim—= = arctg(+») = = = a(0)
x—0 3 2

1

TEeHAIr opblHAAnaThIHABIKTAH (X) Ke3 KelreH HyKTele ysimiccis

lima(x) = =limarctg
x—0 x—0

¢bynknus, nemek I’ — Teric KUCBIK;

b) Erep x#0 Gosca, onna (2) Teraik G0MBIHIIA ¢(x) = arctg ;_ ,
3
An X =0 HYKTeci YIIIiH KeJeci TEHAIKTep OpbIHAaIa bl
3fh2 _3
M:arctg lim i:E;

h h—0+ %/H 2
=arct Iimi -
a g 3h o7

Mynna o(0+) #2o(0-) OonraHabikTaH (2) IIEK KOK, SIFHU x=0
HyKmecinoe OypoiiumolK @ynkuyua (dicanama) anvikmanmazan. Onai
Oonca, I, — Teric eMec KUCHIK;

) byn ¢yHKkIus ymriH Ke3 KenreH Hykreae OYphINTHIK GYHKIHs Oap:

a(0+) = lim B(0; h) = arctg lim

h

a(0-) = lim B(0; h) =arctg lim

.1 1
arctg| 2xsin=-cos— |, x=0, ) )
a(x) = X X Bipak on X=0 wuykrecinge
0, x=0.
y3umcTi: x=0 — OppuluimulK QYHKUUAHLIH eKinwi mexkmi y3inic

HyKmeci (COS; (YHKIMSICBIHBIH, X =0 HYKTEJe IIeri )KOK). AHBIKTaMma

HIapTHl OpBIHAIMaFaH bIKTaH, 1, Teric eMec KUChIK.

«Teric QyHKOMsS» YFBIMBIHBIH O€Nriial aHBIKTaMachl KeJeci Typae
TyKbIpbiMaanansl  (meicansl, C.M.Hukonbckuii, Kypc marematudeckoro
ananmsa, T.1, «Haykay, 1983, §5.15 xapaHsI3)
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Anvikmama. Erep y=f(x) ysinmicci3 (QyHKUMSICHIHBIH TYBIHIBICHI
[a, b] KeciHpiciHme y3imiccid 6omnca, oHma QyHKIMS OCBI KECiHIimE Teric
JIeTI aTajabl.

Byn asbiktama Ooiibiamma, f(X) =3x (GyHKIOUACHL TeETic  emec
(texcepiniz). bi3 xorapeima  a) I;: f(X)=3/; KHUCBIFBIHBIH TETiC eKeHiH
kopcetken6i3. Enmeme Y= f(X) ¢ysxiumaceHp Teric Gomysl MeH
I': y=f(x), xe[a;b] KuCbIFbIHBIH Teric Goiybl apa nap yreimaap emec!

5.1.3. TybIHABIHBI AHBIKTAMA APKBLIBI €CeNnTey.
KeiiGip snemenTap HyHKIUIAP YITiH ONAPIBIH TYBIHIBUIAPHIH
aHbBIKTaMa apKbLIbI €CETITEY KOJIBIH KOPCETEeHiK.

1) Erep f (x) =C, C — typakrsl can 6onca, onga C'=0.
h)— _
f(x+n) f(x)z.mC C:

0
h I!]IAO h ) S

C'=f (x)=rI]|T0

v

2) Kopcemxkiwmik pynxuua f(x)=a*, a>0, a=#1 yuin

(@) =a*Ina Q)
) ax+h_ax ) a_h_
v (ax)’zalrrgTzaxrl]lm =a"lna; “
— —0

3) Japexncenix pynkyua f(x)=x?, (a- can) ymin

(xa )I =ax®™, )

y 1
Jepoec »cazoaiioa, erep a = 2 Hemece a = —1 Gouica, oHa

(&)F%: [EJ - )
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-4
l+j -1 |h a
X —=t, x=0 :xa’llim(1+t) —1:

=x*tlim—L— =[x ax®t 4
h—0 h t—0 t
X h—0, t—>0
4) Jlozapugpmoix pynkyua: y =log, x, a >0, a#1. ymin
(log, x) = : (4)
xIlna
Hepbec xarnaiina, erep a=e Oosca, oHAA
o1
(Inx) =— . (5)
X
log, (1+ h)
' log, (x+h)—log, x alm
v (log,x) =Jim a7l X Tt x
h—0 h h—0 h
X
1 . X hy 1 . hn
_;-rlll_rgﬁloga(H;j_;-Lmloga(H;j =
—l-log lim 1+D E—l-log e—l-i -
x chsolt x) x % x Ina
5. Tpuzonomempunanvix pynkyusanap y =sinx, y = cosx YIIiH
(sinx) =cosx. (6)
(cosx) =-—sinx. (7)
osin x+h—xhcosx+h+x
- (sinx)':!]ings'n(XJrh)_S'nx=Iim 2 2 _

h—0 h
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. h ( hj
sin—-cos| X+ —
. 2 2
=lim
h—0 h

2
(7) popmyma ma OCHI CHUSKTHI JOJIEICHE/].

= COS X. -

5.1.4. uddepennuangay epe:xesiepi

X HYKTECIHIE aKbipasl myblHObICHl Oap GYHKIUS Oughghepen-
yuanoanamoiy GyHKIMS gen aramansl (5.2-Hi KapaHpz). bepinren
apansikTa quddepeHnnanIanaTeiH PyHKIUSA AeT, OChl apaibIKTBIH JpOip
HYKTeciHze nuddepeHnnanianaTbid QyHKIUSIHBI alTaIbI.

1-teopema. Erep U(X) xome 9(X) QyHKIMANApbl X HyKTeciHze
I depeHnInangaHaTeiH 00s1ca, OHIA OCHl HYKTENlE OJIAPBbIH KOCbIHOBICHL,
KoOeuminoici scone KamvlHACol (S(X) #0) mubdepeHuranIanab! xKHE

! !/
D(u+9) =u'+9; 2)(u-9) =u'9+uy;

!

u u'g—-uy’
| = | =——
(5] -5
TEHIIKTEPi OPBIH/ATAIBL.

Y Byn TeHJiKTepAl JoyeNey YIIiH TYBIHABI aHBIKTAMACBIH YKOHE
f(x+h)=f(x)+Af (X) Tenmirin naigamaHaMbI3.

[u(x +h) £ 9(x+h)]—[u(x) £ 9(x)] _

1) (u+8) hﬂo "
lim [(U(X) +Au) £ (8(X) + A9) | - [u(x) £ 8(x)] _
h—0 h
_Llﬂ?)%+llm%9=u(x)+8(x)
2) (u-S)I :Lmu(x+h)8(x+:)—u(x)-8(x) _
i [u(x) +Au] [9(x)+A8]-u(x)9(x)
" hoo h B
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_imY-AS  800-AU G A% e s,
h>0 h h>0 h h—0 h

Mynga U(X),9(X) ¢ynxrmanapsimsE h-ke Toyencis ekemiri sxoHe
OJIap/IBIH Y31TicCi3airi (Lim Au =O) naijanaHbUIIbL.
—0

' u(x+h) u(x)

3) (Ej _lim 8(x+hr)1 8(x) _

9 h—0

_im [u(x) +Au]- 8(x) —[9(x) + AS]-u(x) _

ho0 [9(x) +A8]-9(x)-h
9 Au A9
Au-9-A%u . T Ty ug-uy L
=lim =lim 5 = 5 .
“-’0(82+8-A8)h h>0 92 +9-A9 9

Erep U(X) nemece 9(X) dyHKumsiapbiHbIH Gipeyi TypakThl 60iica,

!

. , , c c-y
oHma: (u+c)'=u’; (c-u)=c-u; |—=|=- :
(Urey=ui  (cu) (Sj =
Mpbicangap.
, [ sinx sinx) cosx —(cosx) -sinx
1) (g St | L) cookfooox) X
COS X cos? x
_cos’x+sin’x 1
cos? x cos®x '
' 1 .
2) (ctgx) =—— (TexcepiHi3).
sin? x

2-teopema (kypoeni yuxyuanvt ougpghepenyuanoay epesiceci).
u=u(x) (GyHKUMSCHl Xo HYKTeciHze auddepeHunangaHaTbiH KOHE

u(X,)=uy,, am y=f(Uu) dynukumsicer U, HykTecinge audpdepen-

106



nuangaHatein  6onebin. Omma Y= f[U(X)] xypneni ¢ymkumscer X,
HYKTeciHze nuddepeHnnanganaibl xKoHe

[F U] = F'(Ug) -u'(%,)- 1)
Y X=X, +h 6onca, onna
u(xo +h)=u(x))+Au=u, +Au, flu(x, +h)]= f(u,)+Af.
An lim At = f'(u,) rennirinen (4.4.3, 1-reopema)
Au—0 AU

Af = f'(U)-Au+o(Au)-Au  (o(Au) >0, Au—0),

Oyl TEHIIKTCH % = f'(u,) % + o(Au)% meFagel.  Bami h—0

YMTBULABIPBII HICKKE ©TCCK:

Dl A AU AU, , -
[F (O = lim == lim £'(ug) ~=+ lim o(Au) - == = (ug) U/ ().
Mbicananap.

1) (sinX?®)’ TyBIHABICBIH ecemTey YUIiH y=sinx’ =sinu, u=x’
’

nen anambiz. OHga (sin X2) =(sin u)’ .(xz) =COSU - 2X = 2XCOS X°.

’ ’ ’

2) (xx) :(e"'“x) =™ (x-Inx) = (Inx+1)=x*(Inx+1).

Keneci, y=u(x)** (u>0) rtypinzeri GpyHKUHSHBIE TYBIHIBICHH

Sinu

1aby ymin U’ =e TEHJITH naigananyra 60saapl:

(us)' :(esmu)' _e" (9. Inu)’ :u9(3'.|nu +3.“E’j_ 3)

(3) epuekti f yHKUMACHIHBIH JOrapuMAIK TYBIHABICHI eI
aTanaThIH
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! f(x)
Inf(x)| = 4

TEHJITIH TalaNlaHblll Ta MbIFapyra Oomaapl. Ox yumIiH Inu? = 3Inu
. . u’
TeHgiriHe (4) popMysaHbl nairanaHcax, ( ) =(8In u) =9Inu+9—
u

anamb13. byt TerikTeH (3) TEHIIK IIBIFAIIB.

(1) popmynansl kKypaenaeHaipe Tycyre 6oazbl. Mbicaisl, erep
) z=1(y), y=0(x), Xx=y(§) 6onem, ocel ym QyHKIuI aa
colikec HyKTenepae nuddepeHImaiaHaTbiH 0ojica, OHJIa

2L =17,y X (5)

1-mbican. y =Insin®x, (x#0) Gepince,y=Inu, u=9*, 9=sinx
Jer anblr, (5) gopmyina OolbIHIIIA

1 2sin x X
y;zyl;'Ué-S;:_.ZS.COSX &_thgx
u sin? x

anambI3. bys ecenTey i KbicKalia sxa3yra 0o ibl:
/

) COS X
(Insm2 x) =

-2sinx-cosx=2——=2ctgx.
sin x

sin? x

2-MbIcall. y' = [sin(x2 +2X —1)], =cos(x? +2x—-1)-(2x+2) =
=2(x+1)cos(x* + 2x—1).

5.1.5. 'unep0oaanbIK PyHKIUIAP KIHE 0JAPABIH TYBIHABLIAPBI

1) l'mnepOonanbIk cunyc: Y =Sh X.

et —e™*
shx = ; D=R, E=R (46-cyper).
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y A

3-

24

14 T

Z f-.

Rt I T T

24

_3-

46-cyper
2) l'unepOonanbik KocuHyc: Yy =ChX.
X —X
chx=2 +2€ , D=R, E=[L+w) (47-cyper).

y 4

Ry

-2 -1 01 2

47-cyper

3) 'unep6onanbk Tanrenc: Y = thx.

thx = shx _ e’ —e” , D=(-0,+x), E=(-1 1). (48-cyper).
chx e*+e™
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48-cyper

4) T'unepOonanbik KoTanreHe: Yy = cthx.
chx e*+e™
cthx=—== —
shx e*—e

D = (—0;0) U (0;4%0), E =(—00;-1) U (L+0). (49-cyper).

ylk
3_
2,
R ¥ B
T T T T T T >
4 3 2 - 1 2 3 4 x
____________ qf----te
24
-3
49-cyper

byn dyHKmusutapra KaThICTBI KelleCi TEHIIKTEPJiH OpbIHIATaTHIHBIH
TEKCCPIHI3ACP:
ch?x—sh?x=1, ch2x=ch?x+sh?x, sh2x=2shxchx,
sh(xxy)=shxchy+chchy; ch(xxy)=chxchy+shxshy;
thxtthy
1+thxthy’

’ ! ’ 1 ’ 1
shx) =chx; (chx) =shx; (thx) = ; (cthx) =— .
(shx) =chic; (chx) =shx (thx) =5 (cthx) =

th(xxy)=
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Eckepry. bi3 xorapeiga sneMeHTap (yHKUUSHBIH ©31HIH aHBIKTAILY
JKUBIHBIHIA JuddepeHnuanganbaysl MYMKIH €KeHIiH Kepmik () = ‘x‘
mbicanbl). bipak, erep f kanmail nma Oip apajibIKTa 3J€MEHTap JKOHE
nuddepennmanaanatein  GyHKEs Oonca, onma ' QyHKumsACH  OchI

apaiplkTa dseMeHtap Oonagpl.  Kpickama —aliTkaHna, 21emenmap
@YHKyuaAHBIY  MYbIHObICHKL Oa ilemenmap @yuxkyus Oonaapl. byn
TYKBIPBIM alAbIHFEL (5.3. — 5.5. T11.) MyHKTTEp/IeH IIBIFaIbL.

5.1.6. Kepi ¢pyHKUMSAHBIH TYBIHABICHI.
y = f(X) GyHKUUACHIHBIH AHBIKTATY >XWUBIHBI D, MoHAep KHUbIHBI E

OOJICHIH.

AnpikTama. Ezep opoip X€D ywin g[f (X)]=X owcone apbip yeE
ywin f[g(Y)]=Yy wapmmapur opvinoanca, onda anvikmany owcuviivl E
acone manoep  ocuvinvt D Gonamein X = g(V) gynxyuscer y = f(x)
@yHryuscoiHa Kepi yHKYUs 0en amanaobi.

OXY koopmunaTttap  kyiecimge Y= f(X) ned  Xx=g(y)
GyHKUMAIApbIHBIH Tpadukrepi Oipey rana. An y=f(X) men y=g(X)
GyHKOMSMApeIHBIH, —~— TpagukTepi  Y=X  TY3yiMEH calbICThIpFaH/ia
CUMMETPHSUTB OOTIAIbI.

Teopema. Erep y= f(x) Oexnrim 6ip / apansiFbiHaa y3imicci3 Ooca,

OHJ1a OHBIH Kepi QyHKIHsCH 0ap 6ouysl yiriH, f GpyHKusICh [ apasbIFbiHaa
MOHOTOH/IBI ©CIICII HeMece KeMiMelli OOJybl, KaKETTI KOHE MKETKITIKTI
(momenmemecis).

O3apa kepi pyHKIUsIIAp:

1) y=x" >1<9Hey=Q/§, MyHIa, X,Y € R, N—mepic emec mak, can,
y =X" xoHe yzﬁ/;, MyH/Ia, X,ye[0;+oo), N — mepic emec scyn can;
2) y=a", (a>0a#1), xeR, ye(0;+x) xone

y=log,x (a>0,a#1), xe(0;+x),yeR;

3) y=sinx, xe{—z;;[}, ye[—1;+1] JKOHE
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. T T
=arcsinx, =1 +1f, —i=1;
y inx, xe[-L+1] ye{ 5 2}
y=cosx, xe[0,n], ye[-1L+1] xome
y=arccosx, xe[-L+1], ye[0;xn];

y =1gx, XE[—g;gj, yeR xoHe

y=arctgx, XeR, y e(_ﬂ;fj_
2 2
Teopema. y= f(x) dynxmmsce [a,0] apansirsmma ysimiccis, ecneni
’oHe KaHzaii na 6ip X €(a,b) mykrecinne nenre Ten emec axpipmsr f'(X)
TYBIH/IBICHI Oap OOJICHIH. Onpma f (yHKIISICBIHA Kepi
x=f(y) = g(y) QpyHKIMACHIHBIH X-Ke COMKEeC HYKTeAe TYBIHABICH Oap,

1
’
HeMece X, =—- (hopMyJIachl apKbLIbl AHBIKTAIAIBL.

!
f'(x) Yx
¥ Kypuem ¢yaxiusasl quddepeHnuaniay epexecid naimana-Hblll,
X=0[f(X)] Temuirinin exi xarena mddepernnanIacax,
1
1=g'(y)- f'(X) nHemece g'(y)=——. -~
f'(x)
By TeopeMaHbIH TeoMeTpusulbK MarbiHachl Y = f(X) kuceirbina
KYprisiired >xanamanblH coiikec OX xoHe OV ecrepiMeH jxkacalTbiH Oy-
PBILITAPBIHBIH TAHTEHCTEPi ©3apa Kepi mamanap 6onaasl (50-cyper), srHH

on g'(y)=

erep tgo = f'(X). tgy=g'(y) Goca, onna tgw=$.

Mprcanst: 1) y=arcsinx, |x <1, _g <y< g (GyHKIUSICBIHA Kepi

hyHKIMA X = Sin y GoFaHABIKTaH
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(arcsinx)X’: ! _ = o ! __ 1 :
sin cosy f1-siny 1-x2

(siny),
VA

y

/|

50-cyper

! 1 2 1 1
2) (arctgX) =——=c0s“y= = .
) (arctgx), (tgy)’ y 1+tg’y  1+x

Eckepry. Mynna wsicamsr, y=arcsinx, |x| <1, -g <y <g

(YHKIUSACBIHBIH |X| <1 HyKTenepiHAe aKpIpibl, a1 X =11 HYKTenepiHae
+ 00 TeH TYBIHIBLIAPHI Oap.
Enni TysiHabl opMyanapbIH )KUHAKTAI, KECTE eTill )Ka3aibIK.
TybIHABLTIAp KecTeci
C! - 0.

!

ot e (3o k (-

1. (x"‘), .
),

a*lna, a>0,a=1 (ex) =e*;

2. (aX

!

3. (Iogax)=xl—ia, a>0a=l (Inx)’=§;

4

4. (sinx) =cosx; 6. (cosx)' =-sinx;
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! !

7. (tgx) =——; 8. (ctgx) =—

cos’® x sinx
9. (arcsin X)'= 1 ; 10. (arccosx)'z— L :
1-x? 1-x2
11. (arctg x)' _— ; 12. (arcctg x)' - ;
1+ X2 +x?
13. (sh x), =chx; 14. (ch x)’ =shx;
' 1 ’ 1
15. (thx) =——; 16. (cthx) =— .
(thx) ch?x (cthx) sh? x

5.1.7. TlapameTp apKbLIbl OepijireH QYHKOHA >KOHEe OHBIH
TYBIHABICHI. AHKBIH eMec Typ/e 0epiireH GpyHKUUSIHBIH TYBIHIBICHI.
V-TiH X-K€ TOyelaIir t mapaMeTpi apKbLIbl

{X=¢G%
y= W(t)i te (a1 b)

Typinae Oepincin. byn — (a,b) wunTepBanbima X=@(t) ¢yHKIMACHIHA

D)

kepi QyHKIMs 6ap, COHABIKTAH Keneci QyHKIHsI aHBIKTAIIFaH JICTeH CO3
y)=y[ o (9] v

Y-TiH X OOWBIHINIA TYBIHABICHIH X TeH Y-TiH ! OOWBIHIIA TYBIHABLIAPHI
apKbUTBI ODPHEKTEHIK.

Teopema. Erep o'(t) sxome y'(t) Gap xone ¢(t)=0 Oosca, onma
y=1f(x) o¢yHkumsacer X  HykTeciHae aubdepeHIManaHaasl JKoHE
V=%, %0,

X

Y (2) rewnmikti kepi ¢yHkumsHel auddepeHumangay epexecin
naiiananein x OolbIHINA MU dhepeHranacax;
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V'S

! ’ ! ! 1 y'
yX :\Jflt .tX = Wt —,:_t
¢ X

Mpbican. OX eciMeH JeHrelereH paauychl a-fa TeH ImeHOep
HYKTECIHIH TpaeKTOpHsAChl HukjJIouaa nen araianbl (51-cyper). OHBIH

x=a(t-sint),
y=a(l—cost), teR.

aJlaMbI3.

napameTpilik TeHIeYi Kelleci Type >Ka3bliabl: {

YA

¥

51-cyper
Kepcerinren xuceIk emodip s1nemMenTap QyHKIUSHBIH Tpaduri 6omxa
anMaiigpl. CoHupIKTaH Y = f (X) (OYHKIMSCBHIHBIH ~ TYBIHIBICHI  TEK
mapaMeTpilik TYpAeri GopMyIaMeH ecenTelNe/mi:

f’(x):it:z asint _ sint '
X, a(l—cost) 1-—cost

Erep y men X aiiHbiMannap apaceiniarsl mayenoinik F(x,y)=0

TeHIeyiMeH ailKblH emec mypoe Oepince, oHna Y, TYBIHABICBIH Taby

YIIiH, KapanaibiM sxargaitnapaa, F(x, y) =0 Tenneyinin exi sxkarbiH Y-Ti

X-TiH (YHKIMSCHI Aem ajbin, auddepenimaniay kepek. OnaH COH MIBIKKAH

TEHIEY/EH Y, TYBIHABICBIH Taby Kepek. Mpicaisl, X +y®—3xy=0
2

y—X

Gepince, ora 3x” +3y? -y’ ~3y —3xy'=0, y'=>—.
y-—X

Ecxepmy. F(X,¥)=0 TtenneyiMen Gepinren ¢yHkims yuin VY,
TYBIHABICBIH TaOynblH Oacka omicin «Ken alHbIManAbl (yHKIHSIAP»
TaKbIPHIOBIH/IA KOPCETEMI3.
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§ 5.2. dynkuus quddepeHunaab

AnbIKTaMa. Eeep f pynuxyuscoinviy x nykmeodeei Ay = f(x+h)— f(x)
ecimMuecin
f(x+h)—f(x)=A-h+o(h) Q)
h—0
mypinoe opHekmeyze 6onamviH 00ACA, OHOA OHbl OCbl X HYKMecCiHOe
ougppepenyuanoanamoln  ynkyua oen amaiiovl (A wamacel x-xe

mayendi, 6ipax h-xe mayenoi emec). byn tenmikreri o(h) mramacsr,
h—0

h—0 ywmTeuiranna  h-xe cabicTBIpraHza peTi KOFaphl  aKbIPCHI3

()

KIIIKeHE 11aMa, sFHu ——~ >0, h—0.

Teopema. f (1)yHKLII/I$ICLI X HYKTeCiHIe Ougdepenyuaroanyslt YIIiH,
OHBIH X HYKTECIHIC aKbipibl MYbIHObICbIHbIY 0ap OOJybl KaKETTI JKOHE
JKETKITIKTI.

v Kerkimikrimiri. X HYKTGCiH,Zle f  (OYHKIMSCBIHBIH ~ aKBIPJIBI

o - ()
im =

TYBIH/IBICHI Oap OOJICHIH: f'(x) = Onpma

Fot00+e) (s >0 h—>0) memece Ay=1'0)-h+e(h)-h.

Byn Ay = f'(X)h+o(h), h—0 neren ce3, saruu (1) Termik OpbIHIANALBI

/
(A= f"(x))
Kaxerrimiri. X nykrecinne f nuddepenunanianateid  QyHKINS
0onceH, sFHU (1) TeHaik opeiHAaNckH. OHIA OHBIH €Ki JKaK OeliriH h=0

Ay, o(h)
h

namMachiHa — Oeirl, T_A =A+0(l) Temmirin amamb3. bByn

h—0

=A AKBIPJIbI TYBIHABICBIHBIH 6ap

Terikren  f/(x)=lim w

€KEHIH KopeMi3. ~
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TeopemaHBIH JonenieMeciHeH, X HyxkmeciHoe oOuggpepenyuan-
oanamulH (QyHKYUAHBIY aHBIKTaMachiHAAFel (1) TEHAIKTI MBIHA Typae
Ka3yra 00IaThIHBIH KOPEMi3

Af (x) = f'(X)-h+o(h). (9]
h—0
CoHbIMEH, O0ip aiinpIManobl (QYHKYUA YUliH OHBIH  AKbIPJIbL
MYbIHOBICLIHBIY, ~ Oap 001ybl MmeH Oudgepenyuandanyst napanap
Yebimoap eKeH.
(1) Tenmikreri OipiHII KOCBUIFBIII N-Ke MPOMOPIMOHAN KOHE OFaH

chi3bIKTHI Tayeni, an ekinmi (0(N)) KockUIFBII AX-TIeH canmbICTHIpFaHIa
KOFapsl perTi akwipehi3 kimkene (h—0). Byman, A#0 6omnca, h—0

YMTBUIFAH/Ia €KiHII KOCBUIFBII OipiHIN KOCBUIFBIIKA KaparaH/ia HeIre
JKBUIIAMBIPAK YMTBLIAThIHBIH KepeMis. Oceiran 0OailIaHbICThI

A-h=f'(x)-h 1mamacel ¢yHKIMA eociMineciHiH Gacmvt myweci nen
aTanaabl JKOHE O, QYHKUuAHbIH X HyKmecinoezi oughgpepenyuannt
HeMece Oipinwi Ougppepenyuanvt nen aramagel ga  dy,  df (x)
cumBosaapsiabi 6ipiven (xypsicer: dy(h), df (x)(h) ) 6enrineneni:

dy =df (x) = f'(x)-h. 2
byt TenaikTeH, ¢ynxyus oupgpepenyuanst h-xe (mayenciz atinviman

ecimuiecine) col3blkmovl mayendi eKeHIH KopeMis.

52-cyperre: L my3yi — QyHKUMSHBIH rpadurinig adcuuccacbl X, -Te
TeH A HYKTECIHJETI )KaHaMacChl;
f'(%)=tga; dy="f'(x)-h= tga-h=CD, =tga-h=CD, sruu,
Gyuryusa oughgepenyuanvt X nyxmecinoe srcypeisineen szcanamanviy h-xa
catlikec ecimutecine mewy;,

hoo(h) = Ay —dy = DB.

Hepbec xarmaiina, f(X)=X o¢ynxmusacer ymin dy=dx=x"-h=h
amampi3. Omaii OoJica, erep apryMeHT X — Toyesci3 aliHbIMain Oosica, OHJA
dx=h, saram mayencis aiineimanoviy  Oudppepenyuanst  onviy
ocimuwiecine men. byn xarmavina (X —mayenciz aunviman Oonca) (2)
TEHJIK Keyeci Typre ue 0oJapl:
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dy =df (x) = f'(x)dx. (3)
Eckepmy: Erep aprymenT X —Kanmail ga Oip Toyenci3 aiiHpiMain t-re
toyenai nuddepenumanganatein  pynkmus X = @(t)  Gonca, ounga

dx = ¢/ (t)dt.

YA

A

o 7 0 X=X, + N

(5 4

52-cyper
. d
3) TEHJIKTECH f'(X)=d—y aNlaMbI3, 2HU PYHKYUAHbIY X HYKmeciHOezl
X

ougpheperyuanvinbly X  mayenciz  auHvlManovly  Ouggepenyuanvina
KamulHACbL 0Cbl (DYHKYUAHBIY X HYKMeCiHOe2l MybIHObICLIHA meH eKeHOicl
Wbl2aobL.

Erep u(x), 3(x) dyakuusmapsl x HykTeciHae auddepeHiman-
JIaHATHIH 00JICa, OH/Ia KeJec TeHIIKTep OpbIHIAIa bl

du+9)=du+d9; d(u-9)=ud9+9du;
d(cu)=cdu, c¢— rypakrsi can; d (Ej =M, v#0.
Vv Vv

[[IsabIHAA 12, MBICAITBI,

d(gj:(gj gy YVoW o wdk—uvdx  vdu —udv

v) \v V2 v TV
Erep u=u(x) ¢yukuusce x nykreciage, an Y = f(U) dynxmmscs u

Hykrecinae muddepennmanianca, ouna Y = f[U(X)] xypmeni pynxumscer
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yurin df (u) = f'(u)u'du = f'(u)du Tenuiri opeHmananel, srau y = f (U)
YIIiH U Toyenci3 aiiHpIMayl 0ojica na HeMece Oacka Oip alHBIMAIIBIH
¢bynkuuscel 6osca ga, df = f'(u)du Temmiri cakramanel eken. By epexe
Oipinmi quddepennua TypiHiH HHBAPHAHTTHUIBIFBI JICTT aTaTA b

Ay = f'(x)h+o(h) =dy +o(h)

h—0 h—0
TEeH/ITiHeH Ay ~ dy = f'(x)dx (4)
HeMece f(x+h)~ f(x)+ f'(x)dx 4)

JKYBIK TEHJITIH JKa3yFa OoOJaabl JKOHE OHBI JKYBIKTAIl ecenTeyiepre
Konganaael. Mblcadbl, erep \3/8,001 ~ §/§ =2 Jen ajicak, OHJa MYHAFrbl
JKYBIK €CeNTey KaTemiri Y= §/§ (YyHKIUMACHIHBIH X =8 HyKTeciHaeri
h = 0,001 ecimiuecine coiikec KeneTiH quddepeHunanpHa TeH;
’ 2 2
dy:(%) dx=t.x3.h=t.873.0,000= .
3 3 12000

§ 5.3. /Koraprsl perTi TybIHABLIAp MeH Auddepenuuasgap

5.3.1. JKoraprsl peTTi TyBIHABLIAP.
f dynkumsiceiasiy (@,b) apanbiFbiHIa TYBIHIBICH Oap Oosica, OHIA O,

apOip Xe(a;b) nykrecine f'(X) canbl colikec Kenmemi JereH ce3, AFHH
TYBIHJIBIHBIH ©31 (a;b) apaJbIFbIHA aHBIKTAJFaH Oenrim Oip (QyHKIUs

oonanel. OHBI Gipinwi mystndsl netini. O3 ke3erinie OipiHII TYBIHIBIHBIH
na (a,b) apanmbiFbiHIa TYBIHIBICH Oap 60Mybl MyMKiH. Byt skaFaiaa oHbI

f OYHKUMACHIHBIH eKiHui myblHObICHl HEMECE eKIHUWL pemmi myblHObLCHL
meiimi e,  y'=(Y) memece f'(X)=fPX)=(f'(X)) apkpuisl
Oenriaenmi.

XKanmer, f GyHkiusicbiabiH (N —1)-111i peTTi TYbIHIBICHIHBIH OipiHIII
TYBIH/ABICBIH T QYHKUMSCBIHBIH N-wi pemmi mybtHObICHl 1T aTailisl 1a,

f (M (x) :< f (”’1)(x)) nemece Y =(y" ) nen Genrineiixi.
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Mbeicannap. Keneci menOikmepoi MamemMamukaiblk UHOYKYus d0iCiH
natioanansin 0anenoeyee 601avl.

1. (eY)™ =e*. By TeHmKTIH AYPHICTHIFE KOPIHII TY.
2. (@M =a*In"a;

3. (xXM™=ml, xM™=0, n>m.

e

(sinx)™ =sin(x+ngj, neN.

o

(cosx)™ =cos(x+n-gj, neN.

n per nuddepenimanganartbia U(x) sxoHe V(X) QyHKIMATAPLIHBIH
KOCBIHIBICKI MEH KeOeWTiHAici ymiiH kemeci muddepeHnuanmay epexeci
OpBIHIATIA IBI:

1. (u+v)™ =u™ 4y™:

n
2. Jleii6mun popmymacer: (U-v)™ = Clu"HE) =
k=0

=u™ v+ Clu DY o CRUTNVE) v ™,
K n!
Mynpa Cj=——, or=11=1.
k!(n—k)!
Mpican: Ecemrey kepex: (e*-x%)9,
v JleitGuun hopMynackiHaa U==e*, v=Xx> [em ajbll, KOFapbl-1aFbl

1-1mi oHE 2-1111 MBICAJIIAPbI Ak 1aTaHaMbI3:

(ex .Xz)(lo) _ (ex)(lo) -X2 +10-(ex)<9) '(XZ)'+1f '29 . (ex)(S)(XZ)r/+

10-9-8

+ €)D.(x®)"+---=e*x* +10-€* - 2x+45.e* . 2=
1.2-3

=e*(x? +20x+90). =
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5.3.2. AprymeHTi Toyeici3 (yHKUMSIHBIH :KOFaprbl auddepen-
uuagel. Erep Y= f(X) dynxmmacer X nykrecimze nuddepennuanianca,

ouga dy= f'(X)dx. O3 keserinme Oysl TEHMIKTIH OH >KarbIHAAFbl IAMa
aprymMmeHT X —TiH OGyHKOWICH peTriHae X HykTeciHme auddepeH-
muangancei (on ymin Y= f(X) ¢ysxkomacer X mykTecimme exi per
nuddepennnanganca Gomranbl). Onma f'(X)dX mamaceinbi U de-
pennmaneiH Kapacteipa anambiz: o(dy) =0[ f'(x)dx] (xoraprer mudde-

peHnuangapaAbl aHeikTay yiria dy skoHe OX CHMBOJIBIK OenriigeynepiMeH
Koca, Oy JoHe OX OenrineylnepiH e naianiaHambl3).

AnpikTama. Bipinmi  dy = f'(X)dX auddepenuumannan  ansinran
8(dy) =8[ f'(x)dx] nuppepenmmannpiry, momin Y= f(X) dynkumscrHbH
(X wnykTemeri) exkiHmn auddepeHUUANBI e aTAlABl KOHE OHBI
d?y memece d%f(X) apkbuibl Genrineiini.

Kes xemrem n perri d"y nuddepenuman wunaykuus GolibiHIIa
enrizineni. Afitansik, -1 perri d"'y muddepenuuan enrizinren 6oicHH
wone Y = f(X) dbyHkumsacel X HykTeciHme N peT auddepeHInalIaHChIH.

Aubikrama. «N-1»-mi d"'y  muddepenupannan ansiran 5(d"ty)
muddhepeHInaNIbIH MOHIH Y = f(X) (GyHKIUSICHIHBIH ( X — HYKTeneri) nN-
wi quddepennmanst  gen araiins xome omel d"y memece (M (x)

apKBUIBI OENTLIeHII.
Bi3 X — mayenciz aunviman nen anampiz. Onna dX auddepeHimas
X-Ke TOyeJI/li eMec )KoHe Ke3 KeJreH X Hykrecinge dX =h, memek,

(dx)' =h"=0 Ten Goaraumsikran O(dX) = (dx)'dX = 0 renuiriniy

OpBIH/IANATHIHEIH eckepeMis. Meicansl, d%y= 8(dy)| ety =

= (B[ ()X}, = {3[ F(0]-dx+ (X))}, =

= (B[ (0] dx,_ ={F7(0-Ox-dx} = F"(x)- (a2

Sx=d
CoHbBIMEH,
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d?y = @ (x)(dx)’. 1)
Wnnykuns 6oiisiama ( X - mayenciz aiinviman 0O0IFaHma)

d"y = f ™) (dx)", n=12,.. (*)

dopmyracen gonengeyre Gonaasl. Ilsabmaa ga, 6y rermik N=1 ymin
nypeic. OHBI N —1 YIIiH IyphIC IeT YiFapcak, OHIa

d"y =38(d"ty) =8[f " (%) ()" 1=[F " (%) - (dx)" ]'Bx =
= £ (x)&x(dx)"™* = £ ™ (x)(dx)".
bluraiineuieik yorin - (dx)"  mopexecin  dx" apkputbl  Genrineii.

Onpa (*) (dhopMyJia Keyeci Typae Ka3bliaibl:

d"y=f™(x)dx", n=12,.. (2)
d"y
(2) bopmymanan, Y™ (X) R n=12,... anambI3, SFHU apzymMeHm
X

mayenciz aiinviman 6onzanda, Y= f(X) GyHKIMACHIHBIH X HYKTeciHmeri

N-Imi  peTTi TYBIHABICKI OCHl  (DYHKIUSHBIH X HYKTeciHzeri N-mmi
muddepeHnuansl MeH apryMeHT nuddepeHIratbHbIH NI JopeKeciHiH
KaTbIHACHIHA TCH EKEHIH KOpEeMi3.

Mpuican. y=2x"+x>—-7 dyHKuuschHbIH ymiHmi perti mudde-
pennuansa d°y Taby kepex.

Y TysHABUIAPABl  ecenTeiimis: Y = 8x% +3x2, "= 24x%% +6X,

"

=48x+6. Enxi (2) bopmynana n=3 zaemn ajgambi3

d’y =y"dx®=(48x+6)dx’. ~
Keneci epexxenepaiH OpbIHIANATHIHBIH TEKCEPiHI3AEP:

1) d"(u+v)=d"u+d";
2) d"(u-v)= 3 Cd"u-d*v.
k=0

Eckepmy. Erep apryMmeHT KaHpaail fa Oip Toyeici3 aliHbIMan t-HiH n
per auddepenmangaHaTeii  QyHKIMACHI  Ooyica, OHIA  KOFaphl
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maddepennman 6acka Typre me Oomaasl. Mbicaibl, Y =@(z) =o[(w(X))]
Kypaeni Gynkimsce! ymin: d?y =d(dy) = d[¢'(z)dz] =

=d[o'(2)]-dz+¢'(z)d(dz) = ¢"(2)dz* + ¢'(z)d?z, sFHM  apryMeHT Z
Toyenl aiHpIMan OoJica (2) TeHJIIK OPbIHIaIMAaiIbI.

§ 5.4. TybIHabLIapHI 0ap PpyHKIUSAIAP TYPAIbl TeopeMaap

AnbikTama. FEeep f:-D>R GYHKIMSICBIHBIH D aubixmainy
JICUBLIHBIHOAELL C HYKMe YULiH

vxeU;(c), f(c)= f(x), (1)
(VxeUg(c), f(c)<f(x)) (1)

mencizoici opvinoarameinoati  Ug(C)=(C—8,C+0) manaiiot mabuiica,
onoa [ yukyusacer X=C HyKkmeciHOe J0Kaab0i (MOHIpeKmiK)

Maxcumymze (Munumymze) ue 601advl Oetioi.

Jokanv0i makcumym Hemece J10KANLOI MUHUMYMOEPOl JOKAIbII
IKCTpEMYM jen araiimel.  53-cyperte [a,b] kecimmicinme y3imiceis
GbyHKIMs OeiHEICHTeH. X, MEH X4 HyKTesdepi f QyHKIHMICBIHBIH JTOKaIbIi
MHHUMYM HYKTEJepi, ajl X; MEH X3 JIOKaJIb/li MAKCHMyM HYKTeJepi; a meH b
JOKaJbIi JKCTPEMyM HYKTedaepi ©Ooma anmaiiaer (eiitkeni f Oy
HYKTEJEp/AiH TOJbIK MaHAaWblHIA aHBIKTAIIMaraH), anaiga b Joxanabai
Oip:KaKTbhI MAKCHMYM, 3 JIOKANBAI 0ipKaKThl MUHUMYM HYKTEJepi Jern

aiiTyra OoJabl.
YA

ol--—————_—_— -

\ 4

(=}
o

Xy Xz X3 X,

53-Ccyper
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1-teopema (®epma). Erep f (yHKUMACHIHBIH C HYKTECIHIE KEH
MaFbIHANBI TYBIHABICHI 0ap >KOHE OJ OChl HYKTEAC JIOKAJBII SKCTPEMyMTe
ue Gosca, onga f'(c)=0.

Y AHBIKTBUIBIK YIIiH C JOKAJTBAIK MaKCUMyM HYKTeci 60ichH. OHOa
vxeU(c), f()>f(x) OGomamst ma, h>0, c+heU(c) yuin

w <0 TeHci3xiri opeiHAAansl. Onaii 6oca

, .. f(c+h)-1f(c)
f'(c+) = il1|_r)r(1) SEE— <0. (2
Ocoi cusxtet N<0, c+heU(c) YHlin >0 Gomanel,
COHJIBIKTaH
f'(C_)ZLi%wzo' (3)

Teopema maprteiHaH sxoHe (2) mMeH (3) KaTbICTapAaH LIBIFATHIH
0< f'(c-)= f'(c)= f'(c+) <0 renciznixkrepinen f'(C)=0 amampz. «

2-teopema (Posuib). Erep y= f(x) ¢yuxuwmscer [a,b] kecinaicinme
ysimiccis, (a,b) wumTepBambiHma KeH MaFBIHANBI TYBIHIBICH 6ap JKoHE
f(a)=f(b) 6Gomnca, onma f'(§)=0 renniri opriHmanaTeiHmaii & < (a,b)
HYKTE TaOBLIaIb.

¥ Erep f ¢dbyHkumsacer [a,b] xecinmicinme TypakThl 0oJica, OHJA
VE e (a,b) yuin f'(€)=0.

Euni f ¢ynxuwmsicer [a,b] kecinmicinme Typakthl emec OoncebiH.  f
byukumscel [a,b] xecimmicinme ysimiccis GonranapKTan, oHbIH [a,b] > X
MakcumyM xoHe [a,0]3 X, muruMym Hykrenepi Oap (§3.9, 3-teopema).
Bbyn eki HykTeHiH ekeyi nme [a,b] kecimmicinin mieTki HykTenepi Oosa

ajMaiipl, OWTKeHi ojait Oonmaca

max f (x) =Xrer[1;rg] f(x)=f(a)=f(b),

xefa,b]
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nemexk, f dyakuumace! [a,b] kecinmicinge TypakTbl 6omap eni. COHIBIKTAH
X1 MEH X, HYKTenepiHiH eH Oonmarannma Oipeyi  (a,b) apanbiFeiHIa
xaranel. On HykTeHi & apkpuibl Oenrinediik. ConbiMeH & Hykrecinae f
JIOKaJIBIIK SKCTPEMYMI€ M€ jKoHe Teopema maprthl OoibiHma f'(€) Gap.

-~

Omnaii 6osica ®epma Teopemachl 6oiibnma f'(§)=0.

I-mpican. y=|x|, -1<X<1 ¢ynkumsicsr [-1]]  Kecingiciuge
yaimicciz sxome f(-1)=Tf(1). Anaiina 6yn ¢ysxkums ymin, f'(§)=0
TEHIITI OpBIHAIATHIHIAN &E[—l;l] HYKTeCi OOJIMaWTHIHBIH KOpPY KHBIH
emec. bymnait 6omy ce6ebi, ¢pynkuus (—11) wunTepBanbiHAa AUdQepeH-
nuanaanoaiapl, GyHknusHbH X = 0 € [-1,1] HyKTeciHae TYBIHIBICH KOK.

1, x=0,
2-Mplcal. Y= dynkmusacer (0, 1)  wmTepBansmma
X, 0<x<1
i depeHnmanianab (f'(x)=1, vxe(0;2)). CoHbIMEH KaTap

f(0)=f(1). Anaiima f'(£)=0 Tenniri opsmnanareiamait & €[0;1] nyxreci
xok. Cebebi, pyukmus (0, 1) wmHTepBanbiHga y3imiceis 6onranmen, [0,1]
KeciHmiciHme y3imicciz emec (x=0 — y3imic Hykreci). Jlemek, Pomnb
TeopemaceiHia (QYHKIMSHBIH [a,b] kecinmicimgeri y3imiccizairin (a,b)
WHTEPBAJIBIHIAFbI Y31TiCCI3IKIICH aybICTBIPYFa O0IMaii bl eKeH!

PoJib TeOpeMachIHbIH reoMeTpusIbk MarbiHack: Y = f(X) dynkuus

rpadurinin (&, f(§)) myxrecimmeri xamamace, OX ocine mapamens
OoJaTeIHIAM ée(a,b) HYKTeci TaObu1asl (54-cyper).
3-teopema (Jlarpamn:x). Erep f(x) dynxumsacer [a,b] xecin-micinme
yaimiccis xoune (a,D) apanbireiHma keH MarbIHANE TyBIHABICH Oap Gonca,
OHJIa
f(b)-f(a)=(b-a)f'(c), a<c<b (5)

TEHJIIr OpbIHAaNaThIHAal C € (a,b) HykTeci TabbITabI.
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~/

[ Y [

0 E & PR
54-cyper
¥ Keneci kemekuni QyHKIMAAAFBI
F(x) = f()-4x, (6)

A canbIH F(a) = F(b) TeHAIri OpbIHIANATHIHIAM €Till aNaibIK:
F(a)= f(a)—Aa= f(b)— Ab=F(b), Gynan zz—f(b;_ (@)
-a
Omait Gomca, (6) dymkmus F(x)= f(x)— Mx TYpiHE He
-a

oomagel. Byn F Qymkuwmsacel ymin Pomnb  TeopeMachIHBIH — GapiibIK

mapTTapel OpeIHAANansl (TekcepiHiz). ConaplkraH Poime Teopemach

f(b)—f(a)
b-a

6orpinma F'(c) = f'(c) - =0, aruu (5) TEHAIK OpBIH/AIATHIH-

JIai a<c<b Hykreci TaObuIabl.. “

Jlarpamx TeopeMachIHbIH MbIHa/1ali T€OMETPHUSUIBIK MarbIHAchl O6ap. (5)

TEHIIKTI M: f'(c) TYpiHIE ’Ka3caK, OyIaH KHCHIKTHIH

(a, f(a)) men (b, f (b)) wretki HykTeNEpiH KOCATHIH XOPJIAMEH KUCHIKTBIH
(c; f(c)) mHykrecimmeri sxaHamacel mapaaiens OomateiHmaii Ce(a,b)

HYKTeCi TaObUIATBIHBIH KepeeTeli (55-cyper).

(5) Tenmik axkpIpabl ecimmenepain (Jlarpan:xk) dopmynacel jgemn
atamanael. @ MeH b apaceiHmarsr ¢ moHin c=a+0(b—a), 0<0<1 Typme
XKa3y Keml jkarjainapnaa biHFainsl. Onpa Jlarpamk Teopemachl Kejeci

typae xaspuianel: f(b)—f(a)=(b-a) f '[a +0(b- a)], 0<0<1.
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VA

55-cypet
4-teopema (Komm). Erep f(X) mem ¢(X) dyaxuwmsuiapsr [@, b]
Kecinpicinge ysimiceis, (a,h) apanbiFeiHza TyBIHABICH Gap KoHe
vxe(a,b), g'(x)#0 Gonca, onna
fb)-f(a)_ '
g)-g(a) g'()

TEHJIr1 opeIHAaNaTeiHAal & € (a,b) HykTeci TaObLIabI.

¥ Teopema mapteiHan  g(b)—g(a) #0 anampI3, eliTkeHi oiai
6onmaca, sran g(b) =g(a) ©Oonca, onma Pomnbs Teopemacsl GoMBIHIIA
9'(€) =0 renuiri opeiHmanatein &< (a,b) HykTeci Tabbuiap eni, am oi
TeopeMa MmapThiHa Kaimbl. Keneci kemekmni QyHKIUSAHBI KapacThIpaHbIK:

f(b)— f(a)
= f(x)— f(@) - ———2.[g(x)— g(a)].
F(x)=f(x)-f(a) ()9 (@) [9(x)-g(a)]

F dbyukmusace! yiria Posuts TeOpeMaChIHBIH IAPTTaPhl OPBIH/IATA B
F oynakumsacer [a,b] kecimmicinne ysimiceis, (g,b) apanbiFbIHAA
TYBIHJBICKI 0ap xoHe F(a)=F(b) =0. Omnaii 6osica Possib TeopeMacht

oottbinma F'(€) =0 Gonarwin § e (a,b) mykreci TaGbuiapt:

f(b)—f(a)

— )= ey FO-F@) ey g
g(b)-g(a) x=¢ © g(b)_g(a)g(ci)

F'() =109~

Bynan (4) TenaikTi anambI3.
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Eckepry. Komm sxoHe Jlarpamk Teopemamapsl a>b  ymin ge
OPBIH]IATATBL.

5-reopema. [3,0] xecimpicinme ysimiccis xome (@,b) apambFreiHna
muddepeHnranaHaTeiH GyHKIUS Kemimeimin (ecneiimin) OOyl YIIiH
opbip X € (a; b) nykrecinge f'(x)>0 (f'(x)<0) mAPTHIHBIH OPBIHAATYH,
KKETT1 KOHE KETKITIKTI.

v JKemxinikminizi. piabiHaa na, a<X <X, <b Gonca, onma
[x,,x,] xecinzicinne JlarpamX TEOPEMAaChIHbIH LIAPTTapbl OpbIHAAJIA/IbI.
Onmnaii 6onca

f(x) = (%) =0%-x) f'(c), X <c<x, (7

TEHJITi OpbIHaanaThingai C € (X, X,) HYKTeCi TaObLiabl.
Erep (a,b) apameireinga  f'>0 Gonca, onga f'(C)>0 Gomamsl na,
(7) temmikren  f(X,)—f(%)=0  Hemece F(X)2F(x), X >X%

aJlaMbI3;
Kasycemminizi. Teopema miaptel OolbIHIIA, (YHKIUS KEMiMEHTiH

GonraHabIKTaH, opoip X, < X <D mykreci ymin f(X)— (X)) >0, nemex

LGRS >0, (X, <X<Db). Bynan, ¢pyskumsusy nuddepenmma-

X=X
JAHATBIHBIH ~ €CKEPCEK f'(%) = f'(%+)= lim fO) = (%) >0
X—>Xg+ X — XO
anmampz. 4

TyxbipbiM. Erep opbip X € (a; b) nykrecinge f'(x)>0 (f'(x)<0)
6onca, onna pynknus (8,0) apanersna ecneni (kemimeri).

¥ (a,b) apanewemmga f'>0 Gomca, omma f'(c)>0 Gomamsr na, (7)
reruikren f(X,)—f(X)>0 memece f(X,)>f(x), X,>X amampiz. =

Kepi mysicoipoim Opoic emec, siTHA, OEpiIIreH MHTEpBaNIa ecIeli XKoHe
muddepeHnnanaaHaTeiH  (PYHKIHUSHBIH TYBIHABICHI OChl WHTEpBa/ia OH

Gomys! MiHZeTTi emec. Mpicansl, Y =X> QyHKIMACH (—o0; +00) apaibl-

FBIH/IA ocrieli xaHe quddepennmanaanapl, 6ipak f'(0)=0.
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1-mpican. y=x>—3x*+1 QyHKIUSAHBIH MOHOTOHIBI APANBIKTAPHIH

Taly Kepek.
Y  OYHKUMSHBIH  TYBIHABICHIHBIH ~ TaHOACHIH  aHBIKTaHMBI3:

y' =3x* —6x=3x-(x—2) (on cyperre kepceriaren). TysHaB (—00;0)
xoHe (2;+) wunTepBanmapeiaga oH: Y'(X) >0 GomaTeIHABIKTAH, Oy
apajibIKTapAa GYHKIUS ©CIIei.

An (0; 2) apambreiama QyHkuus kemimeni, eiitkeni X e (0;2)
nykrenepinzne f'(x)<0.

Haszap ayoapeiywiz!  Ocwbl Mbicanmarel X =0, X=2 nykrenepin
MOHOTOH/IBI ~ apajbIKTapFa JKATKbI3y HEMECE JKaTKbI30ay  Typajbl
CYpaKTap/ibl TOMEHIE KapacThIpaMbI3. “

2-mbIcaa. Yy =shx= % (" —e™) dynkmusacer (—o0;+00) apanbFeHAA

y3iicci3 jxaHe y3imiceis quddepeHiaiiaHaib;
1
(shx)' = E(eX +e7¥)=chx>0, VXe(—0;+»0).

Conbimen Oipre limshx=—co sxone limshx =+ Ttenaikrepi

X—>—0 X—>+00
opeiananansl. Jemek, ShX ¢ynkumsacer (—00;+90) apanbFblHAa OcHer.
CoH/IBIKTaH OHBIH OipMoOHII y3iTicci3 auddepeHaigaHaThiH - Kepi
(dyHKIUsACH O6ap XKoHE OHBI Kesleci Typae Oenrineimi:

X=Arshy, —o<y<+w .

6-Teopema. Erep ¢yuxumsnbiy (8,0) wHTEpBaNBIHIAFHI TYBIHIBICH
Henre TeH 60JIca, OH/Ia 0J1 OChl MHTepBanaa Typakthl, srau | (X)=C.

v X €(a, b Gepiren nykre, an Xxe(a,b) ke3 kenren Hykre
6onceiH. Onpa Jlarpank TeopemMachkl OOHbIHILA
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FO) = f(x) =(x=x) () (8)
TEHIITI OpBIHAANATRIHIAW X; MEH X HYKTENIepiHiH apacklHaH C HYKTecCi
TabbuIaAbl (X HYKTECi X; HYKTECIHIH OH JKarblHIa HeMece COJ >KarblHIa
GonmyblHA OaifTaHBICCHI3, JKOFAPBIAAFBl eckepTydi Kapamsiz). (@,b)

apaneireiaga f'(X)=0 Gomrangeikran f'(C) =0, nemek, (8) TenumikTen
Vxe(a,b) ymin f(x)=f(x)=C. =

o

AnbIKTaMa. Ezep xo Hykmeciniy xaunoai oa 0Oip U (Xo)mecik
ManatiblHbly Ke3 KejleeH HyKmecinoe
f(x)-f -
(0-f(%) E - %) _ Oj ©)
X=X X—X,

mencizdizi opvindanca, onda xo nykmecinde Y= T (X) gyuxyuacor oceoi
(kemuoi) oetioi.

7-reopema. Erep f'(X,)>0 (f'&, X O Gonca, ouma y= f(x)
(DYHKIUSCHI X HYKTECiH e ocel (KeMuIi).

Y f'(x)=lim M TEHJIr OpbIHAATIAThIHIBIKTaH, € >0
X% X=X
canbl Oepijnce, oHza |X — XO| <0 TeHCI3AIriH KaHaFaTTaHABIPATBHIH JpOip
X # X, HYKTeCi yurH T0=106) f'(x,)| <& Hemece
X=X
f’(xo)—s<M< f'(%,)+e (10)
X=Xy

TEHCI3/1IKTePi AyphbIc OONATBHIH § >( caHbIH TaOdyFa O0NaIbI.
Erep f'(X))>0 OGomnca, omma e<f'(x)) (arum f'(X))—€>0)

oonatein €>0 on campin Tamman anem, (10) TeHci3AikTepAiH coi

f()— (%)
X=X,

KarblHaH VX # X, Xe€Ug(X)) nHykTemepi yurin >0 TeHci3mir
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opemganateiagail 0 >0 canpm (U s(Xy) MaHaiibiH) Tabyra Gomanpl, sruu
(hyHKUUSACH Xg HYKTECIHE 6Ce;
Erep f'(%,) <0 0Gonca, onma f'(X))+e<0 Gomarein £>0 caubiH

’
TaHJal aJbill (MBICATIHL, g:M>O) (10) TeHCI3HmIKTIH OH >KarblHAH

VX # Xy, X€Ujz(X) yurin M< f'(XO)—f'(XO): _ f’(xo)<0
X=X, 2 2

TeHci3airi opeHaanareigaii >0 cambin (Ug(X,) Mawaiibia) TaOyra

6oua e, onait 6osica f GyHKIUSACH Xg HYKTECIHIE KEMHI. -

Muicanvr: 1) f(x)=x>-3x?+1 dynxmmsace (1l-wsicanowvl Kapaywi3)
yurin X =0, X =2 aykerenepinge (9) maprrap opslHIaIMAKIbI: OUTKEHI
x>0 bosca (Wx: x=0 HYKTelnepi YILIiH)
f(x)-f(0) x*-3x*+1-1
x-0
(Exinmi  X=2 wykreciuge nae (9) maprrap OpbIHIAIMARTHIHBIH
tekcepiniz).  Jemek, X =0, X =2 HykTenepi (QyHKUUSHBIH ocy (Kemy)
apaJIBIFBIHIA JKATIIANIBI;

=x(x-3)<0, an X<O06omca, x(x—3)>0.

2) f(x)=x*dyskumsacer ymin f'(X)=3x*=0, srum X=0-
CTallMOHAp HYKTE XoHe Oy HyKTe MaHaiibingarbl VX . X #0 uykresnep
f(x)-f(0) x*-0

x-0  x-0
X =0 — QpyHKIMAHBIH 6CYy apaNbIFbIH/IA KaTa/Ibl.

YIIiH =x? >0 TeHci3miri opeHananel. Onaii Oosca,
Canpap. Erep (a,b) apanbirpiHga kemimeiitin Hemece ecreni f
(YHKIHMACHIHBIH OChI apajbIKTa TyBIHIBICH Gap Goinca, onma VX € (a,b),
£(x) > 0.
¥ Isiasiaga aa, erep /(X)) <0 Gomarsinmaii X, € (a,b) mykreci 6ap
Oosica, onma 7-teopeMa OoiibiHmia X, €(8,b) Hykrecinme f kemimeni

¢yHKuus 0onaabl, ann OyJ1 KENTIpiAreH TYKbIPBIM IIapThiHA KAHIIbL. 4
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Kpurnkansik HykTesepaeri GyHKIUSIHBIH CHIIATBI
(KochIMIIIa MaTepUaJ)

y=f(X) dysxkmmsceen Tysmasicel wenmre TeH f'(X)=0 memece
TYBIH/IBICHI KOK, HYKTEJIEp OHbIH KPHTHKAJIBIK HYKTeJIepi eIl aTanabl.

)fXx)=x- g X>+1  QyHKIUMSCHIHBIH ~ KPHTHKANBIK  (CTAIIAOHAD)
nykrenepi: f'(X)=5x* —5x? = =5x? (X2 —1) =0, x=0,x,=-1 x,=1.

N CHR. .
X, =0 nykrecinin |X| < ﬁ - maraiteiaaarsr VX . X # 0 mykrenep ymin

x-0 X X

5_§ 3 _ X3(X2_5)
f(x)-f(0) X —g¥+-1 3 (5)0
3

opblHAanazasl. JleMek, aHbIKTaMa OoibIHIa, X = 0 mykrecinge GpyHKUUA KeMU/I.

An, X, ==1, X, =1 - pyukuusnbin sxkcTpemym Hykrenepi (§6.1, 1-reopema).

2)  f(x)=, /|X| byukupsiceiabiy, X =0 HyKTese  TYBIHIBICHL  KOK.

[IeaBpIHAA A,

i —>—JL@{-JL@:Q—JLO ? i (
f’<°+>=x'Lf9+J'f'—JmJ'J Jmf . (

Byn temmikrepaen X =0- QyHKUUSHBIH JOKAJABLAI MHHAMYM HYKTeci
ekenin kepemis (§6.1, 1-reopema): f (0) =0.

3) f(x) :3/; dynxmmscsr ymrin /(X)) = 3\/_ OOJIFaH IBIKTaH,

7-reopema Ooibirma, X =0 — QyHKUMAHBIH 6CY HYKTEC.
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4) f(x)=3x* dynxumsceasin X = 0 HyKTeAe TYBIHABICE %OK. LIIbIHBIHAA

3/.,2
na, f(O—)—Iwn—li——lnn 1 == —o0;

x—0- X x—0— {’/;

f'(0+)= lim —
( ) x—0+ X xa0+§/;
byn rtenmikrepmnen X =0- (yHKUMAHBIH JOKAJALAI MHHHMYM HYyKTeci
ekeHiH kepemis (§6.1, 1-reopema): f (0) =0.

3(x-1), x<1,
5) f(x)= GyHKumsCHHBIH X =1 HykTeciHZe TYyBIHABICHI

(x-1), x>1

F(0-f@) _3(x-1)-0

*OK (Tekcepiniz). Erep X <1 Gomca, onna
x—1 x-1

=3>0; amn,

f(x)-f@) (x-1)-0
x-1 x-1
Goiisrama, X =1 — QYHKIUSHBEIH 6Cy HYKTEC.

X>1 6oxca, onma =1>0. Omaii Oojyica, aHBIKTaMa

l
xmn X %0, )
6) f(x)= (Qynkuusacel yuiin X =0 — KpUTHKAJIBIK HYKTE.

0, x=0
bipax Oy1 ecy HykTeci e, O3KCTpeMyM HyKTeci Je emec. OWTKeHi,
.1 1
, 2xsin——-cos—, x=0, , .
f'(x)= X X TYBIHABIHBIE X = 0 HYKTeHIH MaHaNbIHAAFbI

0, x=0

.1

2

x“sin=-0

tagOacel TypakTel emec. COHBIMEH Oipre, F)-1(0) = X =Xsin—
X X X

opHerinin ge X = 0 HyKTeHiH MaHaWBIHAAFBI TAHOACHI TYPAKTHI EMEC.
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§ 5.5. Jlonutans epexeci

. 0 o . . )
Jlonurans epexkeci 6; — TYpiHAETi aHBIKTAIMaraH OPHEKTEePIiH
o0

IMEeTiH KoHe Tarkl 0acka  aHBIKTaIMaFaHIBIKTAPABl  anreOpaibIk
TYpPACHIIpYIEp KOMETIMEH OCHl Typjepre KenTipin, omapabl (yHK-
OUSUTApbIH  TYBIHIBUIAPBIHBIH KATBIHACKIHBIH IHETi apKbUIbl €cerTeyre
OKeesi.

Teopema (Jlonutanan epesxeci). f(x) men §(X) dynxumsamaps!
X =4a HYKTECiHiH MaHaibIHIa (& HYKTECi aJIbIHBIN TACTATybl Ja MYMKIH)
AHBIKTAIIFaH, TYBIHIBICHI 0ap YKOHE

limf(x)=1limg(x)=0 memece lim f(x)=limg(x)=o
X—a X—a X—a X—a

0OJICHIH, COHBIMEH Oipre a Hykrecinin mamaibima g(x)=0, g'(x)#=0

. f(x . . f(x
mapTTapbl opbiHAaICkH. Erep lim ,( ) nreri 6ap 6osica, oHaa IImL
x-a ( (x) x—a g()()
reri e 6ap jkoHe Kejeci TeHAIK OpbIHJaIa Ib:
lim 1) _ jjm T 1)

X—a g(x) x—a g’(x) '

Byn myscoipeim X —>a+, X—>a-, cOHblMeH fipze 8 HAKmMuvl can
Hemece axpipcoi3 (=0 ) fonzan Hcaz0ainapoa 0a opeblHOAIAObL.

¥ Teopemansbl & HaKThI caubl sxoHe lIM f(X) =limg(x) =0 ymrin
X—a X—a

.. 1
Jonengeiiik (erep @ =co 0Oosca, oHAA X =1 aybICTBIPYBI APKBLUIBI OHBI

a=0 »arnaiibiHa KeNTipeMi3).

Erep f(a) = g(a) =0 gen anem, f nen g (hyHKIUSIIAPBIH KETKi3e
aHbIKTacak, OHJa Oyl (YHKUMSIAp a HYKTECIHAE Y3iiicciz Oosaipl,
oitkeni  limf(x)=0=f(a), limg(xX)=0=g(a). J[emek, f men ¢

X—a X—a
¢dbysknumsapel [a,X] keciHziciHAe y3imicciz (X>a Hemece X<a ) kKoHE

(&, X) apanbirbiana muddepenimanianathin GyHkiuanap. CoHIbIK-TaH
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f0-f@_f@  fx_f@Q
g(x)-g@ 9g'E)’ g(x) g'¢)’

£ e(a,X) Tenniri operaanatein &€ (a,X) HykTeci TaObLIaIbI.

Komm teopemackl OoiibiHIIA

Erep X —>a ywmreuica, oHma §—a yMmThUIambl, onail Ooica TeopemMa

mapThl OOWBIHIIA [Ilm )

mrek 6ap 60J1caj
x-a g (X)

FO i F @ _ iy O -
oag(x) ag'(f) xag'(x)

An lim f(x)=limg(x) =c karmaiibIHBIH JAJIENACYiH, MbIcANb, [4]
X—a X—a

Kapayra 0oJiaibl.

l-eckepty. lim——= f(x) mreri 6ap 6oica ga, lim Y mreri 60aMaybl
x>a g(X) x>a g'(x)
x? -sin1
MYMKiH. MBIcambl, I|rr(1)_—X=|sian X, X—>0|=
x>0 Sin X
1
1 (XZ -smj Zsinl—cos1
=limx-sin==0, 6ipak lim — =i X X Ireri oK.
X0 X x—0 (s|n x) x—0 COS X
f'(x) . 0 o ) .
2-eckepTy. Erep —— epHeri ge — Hemece — TypiHzeri
g'(x) 0 o0

anbIKTanMaranasK 6o, f'(X), 9'(X) dyHkMsIapsl TEOpEMa MAPTHIH

fx) .. f'x) . f"(x)
KaHaraTTaHabIpca, oHga lim——==1im =lim —.
x—a g(x) x—a g ()() x—a g ()()
By tenuikrepni, erep ymiHm ek 6ap OoJca, OHJA eKiHII JKoHE
OipiHIi mekTep Je 6ap 00Iaabl AT TYCIHY KEPeK.
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a

.o X
1-mprcan. Jlonenney kepex: lim—-=0,a>0,a>1.
X—0

Y MyHma — TypiHIETi aHBIKTaJIMaraHABIK CeKCHIH KepeMis.
o0

Jlonurans epexxecin K per (K>o) KomgaHbIm, Kelleci TEHAIKTI ajJaMbI3:

X afa=1)..(a—k+1)x**
lim—=Ilim (0=1). - ) =0. -
x>0 X x>0 ot (|n a)
. Inx
2-mpicai. Jlonengey kepek: lim——=0, o >0.
X— X
v JlomuTasb epeKeciH KONJaHaAMBbI3:
. Inx 1
lim—=lim =0. ~

x—0o X% x—o o« X*
An 0-00, 0°, 0°, oo—o00, 1” TYPIHZETI aHBIKTaJIMaFaHIbIKTap

) 0 0
anreOpasblK TYPICHIIPYJIEP AapKbLIbI 6 HEMece —  aHBIKTaJIMaraH-
o0
JIBIFBIHA KENTipiei.

a) 0-c0 aHBIKTaIMaraHIBIFBIH

(f(x)-9(x), f(x) >0, g(x) >, x—>a)

f(x)-g(x)= 1) TYpJICHAIPYi % TYpiHe,

L
g(x)
an f(x)-g(x)= gg_x) TYPJICHAIPYi N TYpiHE OKeNe/Ii.
Q0
f(x)
3-mbican. Jlonenyey Kepek: |ingx°‘ Inx=0, a>0.
X—>
1
L . Inx (o) .. X 1. .
Y limx*Inx=lim—=| — |=lim—"—=——limx* =0. «
x—0 x—0 X% 0 x—0 —gX "¢ oL x—0



6) 17, 0° o (f(x)°™) — amBIKTANTMAFAHIBIKTAPBIH TYPICHIIPYICP
apkpuIel 0-00 TYpiHe (8) JKarmaiiplHa) KenTipyre Oomabl.

A-mpican.  lim(x—1)"* = (0°) = lim "D =
X—1+ X1+

lim
X—1+ i

=(0-0)=e I =e

In(x—l):(fj lim M

x—=l+ (1 . _xIn?x
m lim 71
= @xly X=

[e o}

0

B) An owo—owo (f(X)—g(x), f >+40,g—>+0(X—a)) aHbIKTAI-

2
lim (—x)- lim "X 70 _ lim 20X
= px-l+ x—=l+ X=1 _ =g x>+ X = eo =1.

0 . .
MaFaH/IbIFbIH o TYpiHE KenTipyre 60omaabl:

11
1 1 g f 0
f— == — =
TTTTTI 1 o
f g fg
5-mbIcad.
. 1 . (cosx 1 . [ xcosx—sin X 0
lim| ctgx—= | =|oo—oo| =lim| =——= | =lim| ———— |=|1|=
x—0 X x>0\ sinx X x—0 XSin X 0
. (xcosx—sinx) |0 . cosx—xsinx—cosx |0
=lim =|—|=lim—= Y
=0 (xsinx)’ 0| *»0  sin x4+ Xcos X 0
. —xsinx) . —Sin X — XCos X 0
=lim ( ) !:Ilm —— =—=0
X*°(sinx+xcosx) x>0 COSX+COSX—XSINX 2
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§ 5.6. Teiisop ¢popmynacsl

Kenmymesikke apuanran Teiisop popmyJiacel

Bepinren
P(x)=a, +ax+a,x’ +---+a,x" ()
KOTIMYILENIriH X— X, OMHOMBI OOHBIHIIA XIKTEY Kepek OonchiH (X, —
Oepinren can). by ecenti menry axicTepiniH O0ipi TOMEHAETIACH.

P(X) = Ag + A (X=X0) + Ay (X=X5)7 -4 A (X = %) )
apKBUIBI i3/1eMiHTeH KikTenayai oenrinen, Ay, A,..., A, xoddunmenr-repin
TabaibiK. (2) TeHaikTe X =X, mem ancak, Ay = P(X,) amamsi3. (2) TermikTi
muddepeHnmaniacax,

P'(x)=4, +24,(x—x,)+-+n-4,(x—x,)"
wbFanel 1a, Oyman  x =x, necek, A4 =P'(x,) Tabampbiz. Exinmi per
muddepeHnuaniayiad Coy

P'(x)=24, +3-2 - A,(x —x,) +-+nn—-1)- 4 (x—x,)""
P"(%)

21
Ocbl mpomecti Kaitanaii Oepcek, Keneci >Kalmbsl (QOpMylaHbIH

UIBIFATHIHBIH KOPY KUBIH eMec (OHbI MaTeMAaTHKAJBIK WHAYKIHS dIICIMEH
Jie nanenaeyre 0omabl)

IIBIFAJIBI 14, MyHZIA X =X, Jen ajicak A, =

P(k)(xo)

A = , k=012,...,n. 3

byn koaddunmentrepmi (2) TEHIIKKE KOMBIN, KOMMYIIETiKKe
apHanras Telnop ¢popmynacsiH:

(”’( %)

P = P(t) + POX)(X ~ 1) + o2 (1) oo+ U8 G

aJlaMbI3. COHLIMCH,
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n pk)
P(X)=ay +aX+a,x° +..+a,x" = ZP_W

2 (x=%)" @

1-mpican. P(x) =1—2x+3x? —4x® xermyuremirin (X+1) GHHOMBIHBIH
Jopesxeci OOMBIHIIA JKIKTEY KEepEeK.
¥ Mysna X, =-1. (3) dopmynansl nmaiinanaHanbIK:

p( y_( 2+46x-12x%)| 4

A, =P(-1)=10; A = . =-20,
_ P”(—l) _ (6 - 24X)|x:—1 _ % =15
21 21 2 '
P"(-1) -24
= :—:—4; = =...=0.
A 3! 6 A=A
Ounaii 6oJca,

1-2x+3x* —4x* =10-20(x +1) +15(x +1)* — 4(x +1)°. -~

2-mpican. P(x)=(a+x)", neN, neN sxone X, =0 Gosucbin. Onna

y P(k) (0) &
(4) ¢dopmyna  GoiibiHIIA, P(x)= Z KOHE  MyHJa

P®WO)=n-(n-1-..-(n-k +a"™* 60nFaHm>H<TaH,
L n(n—l)...(n—k+1)gn_kxk

(a+x)" =2 )
k=0 k!
n-k
ajmamseI3. MyHa n(n-1)..(n-k+1) = n! = C: TEHJIITIH eCKepil
k! k! (n-k)!

n
(5) temmikti (a+x)" = CKa"*x* rypinne xasza amams3. Byn Heroton

OMHOMBIHBIH (HOPMYIIAachl EKeHi Oenrii.

@Oyukuusiiapra apHaaran Teiinop ¢opmyaacel. X, HyKTeciHiH
oenrimi 0ip U(Xo) manaiibinaa f(X) GyHKIMACHIHBIH N-1Ii peTTi y3iiicci3
TYBIHIBICH O6ap OoschkiH. JKorapsiga Kapacteiprad N-mri gopexeni (N< N )
Teilnop KeNMYyIIeTiriH x&a3aibIK:
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P (X) = zf(k)(xo) (x-%), n<N. (6)

P,(X) xemmymreniria Oepinren f GyHKIMACHIHBIH Kaumail ma Oip
JONJIKIICH KYBIKTaybl (QaNMPOKCMMAIMSCHI) Jiell aidyra OoJajpl.
Myszarpl KaTeJdikTi (01 KauablK myuie gern artamansi) I (X) apKpuisl
Oeirijiecek, oHaa

f(x) =P, (X) + 1, (). (7
Enni X=X, YMTBIIFAHIQ r(x) KaJIIBIK Myleci

n .
r(X) =o[(Xx—X,)"], sran (X —X,)" -NeH canbICThIpFaHaa >KOFapbl PETTi
aKbBIPChI3 KilllkeHe ama 6os1atbiHbiH ([leaHo Teopemachl) kepceTerik.

||mM:
x=% (X —Xp)"

(-1 0+ T/0) (K= ) 08 ()2 e T 08) ey
— ||m 2 n!
% (x=%)"

LIETIHIH aCTBIHAAFEI [9 aHbIKTaJIMaraHAbIFbIH amyfra Jlonurans epe-
0

JKECiH N peT KoinaHaMsbI3, ( f ™(x) TYBIHABICBIHBIH Y31IicCi3airi eckepineni)
. r (X
lim R0 — =
e (x=%)

/o) =] F/06)+ £ (%) (X =% ) +-. +( _(I;)(X_Xo)nl

X% n(x—x)""
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Vur{ﬂun+m+fm““u—%r*}

. (n=2)!
= lim — =..=
X=X n(n—-1)-(x—x,)
FO ) -[F™ ()]
Cxo% n(n-1)---1 -
Ouaii 6oiica,

I, (%) = o[(x—%,)"]. (8)
ConbiMeH 0i3 Keseci TeopeMaHbl JoJIeTICiK:
1-reopema. Erep f Gpynkumsicer X, Hykrecinin kanmgai aa 6ip U (X,)
MaHaiiblHma N per ysimiceis mubdepenimanganca, ouga VX eU(X,)
HYKTeJIepi YIIIiH KeJeci TEHIIK OPbIHAaIaIbl:;

®)
(%)= zf “”u—%f+du—%w1 ©)

(9) renmikti (8) kamabpik mymeci Ileano Typinmeri Teiisop
¢opmyaacel nen aTaiabl.
Hepbec sxarmaiina X, =0 Ooica, onaa (9) TeHmik Keneci Typre ue

Oomansl:
(0 ;
=35 O o0 (10)

(10) TemmikTi KaMABIK Myleci Heaﬂo Typingeri MakJjopeH
dopmynacsl gen aTaisl.

Mpican. f (X) =sinx q)yHKuI/IﬂCLIH Xy = 0 HYKTeciHiH MaHanbIHAA
yurinmi jgopexeni Py(X) Teisop KenMylueniriMeH anmpoKIuMaIusiay
Kepek.

¥ Ecenrreiimis: f(x)=sinx, f'(x) =cosx, f"(x) =-sinx,

f"(x)=-cosx, oymam f(0)=0, f'(0)=1 f"(0)=0, f"(x)=-
3
anamb3. Exai (10) dopmynansl naiiganancak, SinX = X — % +o(x?). ~
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Erep U(X,) Mmanaiibiana ¢ynkmusaei  (N+1) -mi  ysimiceis
TYBIHABICHI Oap OoJca, OHAa KAIABIK MYIIEH] TaTipeK )ka3yra 00maibl.

2-teopema. Erep X, wnykrecinig U(X,) wmanaiibiaga f ¢yakius-
celHbIH  (N+1) -mmi y3imicci3 TybIHABICH Oap OoJyica, OHNA Ke3 KelreH
xeU(X,) yurin

n £ f (n+D)
00 = 3oy e Boe o,
opbIHIANAThIHAAN, C € (X, X) (Hemece C € (X,X,)) HyKTeCi TaObLIAIBI.

(11) remmik waagplk wmymeci Jlarpanwx Typingeri Teiiaop
OpMYy.J1achl JIeT aTalapbl.
pMY.

v fX)= im(x—xo)n 1% )
ko k!
TEHJIIriHEH (%) =1 (%) =..=1"(x)=0, (12)

an (X—x%,)"" =@(x) mem ancax,

P(%) = ' (%) = =™ (%) =0 (13)
00JaTHIHBIH KepyTe 00ajpl (Ke3 KEeTKi3iHi3).

r(x) mem o(X) oyuxuusnapsiHa [Xy, X] D [Xy, X 12 D [%y, X, ]
kecinainepinae Komu teopemacein (N+1) pet xommanameiz ((12); (13)-
TEHIIKTEPI eCKepiIei):

0O _L00-100) | m06) _ K00 -r() _
o(x) o) -e(x)y  9'(x) @, 04)—;(%)
) U 06) Y 060) =1 06) _ ™Y (%)
9"(%,) 0, (%, ) o™ (%)= 0™ (%) (Pﬁnﬂ)(xml) ,

X € (X0, X), Xy € (%o %)y Xnyg € (X9, X))

142



Ennmi (p(n+1) (X,,1) = (N+D)!, rn(n+l) (X,0) =T (n+1) (X
L) _f (e (Xps1)

ns1) —0 epHekTepiH

COHFBI TEHIIKKE KOMBIII, (P(X) = (n+1)! HeMece
(009 =(x=2)"" X1 =¢)

(n+l)(c) n+l 14

000 =y %) (14)

anambl3. MyHparel C= X, HYKTeCi X, MEH X HYKTEJIEpiHIH apacblHAa

xatblp. (14) nen (11') renmikrepineH (11) TeHaik anpiHaabl.
(11) rtenmixkre X, =0 Oomnca, oHga KamablKk Mymieci Jlarpanxk

Typinaeri MakJiopen ¢opmyJachbIH MBIHA TYp/e:

F O« f ") s :
f(x)= g% o Xty X e (@9

JKazyra 00aael (MYHIAFEI X OH HEMece Tepic OO0Iybl MYMKIiH).

Eckepry. Teiinop ¢opMynacslHbIH KalAbIK MYyIleciHiH Oacka na
Typepi 6ap exeni Oenrimi. Mpicanbl, Ko TypiHAeTi KaIIbIK MYIIIE:

@-0)"- f "D [x; +0(x—x,)]

r(x)= : (x=x)", 0<06<l
n!

§ 5.7. Heri3ri asiemenTap pynkuusiiapabin Makiaopen
dopmyanacel

Keiibip Herisri anemeHTap (yHKUMsUIapAblH MakiopeH ¢opmya-
JapbIH jKa3aibIK:

1) f(x)=¢".
¥ Ecemreiimiz: f(X)=f'(x)=f"(x)=---=fW(x)=€*, Gyman
f(0)=f'(0)=f"(0)=---= f M) =1, f"P(c)=e".

Jlarpamx Typinzeri kanapirsl 6ap Teiiop popMynachiH xKa3aMbl3:
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SR X2 X"
—X"+ 1 (X)=1+X+—+--+—+T1, (X

kgok' (x)= T Rl
c, N+l

e°x R
rn(x)_m, c<(0,x).

2) f(x)=sinx.
v 59m4-mpicansiaga M (X) = (sinx)™ =sin (X +n- gj, neN,
TeHJIr kepcetinreH eni. by renaikten, erep X =0 Ooca, oHa
0, n=2k
f(”)(O):sin(0+nE]:sinE: k
2 2 |(-D%, n=2k+1 k=012,...

anmambI3. by MoHzepai Makiiopen ¢popmysackiHa KOWcak,

. X 2v1
SINX = X——+__.,,+(_1)v
3! 5l 2v-1!

+ r2V(X);

sin[0x + (2v +1) 7]
r,, (X)= 2"y 0<@<l. =
& (2v+1)!

3) f(X)=COSX ¢yHKIMACH YIIiH Je aTIBIHFBI MBICAT CHAKTHI Keleci

TEHIIKTI aJIaMbI3:
2 4 2k
X° X X
CoSX=1- "+ —+(-D)* =—+r1, ,(X);
2! 4 (2k)!
Keneci TeHaiKTep/IiH TYPHICTHIFBIH TEKCEPIHI3ACD:

2 xX* x

4) In(1+x) = X= Dt L - +r(x) x> -1:
5) @A+x)" =1+mx+%x2+---+
m(m+1) .(m-n+1) ,

X"+r,(x), meR.

n!
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MaknopeHn ¢opMmynacklH KOJNIaHbll, (YHKOMS MOHIH OepiireH
JONIIKIIEH €CeNTeyre XOHE eCeNTey KATeNirH KaNIbIK MYyIIe apKbLIbI
Oaranayra 0oJab.

Mbican. v/e Mmouin ¢=0,0001 geifinri gongikmnen €CenTey Kepek.

v y=e* (ysxkuusceiHbIH Makioped QopMynackid  (MbICAIbI,

1 . N
Jlarpamx KanabIFeIMEH) X = > HYKTecl YIIiH jKa3aibIK:

c

1 ¢
5 1 1 1 1 e?
Je=e?=1+=+ + et + :
2 22.21 28.31 2".nt 2™ (n+1)!
1 = 1 1

Mynna 0<c<—=, €2 <2, COHIBIKTaH I, |— (< :

2 2) 2"-n!
by TeHci3mikTeH N=5 ymriH: I, 1 <#<O 0001 anamsI3
v Y2 ) 52720~ '

Ouaii 6oiica

11 1 1 R
«/€_1+§+22.2!+23.3!+24.4!~1,6487.

Cypakrap MeH TancbipMaJap

1. OYHKUUAHBIH HYKTEAETI TYBIHIBICHIHBIH JKOHE OIpXaKThl TYbIH-
JBUTAPBIHBIH,  aHBIKTaMaJaphlH KeNTipiHi3. OnapaplH apachIHIAFbI
0ailIaHBICTHI KOPCETIHI3 )KOHE MBICAJ KEITIiPiHi3.

2. @OyHKIMAHBIH OepiireH HYKTeNeTi akbpIpibl TYBIHABICHI MEH Y3ijic-
CI3IIITIHIH apachIHIaFbl KATHICTBI TYCIHIIPiHI3. MbIcan KenTipiHi3.

3.  TybIHIBIHBIH TEOMETPUSIIBIK JKOHE MEXAHHWKAJIBIK MAaFbIHACHIH
TYCIHAIpiHI3.

: Ay y y
4. f'(xX)=lim E:OO OOJIaTBIH JKaFIAMJIapAbIH OPKAWCHICBIH MBICAT
Ax—0

(rpacuk) apKpLIBI TaNga KOPCETiHI3.

5. Herisri osnemeHTap QYHKUMSIIApABIH —TYBIHABUIAPBIH — aHBIKTaMa
APKBLIbI ECENTEHI3.

6. Exi GyHKIUMSHBIH KOCBIHIBICHIHBIH, KOOEHTIHAICIHIH, OOJiHAICIHIH
JKOHE KYypAen QyHKIMS TYBIHABICHIHBIH (POPMYyaiapblH KOPBITHII
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

HIBIFAPBIHBI3. MBIcagap KeNTipiHi3.

y=u(x)"®, u>0 rypingeri (YHKIUSHBIH  TYBIHIBICHIH €CEnTey
QICIH TYCIHIIPiHi3. MbICaT KENTipiHi3.

I'unep6onanbiK GyHKIMSITAPABIH TybIHIBIIAPBIH Ka3blll, TYCIHAIPIHI3.
Kepi pyHKIIMAHBIH, TapaMeTp apKbUTHI OepinreH (yHKINUSIHBIH, alKbIH
eMec Typae OepinreH (yHKIUS TYBIHABUIAPBHIHBIH (OopMyaiapeiH
JKa3bIM, OJlapFa MBICAJIAp KENTipiHi3.

Oyukuua audQepeHNaTbIHbBIH aHBIKTAMACBIH KeNTipiHi3. DyHKIws-
HBIH OepinreH HykTene nuddepeHnnanianyblHbIH KPUTEPHIl Typassl
TeopeMaHbl ISJIEIICHI3.

Keneci exki TYKBIPHIMHBIH albIPMAlIBUIBIFBIH TYCIHAIPiHI3: « PyHK-
YUAHBIH X HYKmeciHoe mybinovicol oapy; «@yHKyus X HyKmecinoe
oudhghepenyuanoanaowy.

Exi (yHKUMSHBIH KOCBIHIBICBIHBIH, KOOCHTIHAICIHIH, OOJiHAICiHIH
nmuddhepeHInaNBIHBIH (OopMyJIalapblH JKa3blll, ONAPAbl TAJIENACHI3.
HuddepeHnmanasl  KyBIKTall — €CeNTeyre KOJAAHYIbIH  HETi3iH
TYCIHAIpiHI3.

OyHKIUSHBIH  KOFapFbl PETTI TYBIHIBICHI Typaibl He Oineciz?
Jle#tOHuUI popMyITachIH JKa3bIIl, OHBI MBICA APKBUTBI TYCIHAIPIHI3.
OyHKIUSIHBIH KOFaprel  perTi  auddepeHnuansiably  (HopMynackiH
JKa3bIHBI3. MbICaJl KEITIpiHi3.

Tysmgbapel 6ap OomatelH (yHKuMsiap Typaisl Pepma, Pomb,
Komm, Jlarpamwx TeopemManapblH TYKBIPBIMAAHBI3 JKOHE OJapIIbIH
TeOMETPHSIIBIK MaFbIHAIAPBIH TYCIHAIPIHI3.

TyemHaputapel  OepiiTeH  apanblKTa OH, Tepic, Hex OoNaThH
GYHKUMSUIApABIH CHIIATBl Typalbl TeOopeMalapAbl TYKbIPHIMIAHBI3.
Mpicas KenTipiHi3.

Jlonurane epexeci Typajbl TEOPEMaHBl TYKbIPBIMAAHBI3 JKOHE OHBI

MbIcanaap apkpuibl 0 - oo, OO, w—o0, 1° oHE T.C.C. aHBIKTAIMAa-

FaHJIBIKTApP/IbI AlllyFa Kajlai KoJaHyra 00JaThIHbIH KOPCETIHI3.
Kanaeik mymieci Ileano TypiHzgeri skoHe KalJblK Mytieci Jlarpamxk
typinzeri Teinop ¢opmynanapein xa3eiHb3. Kangaii sxargaiinga Oy
dopmynanap MaxnopeH ¢opmyranapsl Aem atanaibl?

Keii6ip Herisri snmemeHrap QyHKIusmap ymiH ~ MakiopeH
(bopmynanapbiH KeNTipiHi3.
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6. DYHKIUAJIAPADBI TYBIHABIJIAP APKbL/IBI 3BEPTTEY

§ 6.1. DynkuMAIAPABIH JOKAJIBAI IKCTPpeMyMAepi
QOYHKIHAAHBIH JIOKATBAl JKCTPEMYMIEpiHIH aHBIKTaMalapbhlH ecKe
Tycipeitik (§5.4 kapaHbI3).
Erep f:E—>R GyHKUMACHIHBIH aHBIKTaNy alMarblHIarbl CeE

aykrecinig Uy (C)=(C—9, C+0), MaHailbIHBIH GapibIK X HYKTeIepi yuriH

f(x)< f(c) ( f(x)>f (C)) TeHcizairi opeaanareiaai Uy (C) manaiibl
Ta0BIICa, IFHU

Vxe(c—93, c+d), f(x)<f(c) Q)

(Vxe(c-8, c+3d), f(x)=f(c)) 2

TeHci3airi opsiHmanateiHmaii 8>0 camel Oap Gomca, omma Y= f(X)
(GYHKIMACHL C HYKTECIH/C JOKAJABAI MakcUMyM (JIOKaJbIi MHHHUMYM)
MOHIH KaObutHaimel, aevmi. by karmaiina, ¢ — (YHKIMSHBIH JIOKaJIbA1
MaKCUMyM (MHHUMYM) HYKTECI, JeHIi.

Erep (1) xone (2) mapTrapabt

vxe(c-9, c+d), Ff(X)<f(c) )

(vxe(c-68, c¢c+9d), f(x)>f(c)) 2"

HIAPTTAapbIMEH AaybICTBIPCAK, OHJAA C JIOKAJNBAI KaTaH MaKCHMYM
(Jroxkanbai KaTAaH MUHHMYM) HYKTeCI €T atanabl.

Enmi  QyHKIUSHBIH JIOKQIBII 3KCTpEeMyMJIEpiH Taly CypakTapbiH
KapacThIpalbIK.

AubIKTama. FEeep f:E—>R Qyskuuwsicel X, €E  nyxmecinoe
y3inicciz ocone T'(X,) =0 menoizi opuinoanca nemece f'(Xy) mywvinowvicor
JicoK  boaca, onoa X, wuyxmecin f:E-—>R  gynxyuacoinviy
KpUmuKaavlK nemece KyOikmi HyKmeci Oen amatiobi.

byna#, f pyHKIMSICBIHBIH SKCTPEMYM HYKTECI — OHBIH KYIIKTI HYKTECI
OonaThIHBIH KepeMmi3 (erep X, - SKCTpemMyM HyKTe Ooica, oHma depma
Teopemachl OoibiHIna Oy Hykreae f'(X,)=0, memece f'(X,) TybiHmsI

KOK).
Byran kepi TyKbIpbIM OpbIHJIANIA OepMelii, SIFHHU, GYHKIUS KYIIKTi
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HYKTeJle SKCTpEMyMre He 00mMaybl MyMKiH. MbIcanbl, Y = X° (yHKIHACH
yuie X, =0 kymikri mykre: f'(0) :3X2‘ .= 0. Bipak X, =0 ¢ynkuus-
X=

HBIH OKCTpeMyM HYykTeci emec, Y =X’ OQyHKIMACH Ke3 KejreH
VX € (—o0;+00) HYKTENEp/e OCIeri.
CoHbBIMEH, X, QYHKYUsHbIY IKCMpeMyM HyKmeci OONybl YuliH, OHbIH

KyOikmi HyKme 001ybl HCemKIJIIKmi emec eKeH.
Enni skcTpeMyMHIH JKeTKITIKTI IIAPTTAPBIH KENTiperik.

Xo — KPHUTHKAJIBIK HYKTE OOJICHIH.

1-teopema (9xcmpemymnviyy  ycemkinikmi wapmer). Y= f(X)
byukmmsicer (X, —98; X, +90) Kecinaicinme ysimicciz xone (X, —0; X,),
(Xo; X, +0) apanbikrapbifga auddepeHIraIIaHaThIH OOJICHIH.

Erep (X, —98; X,) xome (X5; X, +90) apambikrapeinga  f'(X)
TYBIH/BICBIHBIH TaHOAJapbl Kapama-Kapchl Ooica, oHAA X, — SKCTPEMyM
HYKTeci. ATan aiTKaH/a,

a) erepVxe Xe(X,—9; X,) ymir  f'(x)>0,an  Vxe (X5; X, +9)
yurin f'(X) <0 Gonca, oHma X, — JIOKaJIbAi KATAH MAKCUMYM HYKTECH;

0) erep Xe(X,—9; %), f'(X)<0, an xe(X;; X, +9), f'(x)>0
Oosnca, oHa X, — JOKaNbJi KaTaH MUHUMYM HYKTECI;

B) (X, —90, X;) xome (X,; X,+90) apanbikrapeinga f'(X) tanOace
Oipaeii Oonca, oHIA X, HYKTECiHJIE JIOKaJb/Ii SKCTPEMYM HKOK.

v a)-ubl jponenzeiiik. f dynkumscer [X,—90; X,] kecimmicinme
y3imiccis xone f'(X) >0 6Gomrangsikran, (§4.4 5-TeopeMa), ochbl KeciHmine
(hyHKIUS ecrieni, SFHA

Xg—0<X< Xy,  F(x)< (%) (3)

An f pynkuusicsr [X,; X, +08] xecinaicinme ysimiceis xone f'(X) <0
OosraHzpIKTaH (§5.4, S-Teopema), ochl KeciH e QyHKIUS KeMiMeli, SFHU
Xg S X< X +9, f(x)>f(x). 4)

(3) nen (4) rennikrepaen VX e (X, —&; X, +90), f(x)< f(X,)
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anamsbI3, SiFHU T QYHKIMACH X, HYKTECIHIC JIOKAIbJI KaTaH MaKCHMYMIe
re OOJIaTBIHBIH KOpPEeMi3.

0) MeH B) XarJaiylapblH JANIETACYAl 037epiHi3re YChIHAMBI3. 4

YA y A

I

| \/

I

[

| I

| [

. ! >
0 X, ; 0 X, X

56-cyper 57-cyper

ConbpiMeH 1-Teopema OoWbIHIIA X-TiH ©cCy OarbITBIMEH X, HYKTecCi

apKbUTbl OTKEHAC (QYHKIUS MYbIHObICHBIHbIH MAHOACHL. «+»-TCH «—»-Ke
e3repce, OHIA Xo (YHKIWMSHBIH JIOKANbIl KaTaH MaKCHMyM HYKTecCi
(56—cyper); am om «—»-TeH «t»-Ke e3repce, OHIAA Xo — (QYHKIMSHBIH
JIOKaIbJIl KaTaH MUHUMYM HYKTeci (57-cyper).

Hazap ayaapeinbiz. Mynna (X))  mywinovicoinoiy 6ap 6onye
mypanvl manan xcox, bipax f @ynxyusacer Xg nykmecinoe yzinicciz (56-57
cypemmezi Mblcandap ocCul Ha20auaapobl Kopcemeoi).

1-Mbican. Y= (YHKIUSICBIHBIH AKCTPEMYM HYKTeNepiH Tady

1+x°
KepeK.
v y- —2X
1+ x?)°
kepemis. @Dynkums X, =0 Hykrecinge ysimiccis. Mynma X<0 0Oosca

=0 Tenuirinen X, =0 KYZIKTI HYKTE€ EKEHiH

y'>0, an x>0 Oomnca Y <0, sruuX, =0 HyKTeCI apKbUIbI OTKEHIE

(GyHKUMS TYBIHABICBIHBIH TaHOAachl «+»-T€H «—»-Ke esrepeni. Jlemek,
1-teopema GoiibiHma X, =0 — QYHKUMSHBIH JOKAJIb/i KATaH MAKCHMYM
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HYKTEci. “

Eckepty. 1l-Teopemara Kepi TY)KBIPBIM OpBIHIANAa OepMEWmi, SFHH,
(hYHKIUSHBIH TYBIHABICHI KapaMa Kapchl TaHOara ue 0OJaThIH 3KCTPEMYM

HYKTCHIH MaHaMbI )KOK 00IYbl MYMKIiH ([l], §4.17, 3-mbIcanmbl KapaHbI3)

byoan keilin «10xaneoi s3xcmpemym HyKmeaepiy oen «10Kanwoi Kamay
IKCMpeMyM HYKmenepiny amatmuii 601amMbl3
2-Teopema.

f(X) OYHKIUSICBHIHBIH Xo HYKTECIHAC eKiHuii pemmi
mywinovicsl 6ap xoue f'(X,) =0 Goncein. Ouma

1)
2)
3)

erep f"(X,)=0 Gonca, onma Xo HyKTeci 3KCTpeMyM HYKTECi
00yBI J1a, 00JIMAYBI J1a MYMKIH

erep T"(X,) >0 Goinca, oHIA Xo JIOKAJBIi MUHUMYM HYKTECI
14

erep f"(X,) <0 Gosca, orma Xo TOKabAi MAKCUMYM HYKTECI
n

v

1) Teopema mapThl 60MBIHIIA

£7(x,) = nm—f ()= T'00) _ iy £
X% X=X

X=X X — x0
TEHCI3IIT OpBIHAANATHIHABIKTAH, VX
f'(x)

>0 TeHcizairi
X=X,

0< |X - X0| <0 HyKTenepi YIIiH
nypeic GomateiH 0>0 campl Tabbutamel. Bynan
0<X—Xy <O, sFHH Xy <X<X,+0 wmykremepi ymin f'(x)>0, an
—3<X—% <0 SFHU -3<X<X, wmykrenepi ymin f'(x)<0
OpbIHJAIATHIHBIH KopeMi3. JleMek, 1-reopemaHbIH a) MyHKTI OOMbIHINA X,
JIOKAITBJIIK MUHAMYM HYKTECi O0Iaipt

2) TYXKBIPBIM J1a 9] OCBIIAM JoesieHe

3) TYKBIPBIMHBIH JYPBICTBIFBIH MbICAJIMEH Kepcerelik. O yiriH

f,(x)=x® xome f,(X)=x" ¢ynKkumusmapeH KapacTepaiibik. X, =0

uykrecinme  f(0)=)(0)=0, Gipak x,=0  Hykreci  f(X)=x

_ 3
LX) =
(YHKIUSACHIHBIH SKCTPEMYM HYKTeci emec, an f,(x)=x* QyHKIMsCH yuriH
0J — MUHUMYM HYKTe. “
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2-MpIcall. Y = 2Sin X+ C0S2X

(hYHKIMSCBIHBIH  3KCTPEMYM  HYK-
TenepiH Tady Kepex.

¥ TlepuoaThIIbIFbIHA OabimaHpIcTel OepinreH ¢yHkuususl [0, 27]
KEeCIHIICIHIe KapacThIPpaMBbI3.

AnapIMeH KYAIKTI HYKTenepi TabaibIK:
y'=2c0sx—2sin2x=0 < cosx—2sinx-cosx=0 <

< cosx(l—2sinx)=0 <

i
X, =—+Kkmn
{cosx:o, 2
& ) &
1-2sinx=0 xn=(—1)”%+nn, KneZ.
Ecenreiimis:

k=0 Gouca, X, =ge[0,2n]; k=1 Gomnca, X, :g+n:37ne[0,2n].
n=0 Goaca, X, :ge[O, 2nt]; n=106omca, X, :—g+n:5§e[0,2n].

Onan opi, Yy"=-2SinX-4c0s2X, f"(gJ:2>o,

f”(3—nJ=6>0, f"(zj=—3<0, f”(S—n)=—3<0-
2 6 6
CoHBIMEH,

g+2nk, §+21Ik, KeZ - nokanbai MUHMMYM HYKTENepi, —ai

T T . .
5 + 27N, 5 +2nn, NE€Z — noKanbai MAKCUMYM HYKTEJIEpi.
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@OYHKIUSJIAPABIH KeciHaieri eH YJIKeH KoHe eH Kilri
MOHAepi

[a,b] xecinpicinne y3imicci3 f QyHKIMACHIHBIH €H YIKeH (SH Kimi)
MoHiH Taly kepek GoscerH. Onpmait Mon [&,0] kecinmicimin Genrini 6ip Xo

HYKTecCiHJie OoyaThiHbl Oenrim (§4.9, 3-TeopeMaHbl KapaHbI3).
Enpemre, Tex keneci yur xxaraai 007Iybl MyMKIH:

1) X =a; 2) X =b; 3) X e(abh).
Erep X, €(a,b,) Goica, onna X - KpUTHKAIBIK HYKTE.

Erep kymikTi HYKTENEp X, X,,..., X, aKbIPJBI )KUBIH Kypaca, OHJa

max f (x) =max{f (a), f (b), f (x),..., F(X,)}

xe[a,b]

(min 100 =min{f (@), T (0), (). T (u))-
3-mpicas. f(X)=sinx+cosx ¢yukuusceaby [0;7t] kecimmi-meri
€H YJIKEH JKOHE €H Killli MOHJIEpiH Taby Kepek.
¥ Ky#ixTi HYKTEIep/i aHBIKTAHbIK;

f'(x)=cosx—sinx=0 <& tgx=1 & xk=§+kn, keZ.

Mynzaa k =0 ©Oonca, onna X, =%e[0,n], srau [0, 7] kecinmicinme 0ip

FaHa HyKTe kaTazabl. OChl HYKT€ MEH KECIHJiHIH IIeKapaJblK HYKTEIepiHe
T

coiikec (ynkims mouaepin tabameiz: f(0)=1, f [Zj =2, f(n)=-1.

Kaya6or: max f(x)=+2, min f(x)=-1. =
xe[0,n] xe[0,7]

§ 6.2. ®ynxkuusaHbIH AeHecTiri. Miny Hykremepi

f(x) ¢dynkuuscsr | apansirbiaaa anpikTasicei i1 >R,
AupIkTamMa. FEzep f(X) ¢yuxyusacer epagpueiniy  kez kencen

A, T(X)), A, T(X,)) exi mykmeciniy apaceinoasel 0oza owbl
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Kepemin xopoadan dcozapel (memen) scamnaca, onoa t(X) @yuxyusacor I

apanvieblnoa O0OHecmizi memeH (Jcozapvl) OazblMmMAngan, Hemece
KbicKauia oiivic (0eHec) pynkuua oen amanaowvl (58-cypemme otivic, 59-
cypemme 06HeC KUCLIKMAP KOPCEemIieeH).

Erep f(x) oiibic ¢pynkuus 6oica, onna —f(x) meHec Gomanpl. bynan
MBIHa1ail KOPBITBIHBI )KacayFa Oomapl:

f(x) oiibic (PYHKIIMACH YIIIH alTBUTFaH TY>KBIPBIMIIBI T0HEC (PYHKIIHS

JKaraaiipiHa kenTipy ymin, ousl— f (X) dyHKuuAceHA KONAaHY KETKiTIKTI.

Con cebenTeH TOMEHIEri TeopeManap HOSJENACyNIepiH TeK OUBIC
(yHKUMsIIap Karaalibl YIIiH FaHa KeNTipeMis.
58-cyperren A (x, f(x)) xoHe A, (x,,f(X,)) HYKTeJepiH KOCAThbIH

xopma Temmeyi X __ Y~ F) emece
X =% F0G)—1(x)
X, — X X—
y=f(0) 22 1 f (x) =L, (1)
X; =% Xa =%
YA YA
0 @ x % b x o a x X, b x
58-cyper 59-cyper

Enpi sxorapbiarkl OWbIC (PYHKIIMS aHBIKTAMaChIH Kejleci Type oepyre
OoJ1aabl.

AHBIKTaMa. Ecep kes kencen X, X, €1, X <X, nyxmenepi yuin

f(xl)xz__x+f(x2).x__X1 > f(X), X <X<X, @)

27X 2
wapmoel  opvinoanca, ouwoa T(X) @yuxkyusacer I apanviebinoa oiibic

dyukuus oen amanaooi.
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Okymsira (2) TEHCI3MIKTIH Keieci TEHCI3MIKKe mapamap eKeHiH
JOJIENIEY/Il YChIHAMBI3:

) o FO)—Fx)  F()—T(x)
X—¥%

X=X,

L X <X< Xy - (3)

1-teopema. / apanbirbiHna TybIHIBICH 0ap f(X) QyHKIHSICHIHBIH
OCbl apaibikTa oOiibic (H0Hec) (yHKuus Oonybl yimiH, oHbIH f'(X)
TYBIHIBICBIHBIH [ apalbiFblHAa KeMiMelTiH (ocmelTiH) QyHKIus OOmMybI
KQXETTI JKOHE KETKITIKTI.

¥ Kaxerriniri. Avitaneik, f(X) ¢yHKusce / apaibiFblHaa OWbIC
6onceta. Onma on ymnin (3) TeHci3mik opbiHgamaabl. (3) TeHCI3-miKTe
ANIbIMEH X —> X,  YMTBUIABIPBIN, COHAaH COH X—> X, YMTBULABI-PHII,
IIICKKE 6TEMI3:

lim f(X)— f(Xl) < lim f(X)— f(XZ)’

X=X X=X X=X X=X,
lim f(X)_f(Xl)S lim f(X)_ f(XZ),
XX X=X X=X X=X,

an Oyy1aH Keleci TeHCI3MIKTep MIBIFa/Ib

)= (%) _ F00) = T04)

X =X X =X

(%) <

f(x,)— f(x
MS f’(xz), X < X,.
Xy —
Byn exi tencizmikren f'(X)< f'(X,), X <X,, sruu f'(X) TybIH-
JIBICBIHBIH, KEMIMEHNTIH (QYHKINS eKeHIH KopeMis.
Kerkinmikrimiri. Ke3 kenren X, <X<X,, X,X, €l Hykrenepin
anaibIK. Jlarpanx Teopemacs! O0ibIHIIA

F0-f04) _ ., )= T _ o,
x, =1'(&), X <&<x, X x f'(
Oomajpbl.

@2), X< <X,
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f'(X) xkemimeiitin (ynxums GonraHAbIKTaH, Oyl €Ki TEHCI3MiKTeH

f(X)_f(Xi):fr(él) < f'(éz):M7 X <X <Xy, TEHCI3IITHIK
X=X X=X,

IIBIFATBIHGIH, sSFHH [ (X) (YHKUMACHIHBIH OMBIC EKEHIH KOpEMi3. 4

f(x) ¢ynxuumsceHby | apaneiFblHAa eKIiHII PETTiI TYBIHABICH Oap
oosca, onma f'(X) dyuxumscer | apanbrbinga KemiMelTiH (ecneiTin)
bomyer xel, f"(x)>0 (xel, f"(x)<0) maprrapeiMen mapamap
OoJFaHIBIKTaH, KeJleCi TeopeMara KeJeMis.

2-teopema. Erep | apanbirpiana f(X) (yHKIMACHIHBIH €KIHINI PETTI
TYBIHIBICHI Oap Oosica, onma f(X) oiibic (1oHec) dpyHKuUsT OOTYBI YIIiH,
op6ip X € | mykrecinge f"(X)=0 (f"(x)<0) TeHci3miri opbHAATYE!

KQ)KETTI KOHE KETKUIIKTI.

I-mpican. f(X)=INX ¢ynxmmacer (0,4+00) apaneiFbiHAa TeHEC
1
o . " _
GbyHKws, eiiTkeHi ockl apanbikta f"(X) = Z <0.

2-mpicad. f(x)=x%, 0<x<+0 (bYHKIUACHI YILIiH
f'(X) =a(a—1)x*2. Hdemek, X*, 0<X<+0 @ynkmmsicsr 00>1 xome

a <0 6omca oiibic, an 0 <o <1 Goica qeHec.

Aupiktama. f(X) @yuxyuscer (a,0)  apanvievinoa anvikmanzan
arcone ysinicciz boacvin. Ezep X, €(a,b) nyxmeciniy 6eneini 6ip oy ncone
con ocax mayailiapeinoa f(X) @yukyuacvinovly donecmici Kapama-Kapcol
bazeimmanean 6onca, onoa (X, f(X,)) nyxmeci f(X) epagueiniy uiny
HyKmeci den amanaovl.

3-Teopema (uiny nykmecininy Kaxcemmi wapmot). f(X) QyHKIHICHI
(a,b) apanmeireiHma AudQepeHIMaTIaHAThIH JKOHE Xg HYKTECIHIE CKIiHIII
perti Tysiaapichl (X)) Gap GyHKuMsS GONCHIH.

Erep (X, f (X,)) miny Hykreci 60ica, onma f”(x,)=0.
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¥ AHbBIKTRUIBIK YiIiH f(X) (QYHKIHACH OH jKaK (XO, Xo + 6) Ma-Hala
oifbic, alm com kaK (X, —8,%,) MaHaiina nerec GouchiH. OHua 1-
Teopema Goibirmia f'(X) Qynkumsicsr (X, —8,X,) apanbiFbiHIa Kemi-
MeHTiH, anm (X,,X,+8) apausFbiHga ecneiitin Gomansl  @(X) = f'(X)
(GyHKIHACH Xo HYKTeciHae y3imiccis (eiitkeni f"(X,) 6ap), cOHIBIKTaH Xo
aykreci @(X) = f'(X) QyHKUMSCHIHBIH JIOKAIBIIK MaKCHUMyM HYKTECH.
Jemek, @epma Teopemack 6oiibiamma ¢@'(X,) =0, sram (%)) =0. «

4-meopema (uiny mHykmeciniyy scemxinikmi wapmot).  f(X)
(yHKIUACH Xo HYKTECiHiH Oenrini Oip 6 MaHalbIHIa y3isticci3 OOJICHIH.

Erep  f(X) Qynkumsicenbi (X, — 8, X, ) apaibiFbiHa  KeMiMelTiH
(ecniedTiH) TYBIHIBICHI, A (XO, Xy + 6) apajbIFbIHAA OCIEUTIH (KeMi-
MEHTIH) TybIHIBICH Oap Goica, ouma (Xo, f (Xy)) — OHBIH Himy HyKTECI.

Backawa aimkanoa, X-TiH ecy OarbITBIMEH X; HYKTE€CIHEH OTKEHJE
exinmi perri f"(X) TybIHABIHBIH TaHOGACH! ©3TEpCE, OHIA (XO, f(xo)) uiny
HYKTeCi OoJabl.

¥ 1-reopema Ooiibinma f(x) dyrkumsicsr (X, —8,X,) apaibFbiHga

oiftbIc (meHec), an (X0  Xo + 8) apalbIFbIHIA TOHEC (ObIC) Oomaap. “

3-mprcan.  f(X)=x* QyHKUMSICHIHBIH EKiHII pPEeTTi TYBIHIBICH
f"(x) =12x* >0 Tepic emec GomFaabIKTaH, 2-TeopeMa Goitpiama f (X)
dyHkimsicer  (—o0;+00)  apanbiFeiHAa  OffbIc  Gomagel. Mynga X, =0
nykrecinge f"(X,)=0 Gouca na, on (0; 0) Uiy HYKTECI eMec.

Kopoitbinabl. f"(X,) =0 maprel uiny HykTeci yuris xeTkimikTi 6oa

anmaiipel. bipak 3-teopema Gowbinmia f'(X)=0 - wminy Hykrecinin

Ka)XETTI MapTHI.
5

4-mpican. a) f(x)= % X3 (yHKIHUACHI YIIiH (0; 0) — WiJTy HYKTECI,
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1
oritkeni f"(X)=x 3 :% oonrapapiktan, X<0 ymim f"(X)<0, an
X
X>0 ymin f"(x)>0;
5

6) o(x)=|f(x)| :% x3| yHKUMSCH yuIiH (0;0) Uiy HYKTeECi emec,

1
oitkeni X#0 ymin ¢"(X)=|x 3|>0.

Eckepry. 4-mbicanparbl exi QyHKUMsHBIH Aa x, =0 HyKTeciHue
eKiHIII PETTi aKbIPJbI TYBIHBICHI )KOK.

ConbiMeH, (yHkuusHbiH winy Hykrenepin  f"(X))=0 wmaprs
opsiganateid Hemece f”(X) GonmaiiTein (3KOK) HYKTENEP/IiH ilIiHeH i31ey

KepeKk ekeH (oHmall HykTenepai (PYHKUMSHBIH eKiHIIi peTTi KymikTi
HYKTeJepi JIet Te aTaiiib).

§ 6.3. ®ynkuus rpadurivin acuMNTOTAIAPHI

Eeep Y=1(X) @yuxyus epagpueiniy M (X, T(X)) uyxmeci xoop-
OouHam 6ac HyKkmecineH akblpcol3 anvicmazanoa, M nykmecinen Yy =kx+b
mysyine Oetlinel Kaublkmolk Honce ymmolicd, oHoa Y=Kx+b myszyin

f(X) epagueiniy acumnmomacwt den amarimols.

MyH/a exi karai 60yl MYMKiH:

1) M(x, f(x)) HykreciHiH aOrmccacsl X akbpIpibl @ CaHbIHA
ymrbiaael. OHma X=a, Yy>0 nemece x=a, Yy<O0 xapreuilaii Ty3yi

BEPTHKAJIb ACHMIITOTA 0OJIAJIBI;
2) M(x, f(X)) nykrecinig abmumccachl X —>+0 Hemece X —> —o0

ymteuiaael. Ouma Yy =kx+b kesibey acHuMnToTa e atanasbl.

1-teopema (éepmuxany acumnmoma mypansl). X=a TY3yi

BepTUKAIb acuMIrtota 6omysr yurid, lim f(x) memece lim f(x) mexre-
x—a+0 x—a-0

piHiH eH OoiMaraHaa Oipeyi akpIpChi3 OOIYBI KQKETTI )KOHE JKETKIUTIKTI.
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l-mpicai. Y=

5 (GYHKISICHIHBIH (TpadUriHiH) eKi BepTHKalb

acummnrorackl 6ap: X, =1 xone X, =-1. Oiitkeni (60-cyper)

CY
: !
1 1
| !
1 1
] i
1 .
1 1
! i
470 i1 X
! i
1 .
1 1
| !
] !
1 1
' i
1
60-cyper
lim > = lim = +o0
x>0 X5 —1  xol+ (x_l)(x+1)
. 1 1
lim = lim —

ol X2 —1 o0 (x—1)(x+1)

lim ——=lim =
x>t x5 -1 ok (X=1)(X+1)

lim ——= lim —————— =+
x>-1-x° =1 xo-1- (X =1)(X+1)

Hazap aynapsinbi3! BepTukanb acuMOTOTaHBI aHBIKTAHTBIH X =a

caHbl — QYHKIHUACHIHBIH EKiHII TeKTi Y3UIiC HYKTeCi.

Erep y= f(x) ys3imicci3 GpyHkuus 6oiica, OHIa BEPTUKAIIb ACUMIITOTA
KOK.

2-TeopeMa (K0JI0ey acCHMNTOTA Typajbl). Y =Kkx+Db ty3yi y= f(X)
(yHKUMSCBIHBIH K6J10€y acCHMOTOTACH! OOTyBI YIIiH
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k=lim—® xome b= lim[f(x) - kx] (1)

X—>00 X

HICKTEePiHiH 0ap 00Tybl KAXKETTi )KOHE KETKUTIKTI.
(Mynaa X — +00 yMTBUIFaHIAFbI IICK OH KAK KOJI0ey acCHMNTOTa, aj

X——00 YMTBUIFaHJAFbl IIEK C€OJ JKAK KeJi0ey acuMNToTa YIIiH
KapacThIPbUIA/IbI).
¥ JlonmenemeMeHi X — +oo YIIiH KapacTHIPAHBIK.

Kaxerrimiri. y=kx+b on xak kenbey acuMnToTa OOJCHIH.
AHBIKTaMa OOWBIHIIA

lim [ (x) - (kx+b)] =0 @)
Byx TerikTen Xlirpmwleim [%‘“3:0'

HeMece  |im 109 =k. ConsimeH bipre (2) TeHIIKTEH

X—>+0 X

lim [ f(x)—kx—b]= lim {[ f(x) —kx]—b} =0,
seam, lim [ f(x)—kx]=b anmamers.

Kerkinikriniri. (1) Teraikrepaen

b= lim (f()—kq) = lim [(f()—kQ)—b]=

X—>+00

= lim [ f(x) - (kx+b)] =0

anambi3, SFHH X —> 400 ywmThutraHda, f(X) rpaduri men y=Kkx+Db

TY3yiHiH apakKamBIKTEIFBl Hemre yMTeUIamsl.  Jewmek, Y=kx+b —

acUMIITOTA. -
x* —6x+3
Mseican. f(x)= —~—3 (YHKIUSCHIHBIH, aCUMIITOTANAPBIH Taly
X j—
KEpeK.
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¥ 1) lim f (X) = 400 GomnranapiKTan, X =3 — BepTUKAIL ACHMIITOTA,;
X—>3—

2_
X 6x+3:1’

2) k= fim +® _ jim

X—to X X—>F00 X2—3X

2— —
b= lim [(x)~x]= lim [M—x]: lim 3"_23:_3,

—too X—>400 X—3

JeMeK, Y = X—3 — kenbey acuMItora 00JIajbl.

§ 6.4. @®yHKUUSIHBI 3ePTTEY KIHE OHBIH IPaurin caay

OyHKIMSAHBI 3epTTEl, OHBIH TPa(UriH calmy >KYMBICBIH KeJieci peTIieH
Kyprizyre Oomnasl.

1. OyHKIUAHBIH aHBIKTANYy OKHBIHBIH aHbIKTay. OHBI KYI, Tak,
MEPUOATHUIBIKKA 3epTTey. ['padukTiH KOOpIWHAT ©CTEpPIMEH KHBLIBICY
HYKTenepiH tady;

2. OYHKIHSAHBI Y31TICCI3MIKKE 3epTTEy.

3. OYHKIHSHBIH aCHMITOTAIAPHIH Ta0y.

4. Ocy, keMy apaJIbIKTapbIH, JKCTpeMyMIepi Taly.

5. Ofibic, T6HEC apalIbIKTaphIH, M1y HYKTEJIEpiH Taly.

6. TaOwburraH y3UTIC HYKTENEpiH, KYHOIKTI HYKTENepIi OJapablH
apachIHIArbl apajbIKTapIbl KOpCeTil, KecTe caimy. OpOip apaibikra
(DYHKIUSTHBIH CUITaThl KECKIHIEICI.

7. I'paduk momipexk canbIHYBI YIIiH, (QYHKIIUSHBIH apajiblK MOHAEPIH

Taba OTBIPHI, (PYHKITHS TpaduriHiH ICKU3iH caly.
1

Mbican. f(X)=e* QyHKIMACHIH 3ePTTel, OHBIH rpadUriHiH SCKH3iH
caiy Kepek.
¥ 1. OyHKUUAHBIH aHBIKTANy  KHbIHBI D = (—0;0) W (0;+00) .
1
Bepinren ¢Gymkmms: y=eX >0 Gomrangeikrad, rpaduk OX eciven e,
x#0 Oonranabiktad, OY eciMeH Ae KubUIbICTIakiabl. DyHKIMS XKYI Ta,
TakK Ta, TIEPHOJITHI 1a eMec.

2. OyHKIMSHBIH Y3i1ic HyKTeci: X, = 0. OiitkeHi,
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1 1 1
limex=e"=—=0, lime* =e™ =+4o0;

x—0- e X—=0+
3. AnapHFBI IIYHKTTEH X = 0, y > 0 - BEPTUKAJIb  ACUMIITOTaA

OomateiHbIH KepeMi3. Exni kenbey acumnToTansl i3aeiiik. Ecenreiimis:
1

k=tim T _ i %_o b= lim [ (x)- kx]_llm(ex ax]_l

X—>too X X—>*o0

y=kx+b=0-x+1 sram y=1 — «xenbey acummrora. Erep k=0
0oJica, OHJa OJ1 TOPU3AHTAJIbL ACHMIITOTA JIEN aranajbl, AemMek y=1 —
TOPU30HTAJIb ACHMIITOTA.

’

X2

1 1 1 1t
4, y'=|ex | =eX -(——)z——zex <0, x#0 OOJIFaHBIKTAH,
X
OepiireH byuxms (—oo; 0) U (0;+0) apalbIKTapblHIa  KeMiMeli.
OYHKIHUAHBIH KYIIKTi )KOHE 9KCTPEMYM HYKTEJepi KOK.
1

eX(1+2x)

2

5. Exinmi perti f"(x) = TYBIHABICBIHBIH TaHOaJIapeH 61-

/M)

(0] X

CYpPETTEH Kepyre 0ojaibl.

Z1
2
61-cyper

1 1
_OO;_E apanbiFblHAa QYHKOHS JIOHEC, ai —E,O J)KOHE

. 1 . L
(0;+oo) apallbIKTapblHIA OMBIC. X, = 3 HYKTeci — QYHKIMSHBIH EeKIHIII

PETTi KYHIKTI HYKTeci: ( f”(—%) = 0], Hiny HykTeci — M [_1; f (_EB =

2 2
=M [_E; ezj.
2
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6) Anpiaran HQTI/I)KCJ'IepI[i KeCTere KMHaKTaIl ’Ka3aMbl3.

X —oo;—% % (—%,Oj (0;+0)
e | - - | - -
oo | - . +

fgoer | N ? s s

7. I'pacuk ackusi 62-cypeTTe KOpCeTilreH.

YA
S (1 P e ~SU
y=1
_____ e-z
|
' >
-1/2 0 X
62-cyper
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6-tapay. Cypakmap men mancolpmanap

OYHKIUSIHBIH 3KCTPEMYM HYKTEJEPiHIH aHBIKTaMachblH KeNTipiHi3.
OYHKIHUAHBIH KPUTHKANBIK (KYIIKTi) HyKTeci JereH He? DKCTpeMyM
JKOHE KPUTHKAJIBIK HYKTEJIEP apachIHAaFbl KATBICTHI TYCIHIIPIHI3.
OKCTpeMyMHiH >KETKUIIKTI IApThI Typajibl €Ki TeOpeMaHbl JJeNACHi3.
MpEican KenTipiHi3.

OYHKIHUAHBIH KECIHAIAET] €H YJKEH XOHE €H Killlli MoHAEpiH Kaman
Tabyra Oonanel? Mpicai KenTipiHi3.

Ofibic, teHec QYHKIUAIAPABIH aHBIKTaMaJIAPbIH KENTIPiHi3. DyHKIH-
HBIH OWBIC JKOHE JTIOHEC apajbIKTapblH Kamaid Tadyra Oomansr? Meican
KEJTIPiHI3.

OYHKIMSHBIH HUTy HYKTCCIHIH aHBIKTAMAChlH KenTipiHi3. Wimy
HYKTECiH KaJaii Tabyra 6onaapl? MpIcan KenTipiHis.

OYHKIHUAHBIH ~ aCHMOTOTAIAPBHIHBIH ~ aHBIKTAMaJaphlH  KENTipiHi3.
Acumnroranapsl Kanaid Tabyra 6onaapl? Mplcan KenTipiHi3.
OyHKIUSHBI 3epTTEYIiH J>KOHE OHBIH TpaduriH CamyAblH >KaJIbI
epekeNepid TyciHaipiHi3. Mbican KenTipiHi3.
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7. AHBIKTAJIMAFTAH UHTEI'PAJIJIAP

§ 7.1. AubIKkTaamaran unTerpaji. Unrerpangap kecreci

Bypein 6i3 Oepinren QyHKOUs OOHBIHIIA OHBIH TYBIHIBICHIH Taly
eceOiMeH alHANBICTHIK. EHIII OFaH Kepi ecenTi KapacThIPaMbI3: TYBIHABICHI
Oepinren, QyHKIMAHBIH 63iH Ta0y Kepek. by MexaHWKalIbIK TYPFbIIaH,
MaTEepHANILIK HYKTE KO3FaJIBICHIHBIH OCNTili KBUIAAMIBIFEl OOMBIHIIIA
OHBIH KO3FaJIbIC 3aHbIH Ta0y €KCeHIH OUTIipesi.

Aunpiktama. Erep F(X) ¢ymkmmscsr A apamsirema gudde-
peHIMAJIIaHCa KIHE
F'(x)=f(x), VxeA,
TemJiri opeiHpaica, onga F(X) d¢ymkuusacsr  f(X) QyHKuMACHHBIH A
apaJIbIFbIHIAFbI AJFAIIKBI (PYHKIUSICHI JICTI aTaNIa Ibl.
(Temenne A =(a,b) men yitrapambi3. backa sxarmaitnap Gosnca, aTan
KepceTeMis).

Meicaabl, f(X)= L (GYHKIUSCHIHBIH A = (0,+0) apaJIbIFbIHIAFbI
2/x
AIIFaIIKbI (byHKummapHHHH oipeyi — F(x) =X, eiirkeni VX e (0,+00)
HYKTeNepi yuriH (x) = 5 \/_
f (x) =2co0s2x (YHKIUSICBIHBIH A= (—oo; +oo) apaJbIFbIHIAFbI
amFamikel  QyHKUMsapeiHbiH - Oipeyi  —  F(X)=sin2X,  e#TKeHi
VX € (—o0;+0), (sin2x)’ =2c0s2X .

Erep f(X) QyHKIMACHIHBIH A apajbIFGIHAAFE ATFAIIKB (QYHKIMSACH
F(x) ©Oomnca, onnga ke3 keiareH C TypakThl MeH F(X) QyHKIHSICHIHBIH
kocwiabichl, sran F(X)+C dymxumsacer na ocsr f(X) dynxumsceasm A
apaJIbIFbIHAFbI anramkel  (QYHKOUACHL Ooiamsl, ©iTkeHi VX€EA,
(F()+C) =F'(x)+C'= f (x).

Exinmi sxareinan, erep f(X) ¢yHKUMACHIHBIH A apasbIFGIHAAFEI

amramkel - Qynkumsuiapel - F(X)  mem  Fy(Xx)  Gomca:  F(x) = f(x),
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F,(x)=f(X), VXeA, oHaa ocsl eki anFamkbl (yHKIUSIAPIBIH AABIPBIMBI
typaktel C, sirrn F(X) —F,(X) =C, VXeA, GonaTbiHbiH Kopyre Goapl.
IleHEIHAZ 14, erep DP(X)=F(X)-F,(x) nmen amcak, onna
O'(X)=[FRX)-FMX]=FX-FX)=f(Xx)-f(x)=0, VxeA, an 6yxan
§4.10, 6-teopema Goiipiama P (X)=F(X)-F,(X)=C, VxeA mbrags
byn aitreirangapaan, erep f(X) GYHKUMACHIHBIH A apajbIFbIHIAFbI
anramke! Qynkmusacel F(X) Gonca, oHza OHBIH OCHI A apasbIFBIHAAFH K3

kenren 6acka amramksl Gyrkmusicsl O(X) =F(X)+C Typinge 6onatsimsn

mbIFaabl, MyHAaFbl C OChl TEHIIK JAypbic OOJaTBIHAAW ETilm TaHMal
aJIBIHATBIH TYPAKTHI caH (66-cyper).
YA

F(x)+C

Fx)

66-cyper
A — xe3 KeJreH apainbIK GOJICHIH.
AHbIKTaMa. f GYHKIHACHIHBIH A apaibIFBIHAAFEl  OAPIIBIK AJFAIIKBI
(QYHKUUATAPBIHBIH KUBIHBbI T (QYHKIMACHIHBIH A apajbIFbIHAAFbI
AHBIKTAJIMaFaH WHTErpajbl [CN aTajajbl KOHE OJl If(x)dx CHMBO-

JIBIMEH OenriyieHeni. MyHJarbl, | - uaTerpan Oenrici; f(X) — uHTerpan

acThiHAarbl pyHkmms; f(X)dX — MHTErpas acThIHIAFbI OPHEK.
Erep, f(X) ¢yHKIuMsIChIHBIH KaHIail aa Oip amFaiikel (QYHKIHACHI

F(x) Oosnca, onma Keneci TEHIIKTI xKa3yra O0Iabl:
[f(dx=F(x)+C, Cell. 1)

JKublH GonFaH/BIKTaH I f (x)dx ={F(x)+C} nem >ka3plL1yFa THic, 6ipaK

onnl (1) TypiHze xa3y KaJbIITacKaH.
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Eckepmy. If(x)dx cuMBosIBl  f  (DYHKUMSCBIHBIH — aJFaIIKsl

(YHKIUSTAPBIHBIH JKUBIHBL  OONFaHBIMEH, €CenTey OapbhIChIHIA OJNAP.IbIH
OipiMeH FaHa aMayJiap OPbIHAIA]IBI J1a, €CENTEY asKTalIFaH COH, XKOFapblaa
KENTIpiIreH nabiMaaynapra cyieHin, C TypaKThICBIH KOCHIII JKa3y apKbLUIbI
ATFAIIKB! (DYHKIUSIIAP KUBIHBIHA KOTIIET.

Wurerpan acteiHgarbl f  (yHkiusceiabiH  0X  auddepenimansina
KOOCHTUTIN >Ka3pUIyblHAH alFallKbl (YHKIMAHBIH Kalchl alHBIMAI
OOMBIHITIA 137CITIHETIHIH KOPEMI3, MBICAITHI,

3 2
szzdx=£+c, szzdz:x22—+C.
3 2

Omnbig 6acka Ja BIHFANIIBI JKaKTaphsl (MHTErpaija aifHbIMAN aybICTBIPY
JKoHE T.0.) aNABIMBI3/IAa KOPCETLIe .

f(X) ¢ynxumsceHbIN anramksl QyHKIMACHIH Taby amansiH  f(X)
QyHnKyuaACHIH unmMezpPanday amansl 1€ aTaniabl.

XKorapeiga, erep f(X) yurim A apasnbiFbiHma anraimikbl GyHKIMsS OGap
Ooyca, OHJA OJ KaJFBI3 eMec eKeHiH kephik. OcpifaH opail MbIHAman
cypak Tyamsl: (8, b) apaneireiHma ke3 kenren f(X) QyHKUMSCHIHBIH
aFamKks! GyHKIHSICH Oap mMa?

Keitinipek, erep f(X) dynkuusacer (a, b) apanbiFbiHaa y3idicci3
HeMece MOHOTOHAbI Oosica, oHma f(X) YINIH OCBHI apajbIKTa ajFaiiKbl
¢dbyakus G6ap OomaThiHBIH Kepceremi3. Kasipmre ke3 kenreH ys3imiccis
(GyHKOMSHBIH ~anFamkel  QyHKOWSACHL Oap Jjenm  KaObuigam, y3imiccis
(hyHKIUsITaApMEH JKYMBIC iCTeMi3.

AHbIKManmazan unmezpanoviy Kacuemmepin KapacTblpailbIK.

1°. Erep f(X) pyHKUMACHIHBIH anFamikbl QyHKIHsIcs F(X) 6osica, oHa
uHTerpan acteinaarbl  f(X)dX epueri F(X) ¢dynkumsceiabiH auddepen-

[UAJIBI

f (x)dx = F'(x)dx = dF(x), 2

€KEHIH €CKepIll JKOHE JKOFaphblIarbl aHbIKTAMaHbI IaiJajgaHbll KeJieci
TEHIIKTEP/Ii J)Ka3a anaMbl3 (Ke3 KEeTKi3iHi3)

JdF(x)=F(x)+C; d([ f(xdx) =f (x)dx;

(J £ () = £ (x); [ £/(x)dx= f (x)+C.
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2% a) [A-f(x)dx=A[f(X)dx+C, A — TypaKTbl CaH;
0) [[f(x)+g()dx = f (x)dx+[g(x)dx+C.

Comnrsl, (0) TEHIIK MHTETPAIIBIH AATMTHBTIIIK KACHEeTI el aTaaasl.
Y Mpeicanbl, 0) KacHeTiH KOPCETEHIK.

[@, ()] =(] f (x)dx+jg(x)dx)’ =(Jf (x)dx)' +(jg(x)dx)' =

=/anpIKTama Ooiibiaima/= f (X) + g(x);

[CDZ(X)]’z(I[f (x)+ g(x)]dx) = /aHbIKTamMa GOMbIHIIA/ =

= () +9(x).
Conbiven @, (X) sxoHe @,(x) dysximsumapsr f(X)+g(X) dyHKms-

CBIHBIH €Ki aiFamksl (YHKOHACH Oonbil OTHIp. EHpeme, omapabiH
aitpIpbiMbl C TYPAaKThI CaH:

D, (X) — D, (x) = [[ £ (x)+g()ldx— (] f ()dx+ [g(x)dx) =C, struu 0) Ten-
JIK OpBIHJIANA/BL. @) TCHIIT JIe OChLIAl nayeaeHeai. “
3°. Erep f(X) ¢pyHKumscbIHbIH anFamkel yHKuuscel F(X) G6oinca, oHma

f(ax +b) QyHKUMACHIHBIH aTFaIKbl QYHKITUSICHI 1 F(ax+b) Oomnanpl, sFHU
a

jf(ax+b)dX:1F(ax+b)+C.
a
~ |1 1 : a
—F(ax+b) | ==-a-F'(ax+b)= f (ax+Db) .
a a
Mbicaibl, f(X)=€" (yHKUMACHIHBIH A = (—00;+00) apajbIFbIH-IaFbl
anramikel  QyHkuusacel  F(X)=e*. Jlemek, 3° Kacuer OGOMBIHIIA,
[e" " %dx = %e““ +C.

Huddepennmanmay dopMmynacbiHaH IIBIFATEIH MHTErPajiap KecTe-
ciH KenTipeiiik (TeHmikTep OOIIeKTiH OeniMiHaeTi GYHKIMIAP HOIre TeH
eMeC HYKTeNepe TYPHIC).

1) Jodx=C.
Xa+1

2) [x*dx==—+C, a=-L
o+l
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3) jx‘ldx=fd—;(= In|x|+C, Vx=0.

X

a
4) |a*dx =
) I Ina

+C, a>0, a=#l. Jlepbec xarmaiisl: erep a=¢e

6oica, oHa jexdx =e*+C.

5) jsinxdx =—CosXx+C, J'cosxdx =sinx+C.
dx
[===

6)[ .
cos? x sin?x
7) [shxdx=chx;, [ehxdx=shx+C,

=tgx+C; =—ctgx+C.

X —X X —X

(Mysaa shx =" _2e . chx="2 +26 ).
X =thx+C; I d;( =—cthx+C.
sh® x
1 X
9) Ix2+a =garctg—+C.
10 =—| C,
)Ixz—az 2anx+a+ X #[al
dx
11) jﬁ—arcsmg+c x| <|a].
12) ‘x+\/x +a‘+C x> +a>0, a=0.
x2+a
13 +C.
) Jsmx g2
14 C.
) jcosx g( 4j+

Byn  tewumikrepmiH  AyphICTHIFBIH  auddepeHnaniay  apKbLIbl
Tekcepyre 6oaasl. Meicaisl, 3) popMyIaHbl goaenaeiix.
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¥ x#0 ymin, |X|=X-signx TeHmirinen |x|,=(x~signx),: =signx
EHV(:JﬁEl_:E,x¢Q -
X

anampI3. Onaii Gonea, (In|x|+C) = ’
X-signx X

Enni 12) dopmysansl gonenaeiix.

!
1
v (In‘x+\/x2+a‘+C)’=—--‘x+\/x2+a‘ =
‘x+\/x2+a

1 . /
= -S|gn(x+\/x2+a)-(x+\/x2+a) =
X+ +a

1 . X
= -sign(x +/x? +a)-(1+—
X+ +a VX +a

sign(x +/x? +a) x+Vx*+a 1 N

:(x+\/x2+a)-sign(x+\/x2+a)' J+ra He+a

OneMeHTap (QYHKUMSUIAPABIH TYBIHABUIAPHl 3JIEMEHTap (QyHK-LHUsIIAp
OomateiHbl  Oenrimi. AJ  drMeMeHTap (QYHKIUMsUIApABl  WHTErpaijgay
HOTIXKECIHE dIIeMEeHTap QYHKIMS alnblHOAYhI ]a MYMKIH.

Mpicanbl, Keleci MHTeTrpal acThIHAAFbl (YHKIMSIAPIBIH aJFalIKbl
(yHKIUSITApH! AIIeMEHTap PYHKIUSIAP €MECTIT] ISJeICHTeH:

2
I e dx — IIyaccon unTerpass;

jcosxzdx, jsinxzdx — OpeHenb UHTErpalb;

dx
_[— — UHTETpaIIABIK JIorapudm;

Inx
COS X
j—dx — UHTETPAIIIBIK KOCHHYC;
X
sin x
——dX — UHTErpabIK CUHYC;
X
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Byn unTeTpanmapasl ecentey YUIiH, MBICaibl, HHTETPaJl aCTHIHAAFHI
(YHKUUSHBI TOpEeXKeTiK KaTapiapra KIKTel, MyIleslen HHTerpaiaay 9aicin
KOJIIaHaIbl.

§ 7.2. UnTerpanaay aaicrepi

7.2.1. AiiHbIMaa aybICTBIPY dAici

WuTerpanapik ecenreynepe allHpIMaI aybICTBIPY (OPMYIIAachl epeKiie
OPBIH aNajbl.

Teopema (unmezpanoay gopmynanapvinvlyy UHEAPUAHMMBLIBIZL).
U=0¢(X) — xe3 xenren nuddepennmanganateiH GyHKIusS 60sckH. Erep
| £ (x)dx=F(x) +C Gouca, onna

[ flo0()1do(x) = Flp(x)]+C. 1)
Hemece  [f(u)du=F(u)+C, u=o(x).

Y FW)=F[e(X)] ¢yakuuaceiaeiy OipiHmi auddepeHInanTbIHbIH
unBapuanTThUIbiFbiH (IV Tapay 4.8 m. xapanei3) maipananeimn dF (u) =
= F'(u)du = f (u)du, an 6ynan [ f (u)du = [dF (u) = F(u) +C anambiz. *

1-mpbIcai.

a) J'eX2 -2xdx:J'eX2dx2 = ,+C=e +C.

6) [cos(3x —1)dx = % Jcos(3x-1)d(3x 1) =

=ljcosudu=lsinu| +C= lsin(3x—1)+C.
3 3 3

u=3x-1

MyHna aifHBIMaNl aybBICTBIPYABIH «Oughpepenyuan maubdacoinoly
acmuina any» TYPL KOIAAHBULABL. A erep aiHbIMall aybICTBIPYABI TiKeJIeH
OpBIHAACAK OHAA,

u=3x+1 du=d(3x+1) =

cos(3x—1)dx = = cosu-ldu :l cosu-du =
3 3

=3dx, dx= ldu
3
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= %sin Ul ag = %sin(?,x +1)+C.

Eckepty. byn unrerpan, spune, § 7.1. 3° kacuer OOMbIHIIA KBLIIAM
TaOBLTAbL: _[COS(3X -Ddx= %sin(BX -1 +C.
Ecentey OaprichiHIa a), 0) TEHAIKTEP Ti30€TiHIH

e

u . . . o
TYpiHAETI  Mymienepi  >Ka3bUIManpl.

1 .
u=x2" §S|nu|u:3x—1

AnIBIMBI3IAFEl MBICAIIIApAA 013 cotail eTeMis.
Keneci mypoezi unmezpanoapovt:
dx

j><2+F>X+q J«/x2+px+q'

Keadpam ywimyuwieaiKmeH moavlK Keaopam 001y apKwlibl ecenmeyze
bonaowl.

*)

Mpgicansl,
I dx _I dx _J dx B
x-5x+2 ° , _ 5 (5Y (5Y 5\ 17
XZ=2-—X+|=| —-|=| +2 X——| ——
2 2 2 2 4
5
. dx " d(X_E) _ ‘u:x—E‘ _
2 2
x—§ \/1_7 X— \/1_7 ’
2 2 2
5 17
1 In 2) 2 1 |2x=5-417)
7 @ RERTE
2 2 2
Enni aifHpIMan aybICTBIpY 9ICiH KeJleci Kapanaiivim 6o1uieKkmepoi
a) Lk, keN, (2)
(x-a)
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Ax+B
(<* + px+q)*

HHTErpanaayra KOJIaHbII KopeHik.
¥ a) Erep k=1 6Goica, onna

,keN, D=p?-4g9<0 (3)

j—d Ajd(x a) A-In|x-a|+C;
erep k> 2 6Gouca, onza
—k+1
[ dx=AJ(x-a)*d(x-a) =A% " c_
(x—a)* —k+1

i;k—l—kc
1-k (x-a)

0) (3) Typaeri kapamaiibiM OemiekTi k=1 yIriH MHTErpanganbIK, aji
k> 2 »xarnmaiibia 7.2.2. 1., 4-MbICaT apKBLIBI KOPCETEMI3.

.[ Ax+B
X2 + pX+q

ConbiMer k=1 oOoncelH. Ownpa dx = |B9J'IH.I€KTiH

anbIMbIH KBAJpaT VIIMYUICTIKTIH TybIHZBICH (X2 + PX+0) =2X+ p

apKBUTBI OPHEKTEIMI3 | =

é(2x+ p)—&+B

_[2 2 j 2X+p o (Ap B)I _
X2 + px+q 27 X%+ px+q 2 x2+px+q
2
2 ’ 2
_A d(x*+px+q) Ap-2B d(”?j _q—%{%] a
_2I X2+ pX+( 2 J p)’ p? -
(“2) Ty 4q-p? >0
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2 ?In‘x2 + px+q‘—

p
2[x+j
Ap—ZB. 2 2 LCo

arctg
2 x/4q -p* \4g-p?

2X+p
In XS+ px+q|+
‘ ‘ \/4q p? \/4q p?
Eckepmy. jﬂdx (**)

X2+ px+q

TYPiHZEri UHTETrpaabl 1a 0) MBICATIBIHAAFBI O/IICTI MalJalaHbI eCenTeyre
Gonagpl.
biz  ocozapwioazer  muvicandapoa t=o@(X) mypindezi atimvivan

ayvicmuipybih - Koaoanovlx. Enoi X=y(t) mypindezi ayvicmuipyowsi

KOA0any mwvicanvin kepcemetiik. O mMpucoOHOMEmpUsIblK, JCIHe 2unep-
boaanblK pyHKYUAIAPOLL UHMEZPANOAYOA HCUI KOTOAHBIIAOL.

Ezep x=vy(t) kaunoan oa 6ip apanvikma y3inicciz oOugpghe-
PeHyuanoanamuli YyHKuusa 60.71ca, onoa

J £ (0dx = fLw(®]v'(t)dt +C. (4)

- d d dx /
HIbHbIHIA 12, a[ [f (x)dx} = &[I f (x)dx]E =y (1),

an [ fly(t)ly'(t)dt wunrerpamst na — ocer fly(O)]y'(t) dynxumscembm

KaHmaid nga Oip anramkel QyHKOUMsICH. Bip (QYyHKIMSHBIH €Ki alFamiksl
(hYHKIUSITAPBIHBIH alBIPBIMBI TYPAKThI CaH OOJNATHIHEI Oenrim. “

Eckepmy. (4) ainvivan ayvicmoipyoin Konoanzanoa y(t) men f(X)
pyukyusnapeinviy anvikmany scuvinoapwi. D, men D, apacwinoa ezapa
OipmanOi  catikecmix  bonamuinoai (byn ocagoaiior D, <> D,  den

benzinetioi) scone X=V(t) @yuxyuacer D, ocuvinvinoaser 63 mondepin
myeen KabwvLoaumolHOAl Oonyea muic.

3-MbIca. I\/ a’ —x%dx Taby Kepek.
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¥ x=asint alfHBIMAIN ayBICTBIPYBIH JKacaibIK. Mynzaa

T T .
D,: —as<x<a,an D,: —Eﬁtsz. Consiven Gipre D, <> D,, srum

D, men D, aiiMakTapblHBIH apacblHIa e3apa OIpMOHMI COMKeCTiK Oap
EKCHIH KepeMi3.
Onma dx=a-cost dt Gomamsr na, kemeci eCenTeyJIep/i KYpri-3emis:

j\/aZ —x2dx =j\/a2 —a’sin’t -acosdt =a* [|cost|- costdt =

<t<

N3
N3

=‘Vt: - , cost>0 ‘z

1+cos2t

=a*[cos’tdt =a’| dt=a’ -%(J’du%jcosmd (2t)]:

2 2 2
_a t+lsin2t +C=a—t+a—sint-cost+c.
2 2 2 2

X . . .
AubIHFaH ©pHEKTeH t=arcsin— TEHJIriH MaianaHbli, X aiHeIMasIFa
a
a2 x a’ x X2
oTEMI3: j\/az - x*dx=—arcsin=+—-=-,[1-=—+C=
2 a 2 a a
2
a XX
= ?arcsm—+5\/a2—x2 +C. -

a

7.2.2. BeqikTen HHTErpaaay Jici.
Erep u(x) sxome V(X) y3imiccis muddepeHManaHaThiH  (YHK-
nus1ap Oosica, oHza

fudv=uv—fvdu+C (5)
HEMECC
Juvdx =uv—[vu'dx+C (5"

TEHJITT OPBIHIANIAIbI.
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Y (5 <¢opmynanel gonempeiiik. On  ymriH Fl(x)zjudv,

F,(x)= uv—jvdu O0ip FaHa (YHKIMSHBIH aJFaIlKbl (QYHKIUSIIAPBI
GomaThIHBIH Kepcetcek Gomrame: [y (x)] = (judv)' = (J'uv’dx)’ =uv,

[F,(0)] =(uv) —(.[vdu)l =u'v+uv' —vu'= uv'. “

(5) memece (5') ¢dopmynanapelH KOJZAHBII ecentey — OOJiKTen
HHTerpajaay dfici nen aramsamusl.

Byn onicti hopmynaHbIH OH >KaFbIHAAFbl MHTETPal COJ KarbIH-JaFbl
OepiireH WHTErpajfa KaparaHJa KapamahbiMjay OOJIFaH Karmaija
KOJIJTAaHA/IbI KoHE U YIIiH TYBIHIBICHI BIKIIAMIAIATHIH KOOSHTKIIITI amaipl.
MpIcanbl, WHTETpal acThIHAA KONMYIISNIK IeH TPUTOHO-METPHSIIBIK
HeMece KOpCETKIITIK (DYHKIUSHBIH KOOEUTIHIICI Typca, OHOa U YIIiH
KONMYIIEKTi, an (v yInH KajaraH epHEeKTi amamsl. Erep wuHTErpan
acThIHIAFbl  (PYHKIMAHBIH KOOEHTKilmi jorapudmaix Hemece Kepi
TPUTOHOMETPHUSIIBIK (DYHKITHS 00Jica, OHIa U YIIIiH CONap/Ibl anajbl.

(5) uemece (5') popmyna Oipnewe pem Kanimaian KoJIOAHbLIYbL
MYMKIH.

1-mbIcalt. IX Inxdx ecenrtey kepek.

1
¥ u=Inx, dv=xdX mem ancak, du==dx,
X

X2

V= _[dv = j Xdx = > O6onanpl. bemikren wuprerpangay GhopMmynaceH

2 2 2 2
X X® dx X

KOJIJaHaMBbI3, IX|nXdX=?-|nx—j?-—=?|nX—I+C. -~

X

2-mbican. Ecenrtey kepek J = _[ezx -sinx dx .

¥ By xkarmaiina U =e”* memece U=SINX nen amyra Gomaasl. Erep
u=e”* gemancak, onga u=e’*, du=2e*dx, dv=sinxdx, V=-COSX
Gomagel nma, J= jezx sin xdx = —e?* - cos X + ZIeZX cos xdx opHeriHe

KeJIEMI3.
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OH KaKTarbl WHTETpaliFa OONIKTeN HWHTErpajjay oHIiCiH TaFbl Ja
KOJZIAHBIM ecenTeiiMiz: U =e?*, du=2e?*dx, dv=cosxdx, v=sinx,
J =—e* cosx+2(e** sin x — 2[ e sin xdx) =

=—e?*cosx+2e”sinx—4J,
. 1 .
sran J +4J =e?*(2sinx—cosx) Hemece J dezx(ZSInX—COSX). -~

3-mbrcan.  a) [P (x)e™dx, 6) [P, (x)cosbxdx, B) [P, (x)sinbxdx
TYpIEpiHAETI MHTETPaJIIaphl ecenTey Kepek.

Y Erep OemikTen HHTErpajjay oMiCiH KOJJAaHCAK, OHBI N peT
Kaiitajan naiigaisany kepek. Oirkeni Oipinmi per U= P, (X), ekinmi per
u=P/(X), T.c.c., N-mi per Genikren mmrerpanmaysa U=P"V(x) nxen
aJIBIT, HOTHXKECIHEC KECTEIK MHTErpaiFa KeJIeMis,

bipak wHTerpanm acThHIAFbl (QYHKOWSIAPABIH —alFamkbl  (QyHK-
[USUTAPBIHBIH CUMATHIH OHAW aHrapyra Oomnanbl. CoHIBIKTaH a), 0), B)

TYPiHIEri WHTETpaIapAbl AHbIKIMAIMAAH KoIhduuyuenmmep adicimen
JKBUTaMBIpak Tabyra 0omambel. OHBI KeJleci MbICaTMeH TYCIHIIpeHiK.

3'-mbIcal. J'(Xz +1)e*dx ecenTey Kepex.
v (X2 +1)e* (DYHKUMACHIHBIH aTFaIlKbl QYHKIMACHI
Q,(x) = (ax® +bx +C)e*
TYpiHIE OOJIaTBIHBIH aHFapaMbI3. Onait Oonca [Q,(x)] =
=[(ax?® +bx+C)e*] = (x* +1)e* Temuiri opsiHmaNysl THic. By TeHmIKTIH
cou xarbiH muddepenmmantan, [ ax’ + (2a+b)x+b+Cle* = = (x* +1)e*

Hemece ax’ +(2a+b)x+b+C =x?+1 TewuiriHe kenemis. X-TiH Gipmeii

a=1
JopexeciHiy, K03 QUIMEHTTEPIH TEeHECTIpeMi3 2a+b=0, mnemece
b+C=1

a=1 b=-2, ¢=3.
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Oumaii 6ouica, I(Xz +1l)efdx= =(x*-2x+3)e*+C. ~

2

4-mpicall. .[AX—+bdx, p-FP _ <0, k=2 Ttypiugeri
(< + px+q)¥ 4

MHTErpal/ibl €CENTEY KEPEK.
¥ k=1 sxarmaiteia 7.2.1 m. KapacTeIpraHObI3. MyHIa fa GeIIIeKTiH

IBIMBIHAH KBQJIpaT YIIMYIICTIKTIH TYBIHIBICBIH  @XBIPaTy apKbLUIBI
OepiireH UHTErpaibl KECTENIK HHTETPal MCH

dt p
=7 t=x+— (6)
=l (t* +a)* 2
TYPIHZIET1 UHTETpall KOCBIHIBICHIHA KenTipyre Oonanpl. K >2 Oonca, oHaa

(6)-Typmeri uHTErpasl peKYPPEHTTIK PopMyJia apKbLIbl TaObLIA b
Enzi ocel omicti kepceteifik (K >2).

(t* +a?) - t 1 dt t2dt
J - -
< j(t +a) ZI (t% +a) 2{J(t 2 )t I(t2+az)k

1 t-tdt

:?{J“_J(ﬁ +a2)"}:
tdt tdt 1 _
u=t, du=dt, dv:(t2+a2)k,v=f(t2+a2)k——j(t2+a2)kd(t2+a2)=
1t e -1
== (P +a) =
2- +1( ) 2(k -1)(t? +a%)<?

1 . 1 dt
= — ‘]kfl_ — —+ J- — =
a{ (2(k—1)(t2+a2)" 2k —1)7 (2 +a?) 1”

_ 1 J ot J g+ ! =
a?| Tt o2(k-1) Tt 2k —D(t? +a)<t
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_if2%=3 o t
Ca?| 2(k-1) T 2k -1(? +ad)t |’

Omaii Oomnca (6) wWHTErpanasl Keeci

peKyppeHTTi (dopMyIaHbI
KOJIJIAHBIII ecenTeyre 00JIajbl eKeH:

i dt 1] 2 3I dt | t o
(t*+a®)"  a’[2(k-1)° (t*+a’) " 2k-1(t*+a?) |
k>2 —marypan can.

3X+2

4'-MbIcaJ1. _[ m

dx Taby Kepekx.

v

BenmrekTin  ampiMbiEaa (X2 +2X+5) =2X+2  TYBIHABICHIH

KBIPATHIN allaMbI3 JKOHE MHTETPaJIbl KECTENliK HHTerpai MeH (6) Typueri
WHTETPaJl KOCHIH/IBICHIHA KENTipeMis.

3
32 o (&x+2)-1 T S
(X% +2x+5)? (xX*+2x+5)2 2 (x2+2x+5) (x* +2x+5)
= Ej(x2 +2X+5)2d (x* +2x +5) —f% =
2 [(x+D)° +4]
= | BipiHutici KecTeNk MHTETpa, eKiHIII MHTETpaFa k =2, a” =4
Jer anebl, (7) peKyppeHTTiK GpopMyaHbl KOJIJaHaAMBI3 | =

L1 2:2-3 . d(x+1) X +1
:——(x +2Xx+5)" [ S+ -
T42-2-1)7 (x+1)2+2 2(2_1){(x+1)2+4}
3 1 11 x+1 X+1
=—— 5 —————--arctg -— +C=
2 X“+2x+5 8 2 2  8(X“+2x+5)

—-x-13 1 X+1
—— ——arctg——+C. -~
8(x +2x+5) 16 2
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Hazap ayoapwuinez! benikren wunterpannay ¢opmynaceiHgarsl C
TYPAKTBICHIHBIH POJIIH OKYIIBI KeJIeci MbICaJIIaH Kope aiapl.

1
u=——, dv=cosxdx
jcosx sinx _
sin x COS X .
du=-———dx, v=sinx
sin” x

1 COSX
=—smx+j'smx X =1+ J'
sin x sin? x smx

Hemece 0=1.

7.2.3. PanuoHaJ 6ejeKTepai HHTerpajaaay

Kerneci panmonaJ 6emekTi (6-tapay § 6.3 kapaHbI3):

P (¥)

f(x)= : 1)
Q. (%)
P.(X)=by +bx+...+b x", Q,(X)=2a, +ax+..+a,x",
b, #0, a,#0, m>0, n>1,
UHTETpalIay JKOJIApelH KepceTedik. Mynmaret P, Q, — HakTh

KOIMYIICNIKTEP, al X — HAKThl alHbIMaj, M-OOJIIIEKTIH aJbIMbIHJIAFbI
KOMMYIIENIKTIH, al N — OemeKTiH OeMMIHIETI KONMMYIIETIKTIH Jopexe
KOPCEeTKIIIi.

Erep m>n Goica, ouzaa (1) 6ypeic 0emek, ain m<n Gosica, OHJIA OJI

Oypbic OeJiek Jien artajajpl. bypbic OesiexTi ajabIMbIH OeJliMiHe
«OypsImTam 061y apKbUIBI TYPHIC OOJIIIEKKe KeNTipyre 00mIab:

Pa (X) P, (%)
=M , 2
Qe 00 @)
mynnarel My, (X) epueri (m—n) -mi, an B, (X) epueri my-mi popesxeni
P, (X)

KOIMYIIemiKTep; M, <N, siFHY, — ZypbIC OeJIIeK.

Q,(x)
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Kenmymienikri wHTErpainuay KHbIH €MEC, COHJBIKTAH paIlMoHAI Oel-
IIEKTI HHTETpajay Macesenepi AyphIc OONIIeKTi HHTerpaiaya KaTeIp.

Jypeic OemnmiekTi MHTErpanAayIblH HETi3ri Tocum — MYphIC OeIeKTi
KapamaiiblM OeJIIeKTepiH KOCHIHIABICBIHA KikTey (6-Tapay, 6.3 ma-
parpadThl KapaHb3). AJl KapamaibiM OeJIIeKTepi WMHTerpayijay omicTepi
7.2.1 n. xxoHe 7.2.2 (4-mbIcan) KapacThipbuasl. Onaii Oosica, Ke3 KelnreH
paryoHan OeNIEeKTIH AFalIKel (PyHKIUSICH — dJIeMEHTap (YHKITHL.

1-mbican. Ecentey kepek: IX +3x +3¢ +1dx

—2x% + X

Y bynm Oypeic Oemek: m=6, n=3, m>n. AnbpIMbIH OeIiMiHe
«OypsIinTamny 0etir, OepiireH OOJIIeKTi

6 4 2 2
X +33x +23x +1=x3+2x2+6x+10+17x 1(2)x+1 )
X —2X° + X

X3 —2x% +x

TYpiHIE, SFHA KOIMYLIETIK MeH AYPhIC OONIIeK KOCHIHIBICBIHA JKIKTeyre
OONaTBHIHBIH KOPCETCeK, OHJa HEeri3ri Mocele Ayphic  OeIIeKTi
MHTErpalayFa KeJim Tipeneni, OUTKeHI KOIMYILIENiKTi HHTerpanaay 0i3re
oenriii. (2') TEHIITIH KepceTeHik:

x° —2x% +x
x® +2x% +6x+10

x® +3x* +3x2 +1

x® —2x° + x*
2x° +2x* +3x% +1
2x° —4x* +2x°
6x* —2x3 +3x% +1
6x* —12x% + 6x°
10x3 —3x% +1
10x% — 20x? +10x
17x% -10x+1

Jypbic OeiekTi WHTErpaiyiay YUIIH OHBI KapamaibiM OeJIeKTep
KOCBIHJIBIChIHA KikTeimi3 (XKorapsl matemaruka-1, 3.2.3. 1. KapaHbI3):
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X2 —2x% + x=x(X? —2x+1) = x(x—1)?,
17x* -10x+1 17x*-10x+1 A B C

= =4 — 4 .
X3 —2x% + X x(x—1)? X x-1 (x-1)?

benmekTepmin aasIMIapEIH TEHECTIPCEK
17x% =10x+1= A(x—1)? +B-x- (x—=1)+C - X
tene-teqairine kenemisz. A mMed C-Hpl  X-ke coiikec X = 0 xome X = 1
MOHIepiH Oepe OTBIPHIN TadyFa 00aIbL:
x=0,1=A; x=1, 17-1°-1.1+1=C, C=8.

An B-mpl Taly yumiH, ofaH KaTbICTBl Oip TeHICY aycak OOJFaHBI.

MBsicaitsl, Tene-TerypiKTeri X2 K09 OUIHEHTTepiH TeHeCTIpeiik:
17=A+B memece 17=1+B, B=16.

17x*-10x+1 1 16 8
CoHBIMEH 3 > =—+ + 5 AJBIHFaH KOCBIHILIHEI
X*=2x"+x X x-1 (x-1

(2') Tenmirine koMb, OACTANIKBI OOJIIEKTIH HHTETPAJIBIH TA0OaAMBI3.

x®+3x* +3x% +1
I 3 2 dX:.[
X?—2X°+X

X3+ 20 +6x+10+ S 40,8 = ldx =
X x-1 (x-1)

X2, ., 8
== +=x>+3x* +10x+In|x| +16In|x -1 - ——+C =
4 3 x-1

X' 2., 2 16 8
=—+—X"+3x +10x+|n‘x-(x—1) ‘——+C. ~
4 3 x-1
dx
X(x? +1)%
¥ Wurerpan acteiga aypsic 6emmex Typ: m = 0, n =5, (m<n).

2-mbican. Tady kepek : f

OHbl KapanaibiM OeJIIIeKTepiH KOCHIHABIChIHA JKIKTEHMI3:
1 A Bx+C Dx+E
VY T e
X(x*+D)° x  x“+1 (x°+1
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Besekrep1iH ansIMIapbiH TEHECTIPCEK
1= A(X? +1)2 + Bx?(x? +1) + Cx(x? +1) + Dx? + Ex.

Xx=0 mem ancak, A=1. X-TiH Oipae# HopexecpiHiH K03QPHUIHEHTTEpIH
TEHECTIPIII, KeJIeCl )KYHEeH] aaMbI3:

0=C, 0=2A+B+D, 0=C+E,
sran B=-1, C=0, D=-1, E=0. Onmnaii 6omca

dx 1 X X
e

1JM_EI( +1)2d(x*+1) =

=In|x|—%|n(x2 +1)+;+C. -

2(x% +1)

7.2.4. Keii6ip uppauuonan GpyHKuusijiapabl HHTErpaiaay

Pammonan emec onemeHTap (QYHKIWSUIAPABIH — MHTETPaIapblH
alfHpIMai aybpICTBIPY apKbUIBI palroOHaN (DYHKIUSHBIH WHTErpajblHA
KenTipyre OonaTtbiH (OWI, WHTErpajabl PANUOHAIAAY JCM aTaiblln
KETKEH) JKaFaaiiapapl KapacThIPANBIK.

R(X,y) — X meH Yy-TiH parpoHan GpyHKuusace! 6oaceH. Om — R(X,Y)
OPHETIH ally YIIIH X TIeH Y-Ke TeK apu(MeTHKaIBbIK aMasiiap KOJaHbLIa bl
JIETEH CO3.

L IR( 1/ de UHTETPAJIbIH  €CENTeY KepeK, MYHJIaFbI
cx +d

a,b,c,d — typakrel cammap, m — mHarypan can, ad—bc=0. Hurerpan

aCTBIHAAFbl PYHKIUS CHI3BIKTBI-00JIIEK HPPAIHOHAJIBIK JCIT aTajlabl.

ax+b . .
Y byn uppaumoHanaslk t=m q TYPIHAET1 AYBICTBIPY apKbUIbI
\/ CX +

ax+b:> :>x=b_ d
cx+d ct-

paunoHanaHagsl. byn ayelcTelpynaH " =
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L —dt™ mt™ " (ad —bc
amambI3 (Ke3 JKeTKI3iHi3). Al x= b—dt : dx = % dt
ct" -a (ct™ —a)

epHeKTepi — panuoHan (GpyHKIUsIap OONFAHIBIKTaH, OJAPBIH pPalllOHAT
(hYHKIUSACH — panroHal PYHKIIHS.

V'S
1-mpican. ¥
§x =t, x=t°

dx = 6t°dt

f dx :J dx
Ix+3x 7 (@) + (@)

=6[(t* —t+1)dt —jld—ttzzt3 —3t* +6t—In[l+t|+C =
—+

:2-\/;—3/;+6§/§—In‘1+§/;‘+C .o~

| 6t°dt
t? +t3

II. jR(x,\/axz +bx+c) dx wuHTErpameiH ecenTey Kepek, MYHIArbl
a,b,c — Typakrel canmap. MHTerpan acThiHAarbl GyHKIUS KBAAPATTHIK
HppanHoHaa QYHKIMSA J€M aTaiabl.

1°. Erep X, X, Monzepi ax® +bX+C KBampar ymIMyIeTiriHiH HaKTbI
TyGipaepi Gosica, oHna ax? +bx+c =a(X— X )(X—X,) Gonazusl 1a,

R(x,vax? +bx+c) = = (x,(x—xl) X_X"-anRl (x, X_ij

X— X,

1
anaMbI3, SFHU [-Typjieri ChI3BIKTHI-00MIIEK UPPAMOHAIIBIKKA KEIeMis.
2°.Eugi D=b2—-4ac<0 , a>0 gen amaiisik. OHga MHTErpanibl
Keseci Diijiep aybICTBIPYBI

Jax? +bx+c =t—xa (D.a)

apKbUIBl  pauuoHanjgayra Oomaipl. OWNTKeHI Diep aybICTBHIPYBIHAH

t?—c
ax®+bx+c=t> —2txJa+ax’? = X= Afash anambI3. Byssi (D.a) o
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t?—c L
’)KarblHA KOMCAaK, ax’ +bx+c=t— X\/g =t-— \/g TYpIHAET1
2t- «/5 +b

paroHan QYHKIUSHBI aJIaMbI3.
Eckepry. Erep D >0, a<0, ¢>0 (ax’+bx+c>0) Gonca, onna

Jax? +bx+c=xt+ \/E , (<0, ¢>0) aybIcTBIpYBIH )acayFra 00Jabl.

2-mbicall. Ecentey kepek: J 4+ x%dx.

¥ X?+4 GUHOMBIHBIH HAaKTHl TYGipiepi oK. Dilep aybICTHIPYBIH

KOJIJaHAUBIK;
t? -
X2+4d=t—-x = X>+4=t?-2x+x*> = x= T oait
t?—4 t*+4
Gonca Vx> +4=t— o Bynan X men \/X? +4  MaManapbIHbIH
> P-4t +2 4 - .
KOOEUTIHIICIH XNX +4 = . = JKoHE  X-TiH

2t 2t 4t?

t? -4 t 2) (1 2
epeHIHAI dx=d =d|———|=| =+ |dt  amamsB.
nud dhepeHInanbiH ( p J (2 t] (2 tzj JIaMBbI

Ocbl epHEKTEP/Il OepireH HHTerpalFa Koicak,

2
| 4+x2dx=jt2J;4 (; jdt_—j(t+8+16jdt

t®

t> 16

~2lnft+ -+ C - 2injf+ L =10
8t?

C:

=2In‘x+\/x2 +4‘+§\/x2 +4+C amampi3.
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1-eckepry. I R(x,vax? +bx+C) dX  wHTerpambIHmaFrsl KBajgpar

VIIMYIISTIKTEH TOJBIK KBampar OeJIiIl, colaH COH U= X+2— alfHpIMaI
a

ayBICTBIPYBIH JKacacak, KeJleci yIII HHTerpajlAbIH OipiHe KeJeMis:

1) [R(u, VI —u?)du, 2) [R(u,VI1?+u?)du, 3)[R(u,Nu?-1%)du.

. . 1

Bynmapmel Meicansl, coiikec U=I-sint, u=I-tgt, u=1.-—
cost

TPUTOHOMETPHSIJIBIK aifHBIMANl ayBICTBIPYJIAphl APKBUIBI palMOHAJIAYyFa

OoJaapl.

dx
2-ecKepTy. ,
I (mx+n)"vax? +bx+c

1 .
mx+n :E allHPIMaJl aybICTBIPYBl apKbUIbI JKOFapblia KapacThIPbUIFaH

r=1,2 Ttypingeri HHTErpal

MHTErpalIapAbIH OipiHe Kenei.

bi3 ocerran peiiin  anreOpanblK (pamMoHANl >KOHE UpPPAIOHAI)
GYHKIMSUTapABIH ~MHTETPAIAAPBIH  KapacThIpell  Kenmuik. Enmal  Tpuro-
HOMETPUSUTHIK (QYHKIMSIIAPIbIH HHTETPATAAPBIH KapacThIpaMbI3.

§ 7.3. TpuroHoMeTpHUAIBIK (PyHKIUAIAPABI HHTETPAJIIAY

[R(sinx,cos x)dx (1)

TYpiHJIETi HHTErpal u= tgg 2

allHBIMaNl aybICTBIPYbl apKbUIBl OpKalllaHJa paluoHald (QYHKIHMSAHBIH
WHTeTpaJibIHa Keneni. Paceiaaa na,

X X X X X
2sin—--cos—  2sin—-Ccos— 2tg—
2 _ 2 %%y 9%

3)

sinx = = R
X 1+u

1 cos? X +sin? X 142X
2 2 2
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cos? X —sin? > cos? X —sin2 X 1-1g2 % 1-u?
COS X = 2- i >2<: >2<: @
1 cos? X +sin? X 14tg? X 1FU
2 2 2
uztgf = X=2arctgu, dx= 2du2’ ()
2 1+u

JIeMek, SinX, CO0SX, dx panuoHand QYHKIUAIAP apKbUIBI OPHEKTEIeTi.

An panmoHan GYHKOHASIAPABIH parioHan (GyHKIHUACH panroHal (GpyHKIUA
00JIaThIHBI OCMTLI.

dx
1-mbIca. IT MHTErpasbiH Taby Kepek.
+9CO0S X

¥ Erep u=tg§ men amcak, oHma ((4), (5) xapaHbI3)

COSX—ﬂ dx = 2du COHIBIKTaH
1+u?’ 1+u?’
2du
dx X 1+u? du
et I e e P
3+5c0sx 2 1-u 8-2u
3+5- 5
1+u
X
2+tg—
=j du2= 1 Inu+2|+C=1In—2+C. -
4—u° 2.2 u—2| 4 2,[X

N N X .
JKorappina atan alTKaHbIMbI3AN, U =tg§ ayBICTRIPYBI OOMBIHIIA

(1) Typmeri wuHTerpanabl opKallaHAa »>JEMEHTap QYHKOHS apKbUIbI
OpHEKTEel alaThIHABIKTaH, OHBl YHMBEpPCAJ aybICTBIPY Jemn ataiiibl. bipak
O 9Jic «yHHMBepca» OoyiFaHBIMEH (OHBI KON JKaFjaillapra KOJJaHyFa
Oomanpl JlereH MarblHaga), ©pPHEKTEpAi OChl 9IIiC apKbUIbl BIKIIAMJIAY,
KeiOip kargaiinapaa KypAeni ecenteynepre akenyl MyMKiH. COHABIKTaH

186



MYHJIAll JKaFjainapja yHUBEpCald aybICTBIDYBIHAH 0acKa BIHFAMIIBI
omicrepai Konmmanyra Oonanel. Erep, mbicanbl, SinX, COSX ghynkyusnapo
R ghynkuusacotnviy Kypamsina mex ycyn 0apedcesepimen 2ana Kipemin
oonca, onoa U=10gX aiinbiman aysicmulpybln Naifananyra 00naabl.

MbIcaasbl,
dx 1 dx dx
Jsinzx—4coszx Isinzx 4 cos® x ‘ (tgx) = cos? x|
cos? X
—j d(tgx)_— x=21,c. -
tgx +2

J-R(tgx)dx mypindezi unmezpanovt 0a U=1gX aysicmuipysl
apKbLIbL ecenmey bIH2AUbL.
e An
[sin™ x-cos" xdx (6)

TYpPIHIETI WHTETpajibl ecenTeyre M, N Jopeke KOPCeTKIMTEepiHiH
OepinyiHe OalITaHBICTHI 9JIICTEP KOJJaHAIbI.

a) Erep M HeMmece N caHBIHBIH €H OonIMaraHna fipeyi mak oW cau
Ooica, OHJAa Tak JopexeleH OipiHIN aopexeni Oip keOeHTKim Oeir,
KAFaH Kyl JopexeHi C0S° X+Sin“X=1 QopMyIachIHBIH KOpACMiMEH
TOJBIKTAYBII (YHKIMS apKbLIbI ©PHEKTEI, KECTENIK HHTEeTpajFa Keiyre
Oomansl.

Mbpicaibl,

sin®xdx _ (sin” x- smxdx

I\lg cos® x _I cos3 X

(cos X— cos3 )d(cosx)—3cos X+3

=—f cos 3 x- (1—cos? x)d(cos x) =

5
C0S® X
+C=

= 3 Jeos’ +C. =
5

\/COSX
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0) Erep m mMen n  mepic emec oymin scyn canoap 0onca, oHIa
JIopeke TOMEeHEeTy (hopMynanapbiH:

,  l4cos2x ., l-cos2x . sin 2x
cos X=T, sin XzT, SiNX-COSX =

naiiananyra 6onaael. MbicaJibl,

¥ [sin?x-cos*xdx = [ (sin x-cos x)? - cos” xdx =

=2
:J.sm 2X-1+COSZXdx:lj'sinZZde+EJ'sin22x-costdx:
4 2 8 8
_1:1-cos4x X__sin4x  sin®2x
8 2 16 64 48

B) Erep m+n=-2k, keN, sruu M+Nn mepic yncyn can 6Goica,

+C. »

1.. )
dx + — [sin?2xd (sin 2x) =
1GI ( )

oHJa U=1tgX Hemece U=CIgX aybICTBIpYBIH jkacayra O0yajbl.

MeIcaubl,

1 m—l n—_E 1
. sin®x o _ 3 3 | sin®x dx

Jlcos™ x manel_13_ 4 cos® x-cos? x C08° X
3 3
dx
d(tgx) = —; A
= cos X |- = [tg® x(L+1tg® x)d (tg ) =
— =1+1g° X
cos® X

c. =~

4 10
1 1 3tg3x  3-tg3 x
=|tg® xd(tgx)+ [tg® x d(tg x) = + +
[tg° xd (tg x) + [ tg* x d (tg x) i 10
Kannot orcazoaiioa (6) unmezpanovl pekyppeHmik gopmyna
KoMezimeH ecenmeyze 6071a00bl.
Mpuicanwi,
i dx —ISin2X+COSZde—jsinx sin x - dx i dx
cos?* x cos?* x cos™*x 7 cos® 1 x

188



sin xdx

u=sinx dv=————
_ C032k+1X _
sin xdx okl
dUZCOSXdX, VZIWZ—J’COS Xd(COSX)Zm
_sinx 1. dx N dx
2kcos® x 2k 7 cos?®*tx °cos*tx’
dx sin X 1 dx
SIFHU, = +H1-—— || ———.
jcos2k+1 X 2kcos® x [ 2kjI cos? L x
Hepbec acazoaiioa, K =1 6orca, onna:
dx  sinx 1. dx _ sinx 1I X m
[——= —+= = —+=Injtg| =+ | +C.
COS° X 2C0S“X 2°COSX 2c0s“x 2 2 4

e [cosmx-cosnx-dx, [sinmx-cosnx-dx, [sinmx-sinnx-dx

mypaepindezi uHmezpandapobl Kecmeik UHmMezpanoapea Kentipy yuiiH
Keneci, KoOeiimindini  KOCbIHObI2A  MYPJAEHOIpY  (opmynanapvin
Kosi0anyza 601a0bl:

cosa.-CoSP = %[cos(a —B) +cos(a.+B)],
sina-sinP = %[cos(oc —B) —cos(a + B)],

sino-cosP = %[sin(oc—[?)) +sin(a+p)] .
Mbpbicaibl,

¥ [cos2x-cosdxdx = %j(cos 2X +c0s6x)dx =

=1(lsin 2x+lsin6xj+C = lsin 2x+isin 6x+C. -
2\ 2 6 4 12
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10.

11.

Cypakrap MeH TancbipMaiap

Anramkel (QyHKIUS aHBIKTAMachlH KenTipiHi3. bepinren ¢yHK-
MUSHBIH OepureH apajbIKTaFbl aFamIKbl (DYHKIMSCH JKAIFBI3 00ia
Mma?

AHBIKTaIMaraH WHTETpai JIeTeH He JKOHE OHBI KaHAall CHMBOJIMEH
Oenrineiimi? AHBIKTaIMaFaH MHTETPANIBIH HETI3Tl KaCHETTEpiH aTarl,
OJIapJIbl JIQJICTIICHI3.

Herisri naterpanaap KecTeciH jka3bIHbI3 KOHE OJIapAbl JOJIENICHI3.

[(x+ 1)2 dX WHTErpajslH eKi TocinMeH: a) aprymenTi (X+1)

00JIaThIH TOPEKENIK (DYHKIMSHBIH HHTETPAJIbI ICTT JIbIIT; 0) jKaKIIaHbI
aIlIbIIN, KOCHIHBIHBIH HHTETPAJIBI ICT aJibIll, TAOBIHBI3. AJBIHFAH HOTH-
JKeNepiH OipiHe-0ipi KakIlbl KSIMEHTIHIH TYCIHIPiHI3.

AWHBIMAJ aybICTHIPY apKbUIbI aHBIKTAJIMAaFaH UHTETpAIAApbl €CENTEy
SmiciH TyCiHIipiHi3. MbIcan KenTipiHi3.

Meicanmgap apKpUIBl Kelleci HWHTerpajiapAbl ecenTey ToCiaaepiH
KepceTiHi3:

I dx (Ax + B) dx (Ax + B)dx
2

X2+ px+q’ I«/x2+px+q' '[x2+px+q’ «/x2+px+q'

AHBIKTQIMaraH  UWHTErpaiap  VIIH  OeJiKTeNn  HHTerpaiiay
(opMyIacklH KOPBITHI IIBIFAPBIHBI3. MBICAI KENTIpiHi3.

Panmonan  OeimiekTepi  MHTErpajjiay  SICTepiH  TYCIHIIPIHI3.
Meicanmap KenTipiHis.

ax+b - o
fR X, m q dX wHTerpaneiH ecenrtey omicin Tycinmipiniz (R —
CX+

panmonan ¢yHKmus). Mpican KenTipiHi3.
[R ( X, vax® +bx+c ) dX MHTErpajblH ecenTey oJicTepiH TyCiH-

nipiHiz (R — panuonan gyakums). Mbican KenTipiHi3.
_[R(Sin X, COSX)dX mHTerpambH ecemtey omicin Tycimmipinis (R —

paunonan ¢GyHKuus). Mpicaa KenTipiHi3.
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12.

13.

14.

15.

Erep jsinm X -c0s" X dX MHTerpanblHa 71 HEMECE M CaHAAPLIHBIH €H
Oonmaranma Oipeyi Tak Oojca, OHIA OHBI HHTETpalfay oHiCiH
TYCIHAIpiHi3. MBIcal KeNTipiHi3.

Erep .[Sinm X -c0s" X dX WHTerpanbiHa 7 HEMECE M CaHmaphbl TEPIC
emec xyr OyTiH 6oica, oHIa OHBI MHTETpajAay SHICiH TYCIHAIPIiHI3.
Mpeican KenTipiHi3.

Erep j sin™ x -cos" x dx wWHTErpamblHma #, M  CaHZAPHl YIIiH
n+m=-2k, keN Tenuiri opelHmanca, oHIa OHBI HHTErpangay
QMICIH TYCIHIIPiHI3. MbICaT KENTIPiHi3.

[cosmx -cosnx dx, [sinmx -cosnx dx, [sinmx -sinnx dx Typin-

Jeri WHTerpajgapAbl ecenTey oJIiCTepiH KepceTiHi3. Melcanaap
KEJTIPiHI3.

AnviKmanmazan unmezpanovt madsviHoap.

L [x’J4-x?dx.  (JKayabwr: E(XZ—Z)\/4—X2 +2arcsin§+C.)
1 |x 15 + 24/4x2 +1 |

2. | ox . (Kayaéwr: In

(x2+4)\/4x2+1 415 ‘x\/_ 2/4x? +1‘

3. [(x+1)Vx* +2xdx. (Kayabbr:

(x2 +3x)3 +C.)

Wl

4, jln(x+\/1+x2)dx. (Kayabbr: xln(x+\/1+x2)—\/1+x2+C.)

5. [arccos /de. (KayaGbI: arccos /L ++/x —arctg/x +C.)
X+1 X+1
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8. AHBIKTAJIFAH UHTEI'PAJI

§ 8.1. AHBIKTa/IFaH MHTErpPaJ YFbIMBIHA JKeJIeTiH ecenTep.
AHBIKTAJIFaH HHTErpaj KoHe OHbIH KacheTTepi

8.1.1. 'eoMeTPHSIBIK KoHEe (PUIUKAJIBIK ecenTep.
AHBIKTAJFAH MHTErpaj aHbIKTAMAChI

I-ecen. [a,b] kecinmicinme (2 Men b — akwIpael caHmap) y3imiccis
f(X)>0 dynkumsce Gepincin.
A) «y=T1(X) xucereiven, OX ecimen xome X=a, X=D

TY3yJepiMeH IIeHeNIreH (UTypaHblH ayoaHsl» IETeH YFBIMIBI aHBIKTAY
kepek (67-cyper);
9) ocbl S ayoandsl mady Kepex.

d y=f(xy

N

N\

3 xnl

7

vz

7
2

&0 gl\
NANNWWN
0 a=x, x,

AN\

>
=h x

=
=

47
sz

2

67-cyper
¥ Ecenre aramraH (urypanbl KHCHIKCHI3BIKTBI Tpamemust [Ci/Ii.
Byt ecenTi mbFapy yIiH Kelieci aManap/abl OpbIHAARMBI3:
a) [ab] xeciumini kes wearem a=X,<X <X,<..<X,=b
HYKTeJIepMeH N Oellikke Oeemis:

[a,0] = [xo; X JU DX %10 UIX 5 %, 1= U[Xj Xl
=0

0) ap0ip [X;;X;,;] Genikiue KecinmileH Ke3 KeIreH &; HYKTECH
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amambiz &; €[X;;%; 4], j=0,1..,n—-1, xoHe ockl HyKTenepre caiikec

f(€;) dynkuus MOHIEPIH TaybIIl, KENEC KOCBIH/IBIHBI KYPaMBI3!

Sy =)0 %)+ F(ED(X —X) +.+ F (€ )(X, —X,y) =
=S 0= 3 e Ay =0,
j= i

Anpiaran epHek  f(X) QynkuwsiceiabiH [a;b] keciHmizeri MHTer-
PAIABIK KOCBIHABICHI JeT aTayaasl. OHBIH 9pOip KOCHUTFBIIIE:

f(gj)(xjﬂ_xj): f(‘:j)ij ’ j=O,L...,n—1,

— Tabaubl AX; =X;,; —X;, Ouikriri f(§;) Oonarei Tik TepTOYphIII

j s
ayJlaHblHA TEH, all S, CaHbl KMCBHIKCHI3BIKTBI TpArelus ayJaHblHa Oenriii
Oip mommikmeH KybIKTaiiap:: S, ~S . Byl KybIK TEHIIK AdTipeK OOybl
yuiin 6apabik [X;;X;,,], J=01..,n-1, Gemixme xeciuninepai meiinirme
YcaKTaii TyCy KepeK eKeHi TYCIHIKTi;

B) Y3BIHIBIFBI €H YiKeH OeuiKire KeCiHAIHI Helre YMTBULABIPHIT

max ij —0 (onma Gapiblk AX j Heire YMTBUTAJIBI) S, KOCHIHBIHBIH
j=01,-,n-1

LIETIH aJIaMBbI3:
n-1
S= I|im Zf(ﬁj)AXj. (D)
max AXj —0 j=0

MyHzarbl S caHbl KUCBIKCBHI3BIKTBI TpANCIMSIHBIH AaydaHbl JIell
aTajajpl.
ConbiMeH [-ecenTiH eKi cyparbIHa Ja yKayall aljbIK.

II-ecen. X ecinmeri [a,b] kecimmicin — CBI3BIKTBIK GipTekTi emec
cTepkeHb (Keni) peTriHae KapacTblpaiiblk . OHBIH MAacCachIHBIH YJIECTipy
TeIFBI3IBIFRL  P(X) — ysimiccis dymkims GoschiH. OChl CTEp/KEHbHIH
MaccachblH aHBIKTay KEepeK.

v a) CrepxeHb/li Ke3 Kezen a =Xy <% <...,<X, =D mykrenepimen
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e
n Gemikke Gomikreiimiz:  [a,b] = (J[X;:X;,,];
=0

0) Opbip [X;;X;,;] Oenikren Kke3 xenren €; HYKTECiH

g elx;, %11, 1=01..,n=1 ampm, keneci HHTErpamIbIK KOCHIHIBIHEL
n-1

Kypaiimbiz: M, :Z;) p(EAX;. Am  [x;;x;,] apamsbiza  P(X)
]:

(hYHKIMACHIHBIH ©3repyl IIaManbl FaHa OONaTHIHIBIKTaH, CTEP)KEHBHIH
[x i X j+1] KeCIHICIHE colikec MacCaChIHBIH KYBIK MOHI

P(E;)-AX; =p(§;)(Xj,, —X;) Ten OGonranmbikran, M, KOCBHIHIBICH OYKin

CTEep KEHHIH MaccachlH JKybIKTalIbl;

B) CTepKeHBHIH MAacCCACBIHBIH O MOHIH, Y3BIHABIFBI €H YJIKEH
Oeikile KECiHIiHI HeJre YMTBULIBIpa OTHIPBII, M, WHTErpangbIK
KOCBIH/IBIHBIH IIIETiHE OTY apKbUIbl allaMbl3:

M= lim Z p(&;)AX;, =X~ X 2 =
maxAx —>0
it
Ochbl cHsKTBI, KaHmaii ga Oip nene f KymiHiH ocepiHeH [a; b]

apajblfblHAa TY3Y CLISLIKHGH KO3rajiraHJarbl A JKYMBICBIH aHBIKTaytra

oomame: A= lim Z f(&;)Ax;.
max AX *)01 0
j=L...01

Tarel na Oacka kenTereH (U3HMKAIBIK ECEHTEPAI OChl TACIIMEH
menryre 00JIajbl.

Byn ecentep 6isni [a;D] kecimnmicinme 6epinren, Teri oprypmi
(yHKIMsIIapra acanaTblH Oip FaHa MaTeMAaTHUKAIBIK amalFa ajbIll Keill
oTelp. byn aman ¢QyHKuMsiHBI KeciHIige MHTerpaaaay Iem, al OHbIH
HOTHXKECI (PYHKUMSHBIH KeciHIigeri aHbIKTAJFaH HWHTErpajbl JIem
atananel. EHi sxanmel xkaraira keleiik, I-ecemreri y3imicci3 xaHe Tepic
eMec (YHKIIHSFA )KacajlFaH YIII aMaJIJbl CUTIAThl Ke3 KeJreH (QYHKIHS YIIiH
KalTalanbIK.

[a;b] kecinmicinme Y= f(X) bynxmusacs Gepincin.
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a) [a;b] keciumicin  Kes Kkemzem  a=X; <X <X, <..<X,=b
HYKTEnepiMen  [X;, X;,,], 1=0,1..,n-1, Genikrepre Genemis (oHnl R
OemikTeyi en aTaibIk);

0) Opbip [x;x;,] Oexnikren kes kencen &; €[X;;X;;] HyKkTemepin
anein, T @pyukuusacoinviy R 6onikmeyine catikec unmezpanowvik, KOCbIHObL
JIeT aTajaaThiH

n-1
Se(f)=2 f(E)AX, AX; =X, —X;
=0

KOCBIHJIBIHBI KYPaMbl3;
B) MaxAX; — 0 yMTBUIABIPBIN, MHTETPAIIBIK KOCHIH/IBIHBIH LIETiHE
j=01,..,n-1
oTEeMI3.
Erep Oyn wex 6ap 6onca, ouma on f ¢yuxyuaceineiy[a;b]
Kecinoicinoezi Puman 0oiibinuia anvblKman2an unHmezpaipl I aTanabl
Aa,

If(x)dx_ I|m Zf(& )AX; , (a<b) (3)

TypiHae Oenrineneni. MyHzmarbl & MeH D cawmapbl — aHBIKTaIFaH
UHTETPAIIBIH COUKEC MOMEH2E KIHE Hco2apabl uie2i IeT aTasajpl.
Hazap ayoapwinwiz. Anpiktamana  aifteurran  [@;D] xecingicin

OemikTeyni ne, & HYKTECIH TaHIaN alyabl Aa AaKbIPChI3 KOIT TCILIIEPMEH
kacayra 6omanel. Erep f GyHKIIUSACHIHBIH MHTETPAIIBIK KOCBHIHIBICHIHBIH
mieri 6ap 00sica, OHJIA OJ1 OCHI TACLIEpre Tayenci3 (ke3 KenreH R OemikTey
MeH & HykTenepl yimiH) Oip caHra FaHa TeH OOJybl Kepek. by skarnmai,
opune, f GyHKIMACHIHBIH cunateiHa OaimaneicTl. Mbicasbl, erep f
¢ynxmmace [8;D]  xecimgicinnme psiniccizs nemece momomomnowr Gonca,

OH/IA OHBIH UHMEZPAI0bIK KOCblHdblelelH wuiezi oap.

)KOFameaFm aHBIKTaMaHbl y3imicci3 (QyHKIUsIIap Y]J_IIH (bpaHuy3
matemaruri O.JL.Komm (1789-1857), anm »xanmel xargail yIIiH HeMic
matemaruri b.®@. Puman (1826-1866) enrisren.

(3) ek Puman unmezpanwt, an f(X) dyuxuuscel Puman mazvina-
CblHOQ uHmezpanoanamolH @ynkyus nen atananpl. bi3 angpMbIa,
PuMaH mHTETpasblH TEK HHTErpal AT aTalThIH 00JIaMBbI3.
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(1)-(3) TeHmikTepcH MBIHAIAM KOPBITHIHIBI Kacayra 00JaIb:
1) y=f(X)20 xucwireiven, Ox ociMen, X=a, X=D Ty3ynepimen
IIeHereH skasblK (urypanbiy S aygansl f(X) ¢ynkuusacembi  [@,b]

b
KECIHIiCIH/IET] aHbIKTAIFaH HHTErPajIblHA TEH: S = j f (x)dx;
a
2) Ox ecinig [&;h] xecinmici GoiipiMen opHamackaH YyiecTipy
THIFBI3ABIFRL P(X) TeH, GipTekTi emec crepskenHiH M maccachl ochl P(X)

¢ynxiuaceee  [3;D]  kecimmicimmeri aHpIKTanFaH MHTErpanbIHA TEH:
b

M = [p(x)dx..
a

3) Kanpmaii na 6ip nene f xyminin ocepinen [a;b] apanbiremma Tysy

CBI3BIKIICH KO3FaJFaHgarbl A JKYMbICBI, [  (YHKIHMACBHIHBIH [a;b]

b
KECIHICIH/IET] aHbIKTAIFaH HHTErpajibiHa TeH: A= j f (x)dx.

a

AHBIKTaIFaH WHTETPAJIbl OHBIH AHBIKTAMAChl apKbUIbI €CENTey OHai

)kyMmbIc eMec. COHJIBIKTaH aHBIKTAJIFaH MHTErpajjibl ecenTeydiH Oacka
TociniH Taby Kaxer Oonabl. Byn OarbiTra arpummbiH (usuri M.Heloron
(1643-1723) xone Hemic matemaruri I'.B.JIeiiOuur (1646-1716) menrymri
KYMBIC atkapbl. Oyap MaTeMaTHKAIIBIK aHATH3IiH MAHbBI3/Ibl YFBIMIAPhl —
WHTETpall MEH TYBIHABIHBI OalIaHbICTBIPATBIH TEOPEMAHBI JIQJIEIIETI.
OnbIH Ty#ini meHay: erep f(x) dynkuusce [a,0] xecinmicinme ysimiccis,
an F(X) oHBIH OChl KeciHmiferi KaHmai ma Oip aigramkbl (QYHKIIHACHI
(F'(x)=f(x)) 601ca, onna Hetomon-Jleiionuy gpopmynacel nemn arajiaTbin
KeJleci TeHIIK OpBIHIANIAIbI:

T f(x)dx = F(X)|. = F(b)~ F(a). (4)

YKorapsina eckepTkenimizzeit, [a;0] xecimnicinge ysiniccis hynk-
[USHBIH HMHTErPAIaHaThIH (YHKIMS OOJATHIHIBIFBIH Taiaananbin (4)
(hopMmynaHsl fpJeNiey KUBIH eMec.

¥ leiHBIHDA Aa, Oy Kardaiga [a;b] xecinmicine xe3 kenren R

OosikTeyiH a=X, <X <..<X,=D xacan, onan con
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F(0) —F(a)=F(x,) =F (%) = F (X)) =F (X, 1) + F(Xy,1) —.. =

F 00+ F(0) ~F ) = 3, [Fka)=F(K)] =] D]
KeciHmicinme y3imceis  F(X) (b)_/HKHI/IﬂCI)IHa Jlarpanx TeopeMachlH
KOJIaHAMBI3  |= :Z‘; FIE)X1—%) = ZZ‘;f(ék YAX, A% =Xyq — X,
amambi3. By TeHIiKTeH i:O,.%—lAX i~ Oi YMTBUIIBIPBIN IIEKKE OTCEK,
TEHIIKTIH COJ JKaK 0eJIiri TYpaKThl CAaHHBIH IIIETi, aJI OH JKaK OeiTiHiH meri

Oap (Korapblmarbl yitrapbiM OoiibiHIna) skoHe 01 f(X) QyHKIUSICHIHBIH
[a,b] kecinpicinmeri ambIKTanFaH WHTETpalibiHa TEH O0oajbl, srHU (4)

TEHIIKTI aJIaMBI3. -~

2
Meicatsi, jidx =In|x|; =2~ In1=In2.
X
1

Jonenaeycis kenmeci TeopeMaHbl Kenrtipemi3 (OHBI J1a, Mbicaibl, [2]
KiTartad Kapayra Oonafpl).

Teopema. [8;D] wecinodicinoe wenenmezen pynxyus ocwr xecindioe
(Puman 60tivinwa) unmezpaioan6aiiowl.

Euneme, [a;b] kecinoicinoe unmezpanoanamvin @ynxyus oco
kecindioe wenenzen (A > B < B = A KOHTPAITO3UIINS  3aHBI).
Bipak, GyraH Kepi TYXKbIpbIM IYphiC eMec, FHM  gynkyuansiy [a;0]
Kecinoicinoe uienenzenoizi OHblH O0Cbl KeCiHOide UHMeZpanidanybvlna
JHcemKiniKciz.

Mutcansi, (X)={ 1, erep X pammonai Oorca,

—1, erep X mppaumoHai 6oica
dynkuusce ke3 xenren [a;0] xecimniciune wenencen: |\y(x)|=1. Bipak
on [a;b] «keciumicinne Puman mazvinaceinoa UHmMe2paidanoaiobl.
HlembmEaa ga, Y(X) QGyHKIMACHIHBIH MHTErPaAbIK KOCHIHIBICHIHIAFHI

§; HYKTEJepiH  palMoHall  caHjap  eTil  TaHjacak, OHJa
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LN

n n—.

1
2 w(EAX; =2 1-Ax; =b-a;an §; mykrenepin UppaUMOHAN CaHIAp
0

n-1 n-1
erin Tanmacak, ouma Y. y(§;)Ax; = >, (-1)-Ax; =
i=0 i=0
=—(b—a)=a—banap enix. Sruu uHTErpanABIK KOCHIHBIHBIH IIETi,
€; HYKTeNepiH any TOCUIiHE TAyeNli OpTYpii caHaap OoJaibl CKCH.
Hemex, v ¢ynxmuscsl [a;D] xecingicinae unterpanganéaiim..

ConbiMeH, (Qyukyus  bepineen  Kecinoioe  Puman  60tibiHuwa
UHMEeZPANOAHYbL YUWIH OHLIH OCbl KeCiHOIOe weHenzeH 601yl Kaxcem |

8.1.2. AHBIKTAJFaH HHTErPaJIapAbIH KacueTrTepi.
1°. Erep Vxe[a;b], f(x)=1 6onca, onna

b
[dx=b-a. (5)
a
[sabiana aa, [a,0] xecinpicinig ke3 xenren R OeJiKTeyi YIIiH
n-1 n-1
dg = Zl'AXj = (X2 = X;) = (% = X0) + (% = %) +...
j=0 j=0
et (X = X)) =X, — % =b-a.
2°. Erep [a;b] xecinnicinne f xone g uaTerpanmanarsin Gpyskuusiap,

an A, B ke3 kenren cannap 6osca, onna
b

j[A- f(X)+B-g(x)]dx = AT f (x)dx + BTg(x)dx : (6)

a

¥ Kes kenren R OemikTeyi yiriH
n-1 n-1 n-1
DIA-f (€;)+B-g(g;)ax; = A- > f(€;)AX; + BZQ(&,—)AX,-
i=0 j=0 i=0

TEHJIri opblHAanajpl. bynan max AX; —0 yMTBULIBIBIN WIEKKE OTCEK,
i=0,...,n-1
(6) TennixTi anameI3. (6) Teruixtin D<a ymin ne nypeic exenin Gaiikayra
Oomabl. -~
Hepbec acagoatioa, B=0 6omnca, onna
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?A-f(x)dx: AT f(x)dx, (7

an A=1, B=1 6onca, onna
b

b b
[If 00 +g()1dx = [ f (x)dx + [ g(x)dx . (8)

a
Ecxepmy. Erep f(X), 9(X) dynkmusmaper [a;b] xecinmicinae
uuHTerpangaHatein  0onca, omma f(X)-Q(X) xeGeiitinmici nme ochl

KeCiHmime WHTerpaimanansl. bipak KeOCHTIHIIHIH HWHTETpaabl KeOeHT-
KIIITepIiH MHTETpalapbIHbIH KeOelTiHiciHe TeH Oona Gepmeiii:

T f(x)-g(x)dx = T f (x)dx-Tg(x)dx :

Mercanst, f(X)=X, g(x)=x* [a;b]=[01] nen ambm, (4)-dpop-
MYJIaHbI TIaiilaiaHa OTHIPBII, OCHl AWTHUIFAHFA KO3 JKETKI31Hi3.

Anvikmama oOouiblnma a HykTeciHme OepinreH ke3 kenreH f
(yHKIUSACH YIIiH

a
ff(x)dx=0, 9)
a

an [&,b] xecinnicinme unterpannanarein f Gpyskuusce ymin

Tf(x)dx=—? f(x)dx, b<a (10)
a b

JIeN ajlaMbl3. ByJl TeHJIIKTEp i TeOMETPHUSIIBIK TYPFbIIaH KOpPY KHBIH eMec.
IepiaAa ma, OipiHIN KaFdaiga KUCHIK CBI3BIKTHI TPAarerus [0, f(a)]

KeCIHIICIHEe alHanaabl Jla, OHBIH ayJaHbl HOJI'e TEH O00Jajbl; CKiHIII
JKarjaanaa KeciHiH1 Oemikrey HYKTemepi yLIiH
a=X,>%>..>X, >X, =b opemganage (D<a) sxome opbip AX i

yuin AX; =X;,, —X; <0, 1=0,1..,n-1 Gonarsmmem eckepy Kepek.
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3°. (anvikmanzan unmezpanoviny adoumuemix xKacuemi). Erep ke3
kenmren  a,b,C  cammapst ymim op6ip [a;b] [a,C] xome [C,b]
kecinainepinae f uHTerpanaanartein GyHkuus 6onca, oHaa

Tf(x)dx:j f (x)dx+? f (x)dx (11

TEHIIT1 OpBIHIATAEL.
v 1) a<c<b Goncwmn. [a;b] xecinmicin ¢ HyxTeci Genikrey HykTeci

C =X, OomatpiHzail erin, R OesikreyiH 'kacaibIK:
R: a=x%<X <..<X;=C<..<X,=b.
Ocsl R 6emnikreyinen [8,C] men [C,D] xecinninepinin
Ri: a=X,<X<..<X,=C
Ry: C=Xp <Xpyy <-.<X, =D
OemikTeynepi maiina 6omaner. Omnait 6onca

n-1 m-1 n-1
j=0 i=0 j=m

byman lim 8z;= Ilim &y + |lim J; TeHAIriH xa3a agaMsl3.
1 2
max Axj —0 max Axj —0 max Axj —0

3° kacwerTiH mwapTel OoWbIHINA OyJl yII WHIEKTIH ymeyi ne 0Oap,
COHJIBIKTaH COHFBI TeHIK (11) TeHIIK TypiH/E JKa3bLIajIbl.

2) a<b<cC 6Goncem. Onpa (11) Tenik Goitbmma

c b c
I f (x)dx =_f f (x)dx +I f(x)dx, am Oyman (10) TemmikTi eckepim,
a a b

T f (x)dx :j f (x)dx —j f(x)dx = j f (x)dx +T f(X)dx anmamprs.
a a b a c

a,b,c HYKTEJIEPIHIH KaJFaH >KaFgaijgapbl Ja OChl  CHSKTBI

nonenaesen.
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Eckepmy. 3° xacuertin opsmaanysl ymin f(X) ¢ysxouacs [a;b],

[a,c], [c,b] KECIHJIUICPIHIH €H YJIKEHIHIe WHTeTPAAaHybl )KETKUTIKTI.

4°. Erep [a,b] xecinnicinge f, g unterpanmanatsin Gynkuusmap 6oica
xone VXe[a,b], f(X)<g(X) Tencizuiri opeiaaanca, onna

b b
[f(x)dx<[g(x)dx, a<h. (12)
a a

¥ Kes kenren R Germikreyi ymin AX; >0 ekenin eckepi,

-1 n-1
2 F(E)AX; <D 9(§;)Ax; amamprs. By Teinciznikren max Ax; — 0
i-0 =0

YMTBUTIABIPHIT (12)-TeHCI3MIKTI alaMbI3. -~

Jlepbec acazoaiioa, erep f Ttepic emec, [a;D] xecimmicinme

b b
UHTETpaJaHaThiH (QyHKIUS OoJica, OHIa J f(x)dx > I 0dx=0, ac<b,
a a
aran VX €[a;b], f(x)>0 ymin
b
Jf(x)dXZO, ash. (13)
a
5°. Erep f, |f| dyukmunapsr [8;0] xecinpicinne maTerpanmanareH
Oosca, oHJIa
b b
[ £00dx| <|[| f (x)]dx]. (14)
a a

v Vxel[a,b] myxrenepi ymin —| f (X)| <f(x)< | f (X)| TEHCI3MIKTEPI
OpBIHAATATHIHGI aliKbIH. Byian (12) xone (7) KaThICTap bl Mk aNaHbI,

?[—| f (x)[ Jdx sT f (x)dx < T| f(x)dx, a<h,

b b b
HeMmece —[If(dx <[ f(x)dx < [|f (x)dx, a<b,
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SFHU , a<b, amamm.

b
[ £ (x)dx

ST| f(x)fdx =

b
[ (0

Erep a>b 0Gomnca, oHma OCHl COHFBI TEHCI3NIK IEH (10) TenmikTi

naianaHambl3;
b a a a
[ £()dx|= =] £ (dx| =|[ f ()dx| <[] (x)|dx|=
a b b b
b b
= =[] ()] dx| =[] f (x)|dx
alambI3. 4
Lanenoey bapuicvinoa anvinean
b b
[F)dx <[|f(xdx, a<b. (149

mencizoici, MamemMamuraod Hcui NatoaiIanbLIaAobL.

Byn Tencizmikti (13) xoHe (14) TeHci3mikTepiaeH Je alyFra
0oNaThIHBIHA HA3APBIHBI3/IbI ay1apaMbI3.

Ecxepmy. Erep f ¢ymkumscer [a;b] xecimpicinne unterpanmanca,
OHa |f| (hyHKIMSCH! 1a OCBl KeCiHfine MHTerpannananbl ([2] kapaHbI3).
bipak, kepicinie, |f| (hyHKIUACH [a;b] KeCiHiciHae unTerpanaanca, f
(DYHKIUSCHI 1a OCBI KECIH/II/IC MHTErpaIaHa/Ibl JIel aiiTa aMaiMbI3,

1, X-—parnuonan
Mpicans, xorapeina Y(X) = ’
-1, X — wupparnmoHain
(hyHKIUACH [a; b] KECIHJIICIH/Ie MHTeTpalaHOaNThIHBIH KOPCETKEH EJiK.
An  |y()|=1, xe[ab], dysxmmsacer  [@;D]  kecimzicinme

MHTETpaJIAaHA/bI.
1-teopema. KecinniniH Oip HykTeciHeH Oacka HYKTEJIEpiHJE HeJre

TeH (PYHKIHSHBIH OCHl KECIHJi/erl aHBIKTaJFaH HHTETPaJbl HOITE TEH.
Bbackama aritkanna,
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0, xe[ab]\ {c}

\vc(X)={A, e (15)

(hyHKITUSACHI YIIIH KeJeci TeH IIK OpbIHIATa b

b
[we(x)dx=0. (16)

v [a; b] KeCiHJliCiHE Ke3 KkenreH R OemikTeyiH xkacaiblk R:

a=X, <X <..<X,=Db. Anm C wuykreci ocwl Oemikrepmin OipeyiHiH,

alTanbIK, [X,,X,,;) OemiriHiy iminge sxarceiH ( X, <C<X,,; ). OHna
n-1
5R = ZWC (é:j )ij = ‘//C (é:m—l) AXm—l + Wc (‘gm)AXm'
j=0

Vx €[a,b] myxrenepi ymin |\|/C (X)| < |A| OOJIATHIHIBIKTAH,
|6R| = |\|jc (ém—l)AXm—l + (Wc (ém)AXm| <
< |AXJ- >0 eCKepceK| < W) Ay +

+ |y, (E,)|Ax%, < |A-(AX,_, +Ax,) — |A]-0, _max_Ax; >0,
j=

sruu (16) TeHIiK OpbIHIAAIbI. -~
Caanap. [a,b] xecinmicinge wuuTerpammanatein f (QyHKIHUSCHIHBIH
ce[a,b] HykreciHmiri MoHIH ©3repTKEHHEH OHBIH aHBIKTAIFaH HHTETPAJIBI

e3repMeiii, SIFHU OHBIH C € [a;h] HykTecinairi MoHIH ©3repTKEHHEH KeliH

b b

anpiaran f; QyHKIHSICH yiTin Ifl(x)dx =I f(x)dx Tenmiri opeIHAATAIEL.
a a

v f QyHKUMACKIH KaNFBI3 C HYKTECiHIEe o3repry, ofaH Y (X)

dyukusicein ((15)-kapanpiz) kocy neren co3: f(X)= f(X)+wy (X). Onait
Ooca ocel TeHikTeH (8) koHe (16) TeHaiKTepiH eckepir,

.? f, (x)dx =? f (x)dx+T\yc(x)dx =j! f(x)dx+0

alaMbI3. “
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Canpapnas, f  (QyHKUMACHIHBIH WHTErpalJaHybl OHBIH Oenrimi Oip
HYKTEZEC KaHAall MOH KaObUIJAWTBIHBIHA TOYEJAlI eMec EKEHIH Kepemis.

1, x=0, .
Mpeicansl, f(x) = {0 xoHe Q(X)=1 QyHKUMATAPBIHBIH OpTYpIi

MoHZepi Tek X =0 Hykrecinze raHa. Omail Gonca,cannap OOHBIHIIA, Ke3

b b b
xenren [a;b] xecinmicinge [ f (x)dx=[g(x)dx =[1dx = b—a anamers.

2-teopema. f Qyukuusacer [a;D] kecimpicinge wuHTerpangaHaThIH
tepic emec ¢ynkius O6osnceiH. Erep f dynkmuscer € e[a;b] nykrecinme
y3imccis sxone f(C) >0 Ooica, oHaa Keaeci TEHCI3 K OPbIHIATAIb;

b
[f(x)dx>0, a<bh. (17)
¥ ce[a,b] nmen anaiibik. OHna

f(x)>¥, Vxe[c-3, c+38], (18)

OpBIHJANATEIH [¢ — 8, ¢ + 8] KeciHicl TaObIIAThIHBIH KOPCETEHIK.
MIeeiaaa fa, f yskmuscsr ¢ HykTeciHme y3imiccis OONFaHIBIKTAH,

limf(x)=f(c), Oackama aiiTkaHma, ¢= @ >0 caHBl apKBUIBI
X—C

f(c)
8=T>|f(0)—f(X)|, vxe[c—8,c+3] HeMece

f(c) —% <f(x)<f(c)+ % , VXxe[c—98,c+3] opbHAaNaTHIHAAI

[c—8, c+38] xecimmici Tabbimamsl. Bynm TeHCI3mIKTEpiH COM Kak Oeiri
c+d
[ f0gdx+

b c-38
(18) rtencizmikti Oepemi. Ownpua Jf(x)dX: I f (x)dx +
a a )

c
b

+ I f (X)dX KOCHIHABICBHIHAAFbI KOCBUIFBIIITAD YIIiH
c+d
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c-d b
[ f()dx=0, [ f(x)dx>0,
a c+d
c+d c+d

Ty = 1) 25— £(c).
C:[Bf(x)dx>£87dx_ 5 26=f(c)-5>0

b
TEHCI3IKTEP] OPBIHAATATHIHIABIKTAH, _[ f(x)dx >0 amamsIz.
a
Erep c=a Hemece c=Db Oonca, onma [c—8,c+3] KecinmiciHig

-~

OpHBIHA caiikec [a,a+ 3], [b—08,b] kecinainepi anbiHATBI.

8.1.3. UnTerpajabIiH KOFapFbl Ieri apKbLIbI TYBIHABI ATy

n-1
f GynkumACEIHBEIH MHTErpanaBIK  KOCHIHIBICH  Op = Y f(&;)AX;
i-0

TYpiHIE >Ka3blIATHIHIBIKTAH, HWHTErpaliiay aWHBIMANBICBIH Ke€3 KeJreH
b b b

opinmen Genrineyre Gonaipl: I f (x)dx =I f (t)dt =I f(u)du=....
a a a

Bi3 Temene uHTErpaniay aliHBIMAJIBICHIH, OKBIPMaHFa TYCIHIKTI 00y
YUTiH, BIHFAilIbl OpINIeH aJIMaCTBIPBIT OTHIPATBIH Oomamers.  [&;D)]
kecinmicinge f wHTerpanmaHatein GyHkus 6osiceiH. OHIAa 01 Ke3 KelreH
X €[a;b] nykreci ymin [a,X] kecinmiciHne ne uHTErpainaHanbl. Moicawl,
[a;b] kecinpicinne ysimiccis Hemece monoToHmBI ByHKIMA [a,X] C [a;b]
KeCiHJCIHIe Jie Colikec y3lmicci3 Hemece MOHOTOHIBI,  JIEMEK,
HUHTETpaIaHa bl

X
Opbip Xe[a;b] canbiHa aHbIKTANFAH If(u)du MOHI  ColiKec

a
KEeJIETIH/IIKTEH, KeJeci GyHKIUs

F(x) =f f (u)du 1)

WHTETPAIJIBIH XKOFAPFHI MIETTHE TOYEIIi.
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1-teopema. Erep [a;b] xecimmicinne f pynxiumsce unrerpannanca,

X
ouna F(Xx)= I f(u)du Qynkmuacer xes kxemren X €[a;b] nykrecimme
a
y3iiceis.
¥ Kes xenren X €[a;b] wHykrecin anbim, oran h ecimiie Oepeiik.
Omnpa unTerpaniaHateid Gpyskuusuey [8;0] xecimpicinne menenrenairin
maiiTanaHbIIl,

x+h X

[ fQ)du-[f(u)du

|F(x+h)—F(x)|=

x+h

[ f(udu

x+h

= T f(udu+ [ f(u)du —]ﬁ f (u)du <

x+h x+h

< [f@dus<sM- [ du=M-h, a<b,

amambI3. By TeHCI3mikTeH Ling[F(X +h)-F(xX)]=0, srau F Qynxuuns-
—

CBIHBIH X HYKTECIHJIE Y3UTICCI3/ITiH aaMbI3. -~

Myuna X Hykmecinoe T yzinicmi @ynkyus 6onca oa, F(X)
dyukyusacel ocvl X HyKkmecinOe y3inicci3 00NAMBIHBING OKYUIbIHBIH
Hazapoln ayoapamoiz!

2-teopema. Erep [a;D] kecinniciune f pynkmusacsl nnTerpanianca
KoHe X, €[a;b] mykrecinme ysimicciz Gonca, oHma OCBI X, HYKTeciHIe

F'(X,) TybIHABICH Oap *oHE KeJleCi TEHJIIK OpbIHIAIaIbL:

F'(%) {Tf(u)du} = 1(x). @)

X=Xp

¥ AngbiveH, f QyHKUMSCBIHBIH X, HYKTeciHJE y3iIicci3airiHeH
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Xo+h

1
im> [ 1= fo)fdu=0 ®)

HIBIFATBIHBIH KopceTeitik. IbiHbiHaa ma, f dyHKusch X, HYKTeciHae

ysimiccis Gonranmpikran lim f(u) = f(x,), srum, Ve>0 canbl apkbuisl
u—>Xg

Gapibik U €[Xg;% +h] ymin |h|<8 Gomea,|f(u)— f(X)| <& Tencizairi

OpBIHAANATHIHAANW O caHbl Tabbu1aabl. COHOBIKTaH |h| <§ yuiH

+h
i XOJ edu

X0

j [~ ooldul<f J IO I E

=&

=‘1-sh
h

OpBIHIANATBL, SSFHA (3) TEHIIKTI alaMBbI3.

Enpi (3) Ternikke cyitenimn, (2) TeHIOIKTI amyFa O0IabI:

F(x, +hr)]— F (%) 1{“’}” f(u)du— | f(u)du}zﬁmfh f(u)du =
X0

1 Xp+h

hx@

1x0+h 1x0+h
Xo) +| T(U)—=T(X =— Xp)au +— u)—T1(X)|[au
{FO) +[ (u) = F ()]} du hjf( )d hI[f() f(%)]d
X X0

Wurerpangay aiiasiMansicer U, am f(X) ocsl U-Fa Tayencis
OoJFaHIBIKTaH, OJ1 TYPAKTHI CaH POJIiH aTKapasl 1a,

1 Xo-+h x+h

b f()du == 1) o =L 1)) h=F(x)

Oomapl. Oaii 6olica XKOFapFbl TEHIIIK Keeci TypJe kKa3buiajbl:

F (% +h;— F(X%) _ f(xo)+%xofh[f(u)— f (%,)]du . Enzi (3) eckepcek,

X0
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oHna F'(x,) = }I1|_r>r(1) FOo+ hg —F) _ f (X,), AFHU (2) TEHTIKTI anampr3. «

b
Eckepmy: @(X) =.[ f(u)du, a<x<b ¢pyskuusacer ymin ge 1 xone

X

b b X
2-teopemanap aypbic:  D(X) = f f(u)du = I f (u)du —j f(u)du=
X a a

b
=_[ f(u)du—F(x), am TypakTel MeH y3imicci3 (GyHKIMSIApIABIH
a

alBIpBIMBI y3imicci3 QyHkums. bynan 2-teopema Goiisinmia, X, €[a;b]

syxrec yuin cb'(xo){ff(u)du—F(x)] =F/(x) =1 (x,), AP

X=Xo

b ’
[j f (u)du] =—f(X,). @)
X -
(2) menoixmi yncannvinayza 6onaoer: erep R uykrenepinge f ysimiccis, an
@ mery nuddepernmanianaTeiH GyHKIHIIAP OoJica, OHIA

#(X)
L | f(U)dUJ = (p(x)) @' ()T (w(¥)¥'(x). @)
v (X)

2-TeopeMaJiaH KeJeci MaHbI3Ibl TY>KBIPBIMIBI AJIaMBbI3.

[a;b] kecinoicinoe ysinicciz f(x) gynkyuacvinviny ocvl Kecinoioe
anzawikpl QYHKYUACHL Oap >XoHE OHBIH aJFallkbl (YHKIUSHBIH Oipi

X
peringe F(x)= .[ f(u)du ¢yHKIMACHH anyFa OOJNaIbI:

a
X
[f)dx =] f(udu+C, xe[a;b]. 4)
a
3ep canbinbI3! Keneci exi TYKBIpBIM Mapa-nap eMec:

1) byHKIMSHBIH A apajbIFbIH/IA ATFAIIKB QYHKIUSICH 6ap;
2) yHKIIMSA A apanbIFbIHAA MHTETpAAaHa bl
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Meicaner, f(X)=signx  ¢dyHkmmacer A= [—1; 1] KECIHJIICIHE

unmezpanoanaowvl, 6ipak OHBIH OCHI KECIHAIAE  al2auiKbl (YHKUUACHL
acok. CoHbIMeH Oipre, OepiJieH KECIHIINC an2auiKbl QyHKuusacol oap,
Oipak oHma Puman OolibiHIIa uHmMezpandanbaiimotn  GyHKIMS Oap
(Temenperi 3-MbIcaniaH KeHiHTi ECKepTyTe e 3ep CAbIHBI3!).

8.1.4. Hbioton-Jleiionun ¢opmyiacblHbIH AHBIKTAJIFAH MHTEr-
pajiaapabl ecenteyre KOJIaHbLIYbI.
Erep [a;b] xecinmicinne f ysimiccis dynkums, an ®(U) OHBIH OCHI

KeCciHJiieri Kanmai aa Oip anFamks! GyHKIHICH 0oJica, OH/Ia
b

b
[ f (u)du = @(b) - D(a) = D (x)| 1)

a
(1) rennix Horomon-Jlennonuy ¢popmynacer nen atanateiH eni. OHBI
0acka TociJIMEH Jie 1anenjieyre 00naThIHBIH KOpPCeTeHiK:

vy FX)= _[ f(udu, xe[a;b] Pynxmuacsr f dyskausCHHEBH

aTFaIIKpl QYHKIHSICHI OOJIFaHIBIKTaH KeJeCl TeHMIK OpPBIHAAaIbI
d(x)=F(x)+C. (2)

a
Enni F(a)=|f(u)du=0 TeHnirin eckepcek, OHxa
a

®(b) —d)(a)(i)[F(b)+C]—[F(a)+C] =F(b)-F(a)=
:T f (u)du —T f (u)du =T f(u)du,

srHA (1) TEHMIKTI ataMpI3.  “

2 21 2 2.x2 2 2
1-MbIca. j(2ﬁ—3)dx:2j'x2dx—3jdX:Z-T -3x|; =
1 1 1

1

=2(B-D-32-)- 222 -1)-3;
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2-MBICAJI.

g

Txll—sin2 xdx = f\/coszdx = ﬁcos xfdx = Tcos xdx + T(—cos x)dx =
0 0 0 0 T

2
. - . . T . - . T
=sinx|2 —sinx[; :slnz—sm0—smn+sm§:1+1:2 ;
2

QOyHKIUAHBIH OepiiTeH apallblKTa aiFamKkbl (yHKOHUACH OoiMaca,
Heroton-JleitOnun ¢opmynacein mnaiganaHa anMaimeis. OnHga Gacka
Tocinmepre kemryre MoxOypmi3. CoHmail TocimmepaiH OipiH Kemeci
MBICaJIMEH KOpCETeHiK.

3-mbican. TeHIIKTI Jaen/iey Kepek:

X
G(x) = [sign(u) du=|x|-1, xe[-11]. (3)
a
-1, -1<x<0,
Y MyHnarsl signx=40, x=0, ¢dbyaxmusicel X =0 HYKTeciHeH
1, 0O<x<1

6acka mykrenepae ysimicciz. An X€[-1,0) myxremepi ymin Signx=-1
y3imicciz  dyHkuus, coHgbiktan [—1,0) okapTeutaii  apanbirbiHa (1)
(hopMyaHbl KOJIJIAHA alaMbI3:
X X
G(x)= [ signudu = [ (-Ddu=-u|’, =-x-1, -1<x<0. (4)
O a
Bepinren [—1,1] kecingicinme SigNX  (YHKIUACH MOHOTOHJIBI JKOHE
IIICHENTeH, JIeMeK, OJ OChI KecCiHfile WHTerpanmaaHateiH ¢yHkmws (8.1,1-
eckepTyi KaparsI3). Omaii 6omca, 1-reopema Goiterama G(X) pyHKImsACH
[-11] xecinmicinzae y3imicci3. Conapiktad X =0 HyKTeCi yIIiH

G(0) = IXi_r)TSG(X) = XILT_ J.l(—l)du = XILT_(—l— X)=-1, (5)

x<0
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0
aran G(0) = J signudu=0-1
|
Enni X € (0,+1] mykrenepi ymin ecenteiimis:

X 0 X X
G(x) = [ signudu = | signudu + [ signudu =—1+ lim [1du =
x| a 0 aa
=—1+Iing(x—a)=x—1, 0<x<l (6)
a—
a>0

(4) — (6) TenuixTepneH (3) TCHIIK MIBIFaIbI.

V'S

Teopema (anamuzoiy wnezizei meopemacwt). Erep f(X) QyHKumsach
[a;b] xecinnicinne unrerpangansim, F(X) gpysxmumsace [a;0] xecimmicinme

y3imicci3, COHBIMEH Oipre ochl KeCIHIIHIH eH OoIMaraHa aKbIpiIbl CaHIbI
HYKTenepiHeH Oacka HyKrenepiHme OHbIH f(X)-Ke TeH TybIHIBICHI Oap

b
0oJica, OHJIA KeJeci TeHIIK OPbIH/IaIa Ibl; I f (x)dx = F(b) — F(a).
a

Mbicanst, F(x)=|x| dymxumscer [-1,1] kecimnicinme ysiniceis sxome

. ! . o . . .
x=0 HyKTenepiHze |X| =signx. Omait Gonca, ananuszdiy Hecizel

X
meopemacul 6oubiaIIa, G(X) = jsign(u) du= |u|il =|X| —1 anmameIs.
4
1-reopema (aiinvtman ayvicmuipy). Erep x =o(t) ¢ynxuuscs [c,d]
KeciHmicinae y3imicci3 muddepennumanganareiy xone a=¢(c), b=¢(d),
conbiMen Oipre o([c,d]) =[a;b] xecinmicinne f(x) y3imicciz QyHKMsS
0oJca, OHJIa KeJeci TeH IIK OPBIH/IaTa b

b d
[ £ ()dx = flp®]e't)dt. (7)

¥ F(x) xone D(t) caiikec f(X) xxone f[o(t)]e'(t) dyHKUMSIAPHIHBIH
aJFaITKbI (hyHKIUSITApBI 0O0JICHIH. Onna Flo(t)] =
=F,-qi(t) = f[o(t)]@'(t) , an Oynan @(t) =F[op(t)]+C. Omnaii Gonca,
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b d
[ f(x)dx = F(b) - F(a) = Fl(d)] - Fle(c)] = @(d) - @(c) = [ f[p(t)]o'(t)dt.

V'S

x=asint, dx=acostdt
1-mpIcad. j\/a —x*dx=|x =0, =0
T
2

% A 5
= [\Ja?-a’sin’t -acostdt = a f |cost|costdt = a’ f cos’tdt = T +C°SZt
0 0 0

2 . A2 2
=a—(t+lsin2t)|7=a [ +lgino B o) R ma’ .
2 2 °0 2\2 2 2 22 4
Keneci mendikmep anvikmanzan unmezpanovl ecenmeyoe Hcui

naiioanansviiaonl:
1) Erep f xyn gynxrus 6onca (f(-u)= f(u)), onna

X, =a, ty=—

ow_,,\)\;,

T f(u)du = 2? f(u)du . (8)
2) Erepf rtak (pyHKu;{ 6omca (f (O—u) =—f(u)), onma
T f(u)du=0. 9)
3) Erep f pynkuusicer 21 neI_);onTLI Oosica, oA
j f (x)dx = ZT f (x)dx. (10)

Uu=-x du=-dx

v 1)jf(u)du—jf(u)du+jf(u)du_u1:—a x=a |=
u2_0 X, =0

= —T f (—x)dx+ej1 f (u)du =|f (—x) = f (x)| =—j f (x)dx +f f (u)du =
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=T f (x)dx +T f(u)du = 2? f (u)du.

(9) Tenmik Te ochIHAAN aHBIMAN ayBICTBHIPY aPKBUIBI TSJIEIACHET;
(10) TeHmikTI AoNENACHIK:

2l+a 2l+a

j f (x)dx = jf(x)dx+j' f (X)dx + j f(x)dx. (11)

YmriHmi  KOCBUIFBIIITAFBl  MHTETpasra X=U+2l  aybICTBIpYBIH

xkacaiblk. Onma X, =2l, =0; x,=2l+a, u,=a xome dX=du
2l+a

Oonanel n1a, jf(x)dx jf(u+2l)du jf(u)du:—ff(u)du aJlaMbI3.

byn eprekTi (11) TEeHMIKTIH OH >KaFbIHAaFrbl YIIiHIII KOCLIJ'IFBIH_I OpHBIHA
2l+a

Koicak, (10) TeHmiKTi anambi3; j f(x)dx = I f (x)dx + j f(x)dx —

21

—f f (u)du = j f(x)dx. =

2
2-MbIca. I (2x’ +X5)|X|C059X dx=0, eiitkeHi Tak QyHKIUS MEH
22
Ky QyHKOHUS KeOeHTiHmici Tak QyHKIUs OonaThlHBI Oi3re Oenrimi.
(2x" +x°)-Tak, an €os9X-|X| — skyn dynkums (texcepinis). Onaii Goica,
(9) Tenmik OoifbiHIIA TaK (QYHKIUSHBIH CHMMETpUsuibl  [-2; 2]
KECIHJIICIH/IeT1 HHTETpaJIbl HOJITE TEH.

3-MbIcaJI.
4n 27 2n+2n 2n 27
jsm X - dx—jsm X-dX + f sin’x- dx—fsm X - dx+jsm X-dx =
0 0+27m 0
2n—T
—stm X-dx =2 f sin’x-dx = Zfsm x-dx =0.
0-n
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2-teopema. Erep [a,b] xecimmicinme U(X), v(X) y3imiccis aud-
(hepennmannanaTelH QyHKIMsIAp OoJica, OHAA OeoJiKkmen unHmezpanoay
dopmynacel e aTanaThiH MbIHA TCHIIK OPBIH/IATA]BI:

b b
Ju'(x)v(x)dx = u(x)v(x)|2 — [u(v'(x)dx . (12)
a a
¥ u(x)v(x) xebewitiHmiciHiH [@,b] keciHmiciHme y31TiCCI3 TYBIHIBICHI
oap (U(x)-v(Xx)) =u'(X)v(X) +u(x)v'(x). Omaii Gonca HeroToH-JleHOHMIY

(dopmymacel  GOUBIHIIIA T[u(x)-v(x)]’dx: =?[u’(x)v(x)+u(x)v’(x)]dx

b b
HEMece u(x)v(x)|2:J'u’(x)v(x)dx+ +Hu(Vv'(x)dx,  an Gyman (12)
TEHOIKTI aJlaMbI3.

1
4-mpicag. Ecenrey kepek: I In(1+ x)dx.
0

u=Inl+x) dv=dx

1 1
[In@+x)dx = 1 —xIn(L+ x)|;—jidx=
0 du=——dx v=x 01+ X
1+x
x+1 1 1 L odx 1 1
=In2- =In2—-|dx+|——=In2—-x| +In0+Xx)|. =
-[ .('; '([X-i-l |0 ( )|0

=In2-1+In2-In1=2In2-1=In4-1.
3-Treopema (opma man mypaner). [a,b] xecinmicinme ysimicciz f(X)
(hYyHKIUSACH YIIIiH

b
[ f(x)dx=f(E)b-a), &elab], (13)

TEHJIiri opbIHaNaThIHAaN & € (a,b) HYKTeC1 TaObLIaIbl.
Bynr tenmikreri (&) cammt  f(X)  ¢ymximacemsr  [a,b]
KECIH/ICIH/IeT1 OpTa MaHi Jien aTrajajbl.
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¥ f ysimicci3 GonFaHabIKTaH, OHBIH @ ajFaimkbl GYyHKIUACH Oap

COHBIKTaH
b

[ £()dx=D(b)-D(a) = @'()(b-a) = f(¢)(b-a), E(ab). =

a

2 . x 16
5-MbIcall. IX dx = I = Z —0=4 OosraHIBIKTaH, MYHJAFbI
0 0
f(x)=x (byHKuH;[HLIH [0 2] KeCIHJICIHAeTI  opma  MoHi
3 1
f(g)=¢= 5 J Xdx = > 4 =2, xoHe o1 MoHre & = 32 HYKTECiHIIE He

0

oomamer. Cetitim, X=0, xX=2, y= x3 KHCBIKTapPbIMEH IIEHEITeH KHCHIK
CBI3BIKTHI TpAICHUSHBIH aynaHbl KaObipracel f(§)=b—-a=2 Tey
KBaJIPATTHIH ayIaHBIMEH Oipeil OOJIBII MIBIKTHI.

§ 8.2. Menuikci3 nHTEerpajggap, Kacuerrepi ;koHe
JKMHAKTBLIBIK Oesriyepi

8.2.1. Bipinmri skoHe ekiHIII TeKTi MeHIIiKCi3 MHTErpaIaap.

bi3 ocblFaH JeiiiH aHBIKTAIFAH WHTErpaliiap Typalibl aWTKaH/a,
UHTErpaNiay apalibiFbl aKbIPIIbl )KOHE WHTETPAN aCThIHJAFbl (DYHKIUS OCHI
apajblKTa IICHENTeH Jen KaObuLnaiblK. bipak aHBIKTaJFaH HMHTErpal
AHBIKTAMACHIH AKbIPCHI3 UHMEZPANOAY APATIbIZbL YULIH JHCIHE WEeHEAMEeZeH
dynkyua xarnaiibiHa apHan Oepy KaXKeTTirl xui ke3aecei. EHi ock

Maceenepi KapacThIpabIK.

I. f dbyHkuuscer:

a) [a,+w) apansFeiaaa Gepincin;

0) xe3 xemren akblpabl [a;0'] kecimmicinge Puman GoibiHIIA
unTerpanganceH (b' € (a,+x) ).

Onna

+00 def b’
[ foodx = tim [ f (x)ax )
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epHeri | @yukuyuacetnoty [a,+0) apanvizetnoazel Gipinwi  mexmi
MeHwiKci3 unmezpanst aen aranansl. Erep MyHoars! mek 6ap 0oiica, oHma
MEHWIKCI3 UHMeZPa HCUHAKMBbL, AT OJI IIEK )KOK HeMece aKbIpChI3 0oJica,
OHJIA MEHWMIKCI3 UHMEeZPAal HCUHAKCHI3 JIST aUTaThIH 00JIaMBI3.

Il. fdyskuumscer:
a) axpipael [8,0) apanbireimga Gepincin kome b HykTecimin
MaHaiiblnoa wienenmezen OOJICHIH;
0) ke3 kenren [a;b’] kecimmicinge (a<b’'<b) Puman GolibiHina
MHTETPATJAHCHIH.
Ony1a MbIHA ©pHEK
def

? fodx = lim tj f (x)dx, )

f  @yuxuyusacotnoiy [a,b] kecinodicinoezi exinwi mexmi menwikcis
unmezpanvl jaen aranaapl. MyHna na (2) mek Oap Oosca, MmeHuwikci3
UHmMeZPan HCUHAKMDBL, a1 OJ1 1K KOK HEMece aKbIpChI3 00JIca, MeHWIKCI3
UHMEZPAL HCUHAKCHL3 TICTMI3.

Erep f ¢ynkumscer ymin I (b=+00) nemece II (b HykreciHiH
MaHalbsIHa f meHenmMeren) maptrapabH Tek 6ipeyi rana Gap 6oica, OHIa

T f (x)dx 3)

OpHETIH Mcanzvl3 epexwienici unmezpanovly xcozapvt b wezinoe
Oonamueln unmezpan en aTalTbIH O0IaMBI3.

Enpi orcanewiz epexweniei unmezpanoviy momenei a wieeinoe 601amoit
MEHWIKCI3 UHme2pandvl aHbIKMAlbIK.

I.  Erepf dyukumscer:

a) (—oo;b] apaneirpiHaa Oepiires;

0) ke3 kemreH akwpipibl [@;b] kecimmicinge (—o<a'<b) Puman

b def b

OOMbIHIIIa WHTETpAIIaHATBIH OOJica, OHIA _[ f(x)dx = a,Li !;njf x(d®
o

—0

epHeri f dyakuusaceinei,  (—oo;b]  apanvizeinoazer  Gipinwi mexmi
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MeHWwiKci3 unmezpanpl NEN atanajpl Ja, MyHIArel ek Oap Ooica, ol
JKHHAKTBI, aJ1 OJ1 )KOK HeMece aKbIPChI3 00JIca, IKHHAKCHI3 JICTI aTajajbl.

Il.  Erep f dyHkuusicsr:

a) akplpnel  (a,b] apaneiFeiHma OepinreH JkKoHe (  HYKTECIHIH
MaHaWbIH/A [IeHeIMereH (DyHKINS,

0) ke3 kemren [a',b] kecinpicinge (a<a’'<b) Puman GolibHia

b def b

WHTETpalAaHaTeiH (QYHKIWS OoJica, OHJIa jf(x)dx = lim j f (x)dx
a'—a?,
a

opueri f gpynkuusaceme (8;0] apanvizvinoazor exinwi mexmi menwircis

unmezpan 01 arajajbl 1a, MYHAArbl ICK 6ap 6OJICEI, OJI HCUHAKmDbL, aJ1 OJ1
JKOK HEMCCEC aKbIPChI3 60HC3, HCUHAKCHI3 [1CI1 aTalaJbl.

1-mbicai. Keneci 1-TekTi MEHIIIKCi3 MHTETpal YIIiH:

=1 L a>1
{Lax={a_1 *7* 5)
1 X 400, o<l
Y  Erep a#1 Gonca, onna
, b’
1 B N 1
—dx= lim [ x*dx= lim = lim —(b’l“* —1):
x“ b'~>+001 b'—>+0]— 1 ) b'—>+0]—
1 1ia<o
= a_
+00, 1-a>0.

Erep a.=1 Gonca, onna
+ .
i %dx: im [ = tim (info/|~Inf) = +o0 anavers. =

1 b'—+o0

2-mbIcan. ExiHnn TekTi HHTErpa yuiH:

1
L= “°F (4)
0
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Y (4) epHek — epekineniri ¢ = 0 HykTeciHae OOJaThIH EKiHII TEKTI
MEHIITKCIi3 I/IHTeraJ'I Mysna a#1 MoHAepi yuriH
1

1
j—dX— lim IX %dx = lim Lxl’“ = lim 1 (1_81—(1):
o X 8_)0+ e=0+1—q e e0+]1—q

L, 1-0>0,
=<1l-a

+00, 1-a<0

amambi3. Erep a=1 Ooica, onma

1
[Zdx = limin|x|" =lim(in1-Ine) =+co,
0 X £—>0 € £50

An erep a<0 Goiuca, oHga mHTErpan acteiHaarsl yHkums [0,1]

WHTETpalay apajbIFbIHAA Y31UTICCI3 XKoHE aKbIpibl OONFaHIBIKTaH, PuMan
OOMBIHIIIA HHTETpaIaHA b

CoHBIMEH KapacThIpbUIFAaH HMHTErpall o<1 VIOiH >XHHAKTBI, ai

o =1 MoHAepi YIIiH )KUHAKCHI3 00JIaibl €KEH. -
1
. . . o i —kx T k > 01
3-mbican. Keneci TeHIIKTI qonenieifik: I e dx=4k
+o0, k<0.

¥ Erep k =060ica, onna IdX— lim _[dx— lim b=+ow. Erep

ba+oc b—+x

k #06onca, onza [ e dx=_lim (——jje “d(~kx) = lim _eT =

0 R—+ o

1
-, k>0

— Ilm _%(ekR_l): k’ >V, P
+o0, k <0.

biz 6yoan «xeilin yHeMOINK JicoHe BIKAMOLLIBIK MaKcamma
MEHWIKCI3 UHmMe2pandap KAcCUmemmepin JHCaa2bl3 epeKuenici dHco2apebl
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unmezpanoay uiecinde, sighu O uyxmecinde 6onamwvin unmezpanoapea
KAmMblCIMbl MYACOIPLIMOAUMDBL3, AL OJl MYHCHIPLIMOAD HCANEbL3 epeKulenicl a
HYKmeciHOe O01ambiH UHMe2Pal YiH 0e OPbIHOAAObL.

Teopema. (Komm kputepmiti) JXKanrbiz epekmieniri b HykTeciHme
b

00MaThIH If(X)dX MEHIIIKCI3 HHTErpajblHbIH KMHAKTHI OOJybBIHA,
a

Oepinren opbip €>0 cambl apkputel by <b’'<b”"<b Tencizmixrepin
KaHaFaTTaHABIPATHIH Ke3 keiared b',b” canmapsr yurin

bf f(t)dt|<e 4)
b

TEHCI3AIrl OpBIHAANATBIHAAH b, CaHBIHBIH TaOBbUIybl KaKeTTi JKOHE
JKETKITIKTI.

X
Y FX)= j f(t)dt, a<x<b, QyHKUMSICBIH KapacTHIPaMbI3.
a
KapacTbIpbUIbIIl OTHIPFaH MHTETpanablH 6ap 6oimys! lim F(x) meridig 6ap
x—b

. x<b
0OJybIMEH mapamap, ajl Oyl IekTiH Oap Oosyel KoM mIapThIHBIH
OpbIHAANybIHa Tapamap; opdip €>0 cambl apkpuiel by <b'<b”"<b

TEHCI3AINiH  KaHaraTTaHAbIpaThIH  Oapibik  b',b” caHjapnl  YIIiH
|F(b")—F(b')|<8 mapTel OpblHAANaThiHmai b, camsr (a<b, <b)

% b’ b’
tabbumansl. Eugi F(B") - F(b") = J. f(t)dt— _[ f(H)dt = _[ f(t)dt epuerin
a a b’
AJIBIHFBI TEHCI3MIKKE KOMcaK, TeopemMa JonenaeHesi.
XKanreiz epexmieniri b nHykrecinge Gosmarein (3) Typaeri mHTErpan
YIIIH KeJeci TEHIIKTEp OPbIHIAIa bl

1) _?[Af (X)+Bg(x)]= A.T' f(x)dx + B_?g(x)dx , A, B, -cannap;

a

b b’ c b’
2) { f (x)dx = 1!'2?):,[ f(x)dx = tl)lgg(j fdx+Jc' fdxj =
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c b’ c b
= fdx+k!jrr1bf fdx= [ f (x)dx+ [ f (x)dx, a<c<b,
a - C a C

b b

MYHIaFbI J'f(x)dx JKOHE _[ f (xX)dXx — menmikci3 umHTErpammap, aa Oy
a C

uHTeTrpangapaplH Oap Oomysl ymin Komm maptel ekeyiHe nme Oipreit

TYKBIPBIMIANATBIHABIKTAH, OJIAP/BIH €Keyi ¢ JKUHAKTHI HeMece eKeyi Jie

C
JKUHAKCHI3 Ooaapl. A _[ f (X)dx — komimri Puman HHTETpasIbl.
a

Eckepry. MeHiuikci3 uHTerpanaap ymiH Puman wHTEerpanbiHa TOH
KacUeTTepiH 6apHBIFLI caKTana Oepmelini.  Meicanbl,  erep

1
f(x)=g(x)= \/_ 6osca, oHIa I \/_dX MEHIITIKCI3 HHTETPANIbl JKHHAKTHI,

t1 1 11 .
an _[— -—=dx =I— dX MEHIIKCi3 MHTErpasIbl JKHHAKCHI3.
0

X /X o X

Erep wMmeHmikci3 wWHTerpan acThIHAAFbl (QYHKUIUSHBIH aJFallKbl
¢dyHKOMsACH Oenriciz Ooyica, OHAA OHBIH >KUHAKTBUIBIFBI TYpaibl auTy
kubH. OHIal Karmainapaa Kehjae arramksl QyHKIVSHBI KepeK eTIeHTiH
apHaiipl OenrijepAi MaljaiaHblll, WHTETPANIBIH JKMHAKTBl HEMece
YKUHAKCBI3IBIFBIH Oiyre Oonanbl. EHJI ocBl Macenenepre KeleHik.

8.2.2. MeHmIiKci3 HHTErpanIapabIH (KHHAKTHLUIBIK Oejriiepi.
TanOacel TypakThl eMec (YHKIMS HHTETPAIBIH 3epTTEyre apHajFaH
KeJieci YFeIMIIBI eHrizeiiik. Erep

b
ﬂ f (x)|dx (5)
a
WHTETpaJIbl )KUHAKTHI 00JIca, OHJIA
b
[ f(x)dx (6)
a

WHTETPAIBI adconom ry»cuHakmal 1en atanaapl. Erep (6) xuHAKTHI, ai (5)
JKMHAKCHI3 MHTETpan 0osca, oHna (6) WHTETpall uiapmmosl HCUHAKMbL ETT
aTaapl.
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1-Teopema. AGcotlom HcURAKMbL UHMEZPATL — HCUHAKINBL.

v  IleibiEAa ga, (5) UHTErpaiblH KUHAKTHUILIFBIHAH — OJI
uHTerpan yinin Kol InapThIHBIH OpBIHAANATHIHB IIBIFAIBL  dpOip
€>0 camsl apkbuibl B, <b'<b”<b  TeHcismikrepin Kamarar-

o
[ £ (x)dx
e

Jiri opelHAANAThIHAAN b, HykTeci TaObulaabl. An Oyl KaTbicTapiaH (6)

TEHCI3-

b
TaHabIpaThiH D', b” HykTenepi ymrin € > f|f(x)|dx2
o

nHTerpan yuria Koy mapTel OpeIHAANBII TYPFaHBIH KOpeMi3. 4

(6) nHTErpaNaBl JKUHAKTHUIBIKKA 3€pTTEY YILUiH KobiHece

b b
j f (x)dx| < J'| f(x)|dx, a<b. (7
b b
TEHCI3Ir maiinananbuiansl. byt TeHci3mikTi Genrini j f(x)dx| < “ f (x)|dx

a a

TeHci3airinen b’ — b yMTBUILIBIPEIN HIEKKE O©TY apKBUIbI aIajibl.

Eeep (7) mencizoikmiy oy omcagblHOAbl UHMESPAN HCUHAKMbL
6onca, onoa 1-meopema 6otivinua (6) unmezpan oa sHcunaxmol.

Eckepty. Erep f(x)>0, Vxe[a,b) 6onca, onma (6) uurer-
paIbIH KUHAKTHUTBIFBl MCH KHHAKCHI3/IBIFBIH COMKEC Keyeci Typiiepie
JKaszaipl:

b b
[f()dx<oo  xome [ f(X)dx=o0.
a a

Enpi Tepic eMec pyHKumMsaapabIH MeHIIIKCI3 HHTErpajiiapbiH
JKHUHAKTBLTBIKKA 3ePTTeHiK.
2-Teopema. JKanrbi3 epekimeniri b Hykrecinme 60maThi

T f (x)dx, 8
b
[ @(x)dx 9)

uHTEerpasaapsl yirid [a,b) apasnbirsiama
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0< f(x)<p(X) (10)

b b

TEHCI3MIKTepl ophIHAAICHIH. OHIa J f(x)dx < I(p(x)dx TEHCI3/ITi OpbIH-
a a

nanaael skoHe (9) MHTErpaIablH KUHAKTBUIBIFBIHAH (8) MHTETpaNbIH 1a

KUHAKTBUIBIFEI, an (8) MHTerpajiblH JKHHAKCHI3AbIFbIHAH (9) WHTEr-

PaIbIH [1a KUHAKCHI3IBIFI [IBIFaIbI.

¥ (10) reHcizaikTepaeH a<b’'<b ymin
b’ b’
[ f)dx < [p(x)dx (11)
a a

anmambI3. Erep (9) unrerpan »uHakThl Ooiica, oHna (11) TEHCI3MIKTIH OH
JKaFrbl, JIEMEK, COJI JKarbl Aa (9) MHTerpajaFra TeH CaHMCH IIeHenemi. Al
(11) TeHCI3mIKTIH CcOI arbl b’ ©CKeHIe MOHOTOHABI KeMIMEHi.

Conppikran (11) TEHCI3AIKTIH COJ XKaFbIHBIH IIET1 YIIiH
b % b
[ £()dx = lim [ £ (x)dx < [ o(x)dx
. b'>b .

Oomanel, neMek (8) mHTEeTpan xuHaKTHL. Kepicinme, erep (8) nuaTeTpan
JKHHAKCBI3 Oojica, sstHu b’ — b ymreutranaa (11) TEHCI3MIKTIH COJT Karbl
00-K€ YMTBLICA, OHAA OJaH Killli eMeC OHBIH OH JKaFbIHJAFBI IlIaMa Ja
00-K€ YMTBUIA/IbL, IFHU (9) MHTETpan KUHAKCBI3 Oomagpl.  “

+00 +0
4-mbIca. _[ ‘COS ax-e 2|dx < _[ e 2dx < oo TeHci3mirineH
0 0

+00

j cosox - e 2Xdx HMHTETpaJibl a0COJIOT JKUHAKTHI OOIATHIHBI IIBIFA/IbI.
0

2-teopema. (8) sxone (9) MHTErpammapabIH €PEKIIEiri )KanFe3 b
HYKTeciHe 60schiH. Erep uHTErpat acThlHIaFbl (QYHKIUSIIAD OH JKOHE
imX _aso (12)
Xx—b (P(X)

Ooica, onna (8), (9) uHTErpannapablH JKUHAKTATY CUNIaThl Oipaei (exeyi
JIe )KWHAKTBI HEMECEe eKeyi Jie )KMHAKCHI3) 00 Ibl.
¥ (12) tenmikten O<e< A OonaThlHAAW Ke3 KEJII'€H € CaHbI

apKBUTBI C < X <b TeHci3mirin KaHaraTTaHIBIPATHIH OAPIIBIK X VIIHiH
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100, 109
g(x) o(x)

HIapTel OpbIHIANaThiHAal Ce[a,b) Hykrecin Tabyra 6omaapl. COHFBI

<g HeMece A—g< <A+eg (13)

KOC TCHCi3ILiKTi ¢(X) >0 dyukusicbiHa KobeiTemis.

Erep I @dX >KMHAKTBI Oo0Jca, OHZIA j(pdx JKOHE .[(A+ g)o(x)dx
I/IHTeraJ'II[ap,I[BI J1a JKUHAKTEI. COH,I[BIKTaH 1 -Teopema 601/ILIHma (13) xoc

TEHCI3JIIKTIH OH arbIHAaH Jf(x)dx WHTETPANILIHBIH, OJlaii 0OoJca
C

If(x)dx WHTETPANBIHBIH JIa JKUHAKTBUIBIFBIH anambi3. [lonm ockuiaif,
a

KepiciHIe, jfdx WHTETPAJIbIHBIH JKMHAKTBUIBIFBIHAH (13) KOC TeHCIi3-
a
b

JIKTIH COJ aK OeiriHe Kapar _[(de WHTETPAITGIHBIH JKHHAKTHUTBIFBIH

aiiryra Oomnanel. OCBl CHSKTHI (8) (9) wmHTerpangapelHBIH OipeyiHiH
JKUHAKCHI3/IBIFBIHAH  CKIHIIICIHIH /€ KWHAKCHI3/BIFbl  IIBIFATHIHBIH
Joenueyre Oomaael. 4

AJIBIMBI3/Ia, KapacThIPbUIATBIH WHTETPAIAPIBbIH JKHHAKTHUIBIK
cUmaTTapsbl Oip/ieii eKeHiH ~ TaHOAaChl apKbUTBI OENTiIelTiH 00IaMBbI3.

1
5-mbIcall. _[

1
Osin\/_

Y lsmbeiHga ga, J

dx HUHTCIrpaJibl )KUHAKTHBI.

dx < oo , eiiTkeHi

sm\/_ JJ_
1

lim sm\/_ = lim Jx -~
Xx—0+ i x—>0+5|n\/_

N

+00
. x=1 _
6-mMbIcan. MeHmikci3 f—e #dx HWHTETPAJIbl KUHAKTHIL.
1
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+00 X 1 +00

Y eiHBIHIA A4, —_— ~ je_3xdx<oo, OlTKeH1
1 X 1
X-1 s
. Xx—1
lim *——=lim—==1. =
X—>+00 e” X—=+0 X

+0 @i
SIn X = CcoS X
7-MpIcaJl. _[ —dx, _[
X

a

a>0, wuHTerpanIapbIHbIH

Wapmmal HCUHAKMbL 60J‘IaTLIHI>IH KepceTeﬁiK.

¥ MpblHA TEHOIKTEH:

E . u=-—, dv =sin xdx E g

Sin X X COS X COS X

M| X __SOSX|"_ [ COSX g

X X X
2 du=-—-dx, v=-CosX a a
X

. cosE

E — oo yMTBUIABIPHID, HIEKKE KemceK(Ellm —E =0),
—0

fsinx cosa §CosX

| dx = -[——d (14)
x X a 3 X

*|cos x

asnambl3. CoHbIMeEH Oipre J' -
a
OpBIHJANATHIHABIKTAaH, (14) TEHIIKTIH OH JKarbIHAAFbl HHTETpAl

~+00
sin x
JKHUHAKThI, oJamn 60.]'103 J —dx HUHTCrpaJibl 1a HCUHAKNbL.

a

1 1 .
X < j—dx=—<oo TeHCI3 T
2
X a

OCBI  CHSAKTHI, j—dx WHTETPANIGIHBIH  J1a  HCUHAKMbl

00JIaTHIHBIH KOPCETYTE 6ona111>1.

Enmi T SIX

a

dX HMHTErpaIbIHBIH HCUHAKCHI30bI2bIH KOPCETEHIK.

O yurin |Sin X| >sin? X TeHCi3AiriH naianaHaMb3;
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+00

sin x *°sin? x 21— c0s2X
J'—dx j dx = .[4dx= |2x=u| =
a X a a 2X
1*1-cosu du * cosu
== —du=—j——— ——du.
2 5, u 2,,U 25 U
*du *cosu
MyH1aFb1 J — — JKHHaKChI3, all j—du — JKMHAKTbl UHTET-
2a 2 U
*lsin x

pan. Omnaii 6onca 1-Treopema OoiibIHIIIA I dx — KMHAKCHI3.

a

X

~+00

J

a

COS X

dX HWHTErpajbIHBIH Ja KUHAKCBHI3IBIFBI OCBUIAMIIA

Kepecerinmemi. “

8.2.3. MeHuikci3s uWHTErpangapAblH KUHAKTHLUIBIFbIHBIH
Jupuxye Oearici. Epexmesikrepi OipHeme HykTege 00JaThIH
MeHIIiKci3 HHTerpaaaap

Ajitansik, (X) (GYHKIHACH [@,+00) apaibIFbIHAA Y3LTiCCi3, al
@®(X) oHBIH anFaIKbl QYHKIUACHI OOJICHIH JKOHE [@,+00) apanbIFbIHIA
g(x) ysumicci3z nuddepenimanaaHaTbiH GyHKIUS OOJICHIH.

Jupuxae 6earici. Erep ®(x) wenenren (®(X)<M), an g(x)

KEeMIMeJIl )KOHE X —> 00 YMTBUIFaH/Ia HOJIr'e YMTBUIAThIH QYHKIIUs OoJica,
OHJIa KeJleci MHTEerpall >KUHAKTHI:

T o(a(x)x. (15)

¥ Benikren uHTETpasay GopMyIackl apKbUIbl €CeTTeNMi3!
u=g(x), dv=eg(x)dx,

du=g'()dx, v=[e(x)dx=D(x)| 9() (), -

[e(x)g(x)dx =
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~[®(x)g'(x)dx = g(E)D(E) — g(a)®(a) - [@(x)g(x)dx .  (16)

Mynna ®(x) menenren, an g(X) >0 (X— o) Henre yMmThIIa-
THIHILIKTaH, éim g(E)®(E) =0. Connmen Gipre
—0

T(I)(x)g’(x)dx

< [|lo()]-|9'(x)]dx M- [|g(ldx =

0 E
=|9'(x) <0|=-M[ g'(x)dx =—-M lim [g'(x)dx =

=M EIiggo[g(E) -g(@]=9(a)-M

eKeHiH eckepir, (16) KkateicTaH E — 00 yMTBUIIBIPHIN HIEKKE OTCEK,

(15) naTerpanABIH JKUHAKTBUIBIFBIH allaMbI3. 4

** Cos X ..
8-mbIca. j ——dx MHTETPAIbIH )KUHAKTBUIBIKKA 3€PTTEUIK.
1

Jx
1
¥ Mynga ¢(X)=cosx, g(x)= T JIEN aJIcaK,
X
JlupuxJie WapThl OpbIHAANATEIHbIH Kepemis: |P(X)|=[sinx| <1,
lim g(x) = lim —= =0 . Onaii 6onca Iupuxiue 6enrici OolibIHIA Oepin-
X—>00

1
X—>00 \/;

TeH UHTETpaN KUHAKTBL. 4

0
9-mbican. Keneci ®@peHenb HHTErpajbIH: j Sinx’dX  kHHAKTHI-
0

JIBIKKA 3€pPTTEY KEpeK.

o0 0
¥ bepinren fsin X?0X WHTErpamsl MeH J.Sin X?dX wmHTErpanbl-
0 1

HBIH JKUHAKTAly CHUIIAThl Oipjieil OOJFaHIIBIKTaH, €KiHII HHTErpai/Ibl

0 o0
. . 1
JKUHAKTBUIBIKKA 3epTTeCeK OoJiraHbl. MbIHA JSIn x2dx = J x-sinx? - =dx
X
1 1
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. 1 L
unterpanga  @(X)=xsinx?, g(x)== men ancax, Jupuxie 6erriciuin
X

. 1
mapTTapbl  OPBIHAAJATHIHBIH  KOpeMi3: |d>(x)| =‘—§COS X2 <

N -

.1 . <.
lim==0. Omnaii 6oaca J sinx’dX WHTerpambl >KHHAKTBI, ACMEK,
1

®peHenb NHTETrpabl KUHAKTHI. -

Amnbikrama. (a,b) apamereiH a=C;<C <..<Cy =b nykTe-

Ck+1
nepiMeH apoip I f(x)dx, k=0,1..,N-1, (17) mHTErpaiIbIH KaJFbI3

Ck
epeKLIeNiri C, HYKTeciHAe Hemece C,,, HYKTeciHAe OonaThlHAai eTin
akpipiabl  caugsl  (C,C ), K=0,1,..,N -1 apansikrapsina Oeiyre
0osaThIH OOJICHIH.

Erep (17) wunrerpammapaplH OapibIFbl a XUHAKTH (aOCOIIOT
JKUHAKTHI) 00Jica, OH/Ia

T f (x)dx (18)

UHTETPAJIbl HCUHAKMbL (AOCONIOM HCUHAKMbL) MEHWMIKCI3 unmezpan JeT
aTamaJipl )KoHe KeJleci TeHJIIK OpPBIHIANaIbl:

? F)dK= 3 Ckf T (X)X
a k=0 ¢,

Erep (17) unTerpanmapapiy eH OonmMarannga Oipeyi JKMHAKCHI3
0oJca, orfa (18) wWHTETpal )KMHAKCHI3 eIl CaHaJaIbl.
+00

10-mbicad. _[efxdx WHTETpaJIbl AKUHAKCHI3.

—00

Y IIeiHBIHIA 04,
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? —X Ot H Et H tE
je dx=|—x=t|=—£edt=é|_|)1;jedt:tILrEe , =

—00

+00 0 +00
OOJFaHIBIKTaH, _[ e ¥dx = _f e *dx + _[ e¥dx=w+l=00, ~

—o0 —0 0
11-mpican. a>0 ymix

O<a<1 ©Ooica, KHHAKTEI,

~sin X

I =<dl<a<?2 Oomca, abcomroT )kuHAKTEL,  (19)
=2 0oica, JKUHAKCHI3

Y HWnarerpanaeiHy X =0 jXoHE X =oco HYKTEIepiHAE eKi epeKie-

dx . Bisre 0<x<7

1
sinx Sin X TsinXx
Jiri 6ap, COHIBIKTaH I dx = j 5 dX + j
o X 0o X 1

HYKTEJIEp1 YIIIH — X <SINX < X TEHCI3OIKTEP1 OpbIHAATIAThIHBI oeJrii.
T

byn koc TeHcismikti  X® >0  gopexere Mymienen — 0eJCek,

2 ., sSinx 4 . T
SxFr < <x", 0<x<= amame. Omait Gonca (0<x<1<=),
T x* 2 2

Lsinx 1
<2 yIIiH I — dXSJXl_adX<oo, ai, oa>2 YIIiH

0 X 0
sin x
j dx>— _[Xl “dx =co0 opbIHIATAIHI.

Ty
sin X

bynan (——>0, 0<x<1) mMbHanail KOPBITHIH/IBI ANTAMBI3:
x*

1

sinx 0.<2  yuiH abCOJIOT )KUHAKTHI,
I—dx HHTETPAITBI

a>2 YIIiH )KHUHAKCHI3

Conrbl exi MamiMeTTeH (19) TY)KBIPBIMHBIH AYPHICTBIFBI IIBIFAIBI. “
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§ 8.3. AHBIKTAJIFaH HHTETPAABIH KOJAAHBLTYBI

8.3.1. KuchbIK J0FaChIHBIH Y3bIHABIFbI.
Kerneci mapameTpiik TeHaeyaepai KapacThIPanbIK:
x=o(t),
Coqy=w(), 1)
z=y(t), ast<h.

MyHnarel t napamerpiniH esrepyine Gaiimambictel P(X,y,z)=

=P(o(t),w(t),x(t)) HYKTECi OpHBIH aybICTBIPa OTBIPBIN, KEHICTIKTETI

KaHgald nga Olp KUCBIKTHI ChI3bIN IbiFaabl. O KHUCBHIKTBI [ apKbLIbI
oenrineiiik. [lapamerp t-HiH oprypmi, Mbicanmer, t=1t, t=t, (t #t,)
MOHJICpiHE KEHICTIKTIH Oip FaHa HYKTeCi ColKec Kelnyli MYMKIH:
R (o(t), w(t) x(t)) = Ry (e(t,), w(ty) x(t;)) -

Erep mapametpiik TeHaeynepaeri ¢,v,x @yukuyusnapor [a,b]
Kecinoicinde y3inicci3 Ooica, OHIA ONap YII OJIIeMIl Kewicmixkmezi
y3inicciz KUCHIKIbL AaHBIKTANIbI.

Eckepry. JKa3bIKTBIKTarbl KUCHIK y=f(x), a<x<b ¢QyHKIus-
ChIMEH aHbIKTaJIChIH. OHma (yHKIUsSHBI mapamerpi t=X Oo0JaThIH
{);_):"(X) a<x<b, mapamerpmik TeHmeyiepi apKbpUIbI KazyFa
o(x)=1-X,

Oonmamel, an Oyn — (1) mapamerpiik TeHICYJIEpIiH {
y(x) = f(x),

a<x<b rtypingeri nepoec xaraaibl.

Enmi I' y3inicei3 Kucolk 002acvlivlly Y3blHObIZbI TYPajbl YFBIM
eHrizediik. [ y3imiccis kucwirbl (1) TeHnaeynep apkpuibl Oepincin. Erep
[a,b] kecinmicin a=t, <t <t, <...<ty =b HykrenepimeH OeiiKTecek,
oHyia opOip t, MOHIHE KHCHIKTHIH A\(((p(tk),w(tk),x(tk))el“ HYKTeCi
colikec keneni (A4,=A, A, =B, 68-cyper). Erep A mHykrenepin

Tizbekrenn A A ,; KeciHIilepiMeH Koccak, oHja [ KHUCBIFBIHA iIITeH
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cenburan [y = AyA...Ay CBIHBIFBI 1IbIFa/bl. OHBIH |F N | Y3bIHIBIFBI
A A ,, OemikTepiHiH:
AA = |((P(tk+1)i W (1) X (1)) — (@t ) wity ), 2 (t ))| =
= |((P(tk+1) =0t ), Wt 1) —wt ), x(te,.) —x (e ))| =
=(A(t). Ay (t). Ax(t))] = A%0(t,) + A%y (t) + A%(t,)

Y3bIHABIKTAPbIHBIH, KOCBIHBICBIHA TCH:

Az

0 <
y
68-cyper
N-1 N-1 2 > >
INE k§)|AkAk+1|=k§JA lt) + A2y (t,) + A% (t). @)

Erep max Aty — 0 (At =t,, —t,) Henre ymThUIFaHIa |F N|
k=01,-,N-L.

KOCBIHJIBICBIHBIH IIIeTi 0ap 0osica, oHza o1 caH ' dozacvinbly y36tHObBIbL
JICT aTaajbl 1a |F| apKBLIBI OCNTUICHE I
ICj=lim |Ty]. ®3)

max Aty —0

Erep Oyn wiex akvipnvt Gonca, oHga ' - Ty3yJleHeTiH KHCBIK el
atananbl. KUCBIKTBIH Y3bIHIBIFBI |F |= +00 TeH 0OJIyhI J1a MYMKiH!
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x=o(t),
Teopema. Erep TI': {y=y(t), a<t<b Tenmeynepingeri o,y,x
z=(t),
byHKIMATapbIHbIH  (aKbipivl)  mysinosiiaper  [a,b]  xeciHmicinme
y3inicciz 6onca, ouaa [ - Ty3yJIeHeTiH KMCBIK JKOHE OHBIH Y3bIH IBIFBI

b
T = [\l OF + Iy OF +[x OFt. @

¥ (2) tengixreri ¢,y,y GyHKIMsIapbiHa Jlarpamk TeopeMachiH
KonnaHaMme3 (At =t —t, )

APt ) = 9(t,1) —et) =@ E) (s —t) = 9(EIAL, & €A,
Ay () =w(t.) - wt) = V(o) (tea—t) = W' (O)AL, o € AL,

Ay (te) =x(te,a) —x(t) = XI(CK)(tkﬂ _tk) = X'(CAL,  §y €AtL,.

Omaii 6omnca (XR = max At ),

|FN | = :Z_:\/Az@(tk )+ Az‘lf(tk) + AZX(tk) =

- :Z;\/(p'(gk)z +y'(0)? + % (G)* At =

- 3 ET VR G M ©

N-1
MyHIA Ty = kz VO &) + V(o) +1/(G) At -
=0

N-1
= IO B+ () A
k=0
Erep (85 Tenmikren max At, — 0 yMTBUIABIPBIN IIEKKE OTCEK, OHIa (4)
TeHaikTi amames. IeHeiHma ma, ¢, y',x'  TyBIHOBUIAPHI Y3imiccis

OOJIFAHBIKTAH [a,b] Kecigmicinae «/(p'2+\y'2+x’2 GYHKIHACH

HUHTETpajgaHabl
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lim > o6 +v(e0) + 2 (G)AY N<p(t) ()2 +x(1)? dt.

max Aty -0 | o
CoHbIMEH Oipre YIIOVPBIITHIH €Ki Ka6BIpFaCBIHLIH VY3BIHBIK-TapBIHBIH

AdBIPBIMBI  YITIHINI KAaOBIPFACHIHBIH Y3BIHABIFRIHAH ACTAWTHIH-IBIFBIH

OPHEKTEHUTIH KeJleCl TEeHCI3IIKTI
Va +a? +ad - b b2 +b5 | < (@, —by)7 + (3 ~B,)° + (8 ~,)°
naiinanancak |ry|=

Nzwcp'@k)z (o) + (G2 At — :z':Jcp'@k)Z () +x'(ak>2Atk}s

OGO+ (0,2 + 1/ (G ~ o' (€ + W52+ (E)°

<%
©)

< :2:\/02 +[y'(0) v €T +[X'(C) — 1 (€I - At

amambi. An ',y ¢ysxumsmapel  [a,b]  kecimmicinme y3imiccis
OonraHapIkTaH, onap [a,b] xecimmicinme OipkanbinTel y3imicci3 (3.13n

Kanrtop Teopemackl), coHAbIKTaH ke3 keiareH €>0  ymiH

max At = mflx(tk+1 —t,) <3 OGouca, oHIa

R B e T A AR CO B ey

TEHCI3iKTepl opbIHmanaasl 1a, (6) TeHCi3miKTeH

N € 2 € 2
'rN'iZOJ{Z(b—aJ {Z(b—aj M=

_N—3L 8\/5 _ 8\/5 N-1 8\/_ \/E
_é,Z(b—a)Atk_z(b_a)g)Atk 2(0-a) (b —a)—78<8 (Ve>0),

arHA Max At, — 0 ymreuranga ry — 0 mbFagsL -
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Eckepmy. Exi emmempai >Karjaiia KHCBIKTBIH I[apaMeTpiiK
X=o(t),
y=wy(t),

OHBIH Y3BIHIBIFBI KEJIECi TYpre ue 00oasl
b
1= [o'()? +y'(t)dt. (4)
a

Jlepbec  xarmaiina, I < R®  KHCBIFBI TYBIHIBICET  [@,b]

TeHaeyi [ = ABcR?: { a< t< b typinzme xaspuiaaml aa,

Kecinicinme y3imiccis T gyuxuusacor apkpinwt Gepince
I y=1f(x), a<x<b,

X=X,

OHJIa OHBI X TIapaMeTpi apKbUTHI JKa3bI: [ :
y="f(x), a<x<b,

(4") popmynaHs! KOITaHAMBI3
b b 2
7| = [yL+[F (0 dx = [ 1+(%dex. (7)
a a X

X =acos’t,

1-mplIcan. ACTpouaaHbIH Y3bIHABIFBIH Ta0y Kepek: .
y =asin’t.

Y byn KHCBIK KOOPJIMHATTBIK ©CTEPMEH CaJbICThIpFaH/A

CUMMETPUSUTBI OOJIFaH/IBIKTaH, OHBIH OipiHINI KBaJpaHTTarbl O6iriHiH

. T .
Y3BIHABIFBIH Ty (031 Oemiri ymiiH, te [O;E] ) anbln, OHbI 4 KeOeHTcek

X . d .
6osranbl. COHBIMEH d— =-3acos’t-sint, d—y =3asin?t-cost.

Ecenreiimis:

% L= f\/ga cos*t-sin’t +9a%sin*t-cos’t - dt—SaT\/cos t-sin’t-dt=

0

(SIE]
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3 in2t[’
=3ajsint-cost-dt=3a5|nt :3_a; |L|=4-3—a:6a. -
! 2 |, 2 2

2-mpican. I y=chx, 0<X<2, KUCHIFBIHBIH Y3bIHIBIFBIH Ta0y
KEpeK.
¥ Mysna (7) dbopMynaHsl naiinagaHaMbl3:

2 2 2 -2
|F|=H1+(shx)2dx=jchxdx=shx|s _sh2=2 "%«
0 0

2

X =a-Ccost,

3-mbicai. L: qy=a-sint, 0<t<2m BUHTTIK CHI3BIKTHIH
Z=at,

Y3bIHJIBIFBIH Ta0y KEepek.

¥ Byn ym enmemai KeHICTIKTeri KUCBHIK YIIiH (4) ¢popMmylaHbl
KOJIJIaHBII, ecenTenmiz: X, =—a-sint, y/=a-cost, z;=a;

|L|=T\/azsin2t+azcoszt+azdt=Ta\/1+1dt=a\/§-2n. -
0 0

Erep I' © R? KHCBIFBI HOAP KOOPOUHAMMApsl apKsibl Gepiice:
I':p=p(9), a<@<P, xoHe p'(P) TYBIHABICHI [OL;B] KeciHie
y3imicci3 6oica, onza (Temeraeri cypetr) X =p(p)-Cose, y=p(e)-sing
KaThICTapAaH (¢ OYPBILIBIH MapaMeTp peTiHae KapacTeipa OThIpbIII, (4')
(hopMynacer OOHBIHIIIA KeJleCi TeH KT alaMbI3

B
= I\/[p’(qJ) cosp—p(¢)-sing] +[p'(@)sing+p(p)cose]” -dp=

B
= j\/(p’cos(p)2 —2p'-pcosp-sing+p?sin® o+ (p'sing)? +

B
+2p'psinpcos+p? cos’ ¢ -do = [Jp? +p” - do.
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CoHBIMEH, erep KUCBIK TOJISPIIBIK KOOPIUHATTAP apKBUTBI Oepiice

Ir: p=p(e), a<Q<P, xoHe p'(P) TYBIHABICHI [oc; B] KeCiHIiae
y3imicci3 6onca, onaa

B
|1“|:J'\/p2+p'2 do- (8)

L

9) >

4-mpican. L: p=a(l+CcoS¢Q) KapaIUOWIACHIHBIH Y3bIHJBIFBIH
Taby kepek (69-cyper).
¥ Kuceik OX eciMeH CabICThIPFaHIa CUMMETPHUSIIBI

YA

0 A X
p=a(1+cosb)

69-cyper
OosFaHIBIKTaH, OHbIH KapThl OoiriHiH (0 <@ < 71) y3BIHABIFBIH eKire

kebeiirce Oomnransl (8-popmyra).

%|L| = f\/az(lJrcoap)2 +aZsin?@-do= af2+2cosq-de=
0 0

n . 0S(p£1t<:>0£93E =
=a }4coszg-d<p=2ajcosg do= 2 2 |
0 0 = cosgzo
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=2afcosg-d(p=4asin9 =4a, |L|=8a. =
0 2 2O

Tancoipma. L. p=1+SiN@ KapAHOUMACHIHBIH Y3bIHBIFBIH TA0y

KEpek.
Hazapovinoizza. Erep mapameTpmin t MoHIHE colikec KeJeTiH

I'=AB noraceinbiH aiinbiMan Hykteci C, anm AC  JOFaHBIH Y3bIHIBIFBI

t
S Gosca, onga S =p(t) = J\/(p’(u)2 +y'(U)+y'(u)’du, a<t<b,
a

©pHET1 HHTETPaJJIbIH JKOFAPFHI IIeTiHe Toyenai pyHKIms 6omabl.
Wuterpan acthiHma U-fFa Toyelal y3umicci3 (YHKIUS TYpFaHIBIKTaH,
JOFaHbBIH S Y3BIHBIFBIHBIH t OONWBIHINA TYBIHIBICHI

‘f'j—‘:’ O O ) ©)

TEH, aj JoraHbIH auddepeHmrab

dS = \Jo'(t)? + y'(t)% + %' (t)2dlt. (10)

8.3.2. XKa3bIK (purypa aynaHbl
Erep [a,b] xecinmicinme ¢ynkuus f(x)>0 Oonca, oHza

AHBIKTAIFAH MHTETPaJ aHbIKTaMachl OoWbIHINA, Y= f(X) KHCHIFBIMEH,
Ox ecimeH xoHe X=4a, X=Db Ty3ylepiMeH MICHEIreH KUCHIK ChI3bIKTHI
Tparnenusi ayiaHbl MbIHAFaH TCH:

S =.T f(x)dx:?ydx. (D)

Erep [a,b] xecinmicinme f(X)<0 6ouca, onma (1) uHTerpan aa
HOJIJICH Killli HeMece Hejre TeH Oonannl, aj Oipak OHBIH aOCOJIOT
I1aMachl COUKEC KUCBIK ChI3BIKThI TPANCIUSHBIH ayaHbIHA TCH.

Erep f(x) Tanbacer [a,b] kecinmicinme akpIpibl caH per e3repce,
ouma y=Tf(x), OX, Xx=D ceBbIKTapbIMeH IIeHENTEH Ka3bIK (QUrypa
aynmasnel yuriH [a,b] kecimmicin f(X) TaHOackl TypakThl GonaThIHIAN
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Oemiktepre Oerim, oChl OoJiKTep OOWBIHINA ANBIHFAH WHTETPATIIAPIBIH
a0COJTIOT IIaMaJiapbIHBIH KOCHIHJIBICHIH anyFa 0oJiafbl HeMece

b
S= H f (x)|dx (2)
MHTETpalibiH ecentey kepek (70-cyper).
Erep y=f,(x), y=1f,(x), x=a, x=b (f,(x)< f,(x),Vxe[a,b])

KHUCBIKTapbIMeH mmeHenreH ¢urypa (71-cyper) aymaneiH TaOy Kepek
0oJca, oHga Keneci hopMyTIaHbl KOJMAaHyFa 00Ia bl

b b b
S =I fl(x)dx—j fz(x)dX=I[f1(X)— f, (x)]dx. (3)
YA y=fi(x)
YA
y=fy(x)
o a b X
70-cyper 71-cyper

5-mpicai. y=sinX, 0<Xx<2m, cunycouna xxone OX eciMmeH
IICHENTeH Ka3bIK QUrypa ayJaHblH Ta0y kepek (72-cyper).
Yy

72-cyper
0<x<m ymin Sinx>0,an t<X<2x ymin Sinx<0
0osaThIHABIKTaH, (2) TeHIIK OOlbIHIIA QUrypa ayaaHbl MbIHaFaH TCH

27 b 2n n 2
S = [[sinx|dx =[sinx-dx+ [ (-sinx)-dx=—cosx| +cosx " =
0 0 T 0

=1+1+1+1=4, ~

Erep kucwix keneci napamempnix menoeynepmen depince:
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x=0(t), y=y(), a<t<f (p(a)=a, o(B)=Db),
oHna (1) materpanga X =@(t) aifHbIMAaN aTMacTBIPYBIH XKacall OTBIPHII,
(dx =@'(t)dt, y=f(x)= f[p(t)]=w(t)) MbIHA HOpMYIaHBI aTaMBI3:

B
S =[y®¢')dt. @)
22
6-MbICa. ¥+b—2 =1 sanunciMeH meHenreH Qurypa ayaaHbIH
Taldy Kepek.

MyHa 3JUTMTICTIH TapaMeTpilik TeHAeyJIepiHe oTy THIMAL:
x=acost, y=Dbsint, 0<t<2r.

Onpna (4) dopmyna OOWBIHINIA SJUIHATICTIH KOOPAMHAT ©CTEpiHE
T
KaThICTBl CHMMETPHSUIBIFBIH koHe X =0, 0=acost = t=—;
X=a, a=a-cost = t=0 eckepe OTBIPHIIL,

0 01 _
bsint(-asint)-dt = ~ab[sin’t-dt = -ab] -~ >t -

2 2
:_a_b t—lsin 2t
2 2

Enni O nomrociHeH WIBIFATBIH, @ =0, @ =[3 CcoylelepiMeH KoHe

s
4

NE — o

° ab b
:_a_(o_ﬁ :E, S=mnab amambI3. “
2 2 4

s
2

noaApAbIK, Koopounammapsl 6otbinwa ysiticciz ¥ = (@) KuceirpiMeH

LICHeNreH (UrypaHblH S aylaHblH aHbIKTaWbIK (73-cyper). CexTopisl
HOJISIP ©CIMEH apachIHIaFbl OypHIIITaphl CIlKeC

A=Qy <P, <P, <..<@,=[ OomatelH coyyenep apkpUibl N aepdec
ceKTopnapra 0OeyieMi3. OpOIp KUCBIK CBI3BIKTBI CEKTOPJBI JOHIEICK
CEKTOPMEH aybICThIpaMbI3, Oackamia aitkanaa, opoip [y ¢, .4],

k=0,1..,n-1, kecingine f(p) Ttypaxrsl xone I, = f(p,) wmonine
TEH Jiell CaHaMBbI3.

Omnpna ocelHAAH N I@HIeNIeK CEKTOP/AaH TypaThiH GUTypa ayaaHbl
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nfll 1n—1
Sp= ;}Ef 2((Pi)A(Pi :EZ(; fz((Pi)((Pm_(Pi)a AQ; =P — @

73-cyper

AnpikTama OoiibiHIa, = f (@) KUCBIFBIMEH XoHE Q=0 , Q=
coyJieNiepiMeH MIeHeNreH Gurypa ayaaHsl
. 1, 1B 5
S—mJQLmEZ%f(woA@i—Eif (9)do
HeMece

18,
S=§If (p)-do. ()

7-mpicaj. YII JKambIpakThl po3a Jen arajaTtelH I =acos3¢
CBI3BIFBIMEH IIEHENTeH (hUrypa aynaHbiH Taby Kepek (74-cyper).
¥ Bip *anbIpakThIH )KapTHICHIHBIH ayaaHsl (5) Gpopmyna
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a’cos’3p-do.

N |-
O — o3

. . S
OOWBIHIIIA Kelleci WHTETpajMeH ©pHEKTeJel Ez

ConppIKTaH po3a ayz[aHLI

5=6-~ 2jcos 30-dp=3a Zjﬂd
3a[ 1 )A 3a° n_ma’
o+=sinbp | == T_T2

2 ("6 , 2 6 4

SFHY JMaMETpi & TeH OHTelIeK aylaHblHa TeH. “
8.3.3. Aiinany neHeciHiH KoJIeMi.
TikOypeIINTHIK X, Y KOOpAMHATTAp XKYHeciHAe Y3uIicci3, OH
y=f(x), a<x<b, dyskuusceimen cunarranrad [' KHCBIFBI OEPiICIH.
I" KMCBHIFBIHBIH X OCIH alfHaTyBIHAH MIBIKKAH OCTIEH KoHe X=2a, X=D
JKA3bIKTHIKTAPHIMEH IIIEHENTeH alHalmy JeHeciHiH V KelleMiH ecemrtey
Kepek 0oschiH (75-cyper).

z
75-cyper
[a,b] KeCIHIICIH  a=X, <X <..<X,=Db HYKTEJIepiMEeH

OeyiKTeceK, OHAa X=X,,; JKa3bIKTHIKTApbIMEH INEHENTEH JeHe
KeJeMiHiH AV 3JIeMEHTIHIH KybIK MOHI: OMIKTIr AX, = X,,; — X, JXKoHE
pamuyci Y, = f(X,) GonaTbiH WWIMHAP KejeMiHe TeH:
AV, =Ty} - A%, = 7if (X )7 AX, .
n-1
AnV, = nz f2 (X, )AX, mramace V KeJIeMHiH MOHIH XKYbIK TYpe

k=0
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. n-1 b
CHIIATTAN/IbI, aJl OHBIH I MOHI V = lim  wt). f2(x,)Ax, = TEJ f2(x)dx.
a

maxAxg—0 | 7o
CoHblMeH aiinany Oeneciniy Kenemi Keieci QopMmynameH
ecenTenesni:

V= n])' f 2 (x)dx. -~ (6)

X

a X S . )
8-mbICcaN. Y= —(ea +e a) LIBIHKBIP ChI3BIFBIHBIH OX eciH aifHa-

JybIHAH IIBIKKAH KOMeHouo et aTanathid Ocrnen xoHe X =0, x=b

JKa3bIKTHIKTAPBl MCH IICHEITCH JICHE KeJieMiH Tal0y kepek (76-cyper).
v

v

X _Xx\
=5t )

76-cyper
2b/ 5 x\2 2b/ o ox
Vzna—j(ea+e aj dx=ﬂj(ea +2+e ajdx:
40 4 0

b
ma’[a 2 a - ma’( 2 >\ math
= —ed +2Xx——e 2 | =—|e? —e 2 |+ .
2 2 8 2

a
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8-Tapay. Cypakrap MeH TancsipMajiap

1. AHBIKTaIFaH WHTETPaT YFBIMBIHA AJIBIIT KEJICTiH T€OMETPHUSIIBIK
JKoHE (U3HUKAIBIK €CenTepi TYKBIPHIMIAHBI3 JKOHE OJIApABIH IIEITiMiH
LIEK apKbUIBl ailyFa OOJATBIHBIH TYCIHIIPiHi3. AHBIKTAIFaH HHTETpaj
AHBIKTAMACKIH KENTIPiHI3.

2. Wnrterpangay apanbiFblHIa Y3idicci3 0OJaThiH (YHKIUS YIIiH
Hetoron-JleitOHuI GopMyIaceH ToIETACHI3.

3. Kecinnize menenren GyHKIMs HHTErpangana mMa?

4, AHBIKTaFaH WHTETPAIIBIH KACHETTEPIH aTaHBI3 *KoHE Keleci
TEHIIKTEPII AONICIICHI3:

1) T[Af (x)+Bg(x)]dx = AT f (x)dx+?g(x)dx ;
2) ?f(x)dx:jf(x)dx+?f(x)dx, ceR.

X
5. Keneci ¢yukumsabiH: F(X) = I f(u)du xacuerrepi Typasbl
a

TeopeMaiapasl TYKBIPHIMIAHBI3 KOHE OHBIH [a,b] KeCIHIICiHae Yy3iic-
ci3 f(X) pyHKUMACH! yiITiH anFamKkel GYHKIHS 0OJaTBIHBIH KOPCETIHI3.

X
6. Keneci terniti nonenzenis: [ sign(u)du =[x -1, xe[-L 1].
)

7. AHBIKTanF¥aH WHTETpaija aiHbIMaj aybICTBIPYBI Kallail OpbIH-
nanansl? Meican KenTipiHis.

8. Koopaunar OachlHa CaJIBICTBIPFaH/Ia CUMMETPHSIIBI KECIHIiIe
WHTETpANJAHATBIH JKYII, TaK (QYHKIMsUIApFa, TepUOATH (QyHKIMsIapFa
KATBICTHI TEHIIKTEP AoeNAeHi3. Mbicanap KelTipiHi3.

9. AHBIKTaIIFaH WHTErpai YIIH OeiKTen WHTerpangay (gopmy-
JIACBIH JI9JICIICHI3. MbIcas KeJITIpiHi3.

10. Opra MoH Typajibl TE€OpeMaHbI JQJIENICHI3 JKOHE OHBIH I'eo-
METPHSUIBIK MaFbIHACKHIH TYCIHIPiHI3.

11. BipiHnmn >koHe eKiHIII TEKTi MEHIIIKCI3 WHTerpaiap/ by
aHBIKTaMaJIapblH ePEeKIIeNiTi )KOFapFel  WHTErpaliay HieriHae 001aThiH
XKaraal yuriH OepiHis3.
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12. bBipiHmn »oHE eKIHIN TEKTI MEHIIIKCI3 HHTEerpaaaapablH
aHBIKTAMaJIapbIH €PEKIICNIri TOMEHIT HHTEerpajijay Hierinie OoJaThlH
JKarmai yIrH Oepimis.

1
. . 1 D a < 1;
13. Kerneci KaTbICThI AQJIEIIEHI3: f—adx =31-qa . Byn
o X
+00, a1
MEHIIIKCi3 HHTETPaIIBIH TeT1H KOPCETIHI3.
1
. T — o>1
14. Keneci KaTbICTBI TANIENAECHI3: .[ —adx =<oa-1 . byn
1 X
400, <l
MEHIIIKCi3 HHTETPaJIbIH TETiH KOPCETiHI3.
1
. . s —kx T k > 01
15. Keneci KaTbICTHI oNIENIEHI3: j e "dx=1<k . byn
0 +o0, k<0

MEHIIIKCi3 HHTETPaJIbIH TETiH KOPCETiHI3.

16. MeHmikci3 wuwHTerpangap YIIiH PuMaH WHTETrpalbiHBIH
OapiblK KacuerTepi cakrana ma? CakTaJiMaraH JKaFgail YIIiH MbIcall
KEITipiHi3.

17. AOcomoT jXKoHE MApTTHl JKUHAKTHI MEHIIIKCI3 WHTErpa-
JapJIbIH aHBIKTaMaJIapbiH OepiHi3. MbIcagap KenTipiHis.

18. Tepic emec pyHKIUMSITAPABIH MEHIIIKCI3 WHTETPaIIapbIHBIH
KUHAKTBUIBIFBIHBIH CAJIBICTBIPY OENTUIepiH TYKbIpBIMAaHBI3. MbIicangap
KEITIipiHi3.

rsinx . . ..
I —dX a>0 TypiHAeri MeHIIIKCi3 UHTErpaJ/IbIH apT-

TBI JKUHAKTBUIBIFBIH TAJIEIIECH]3.

COS X . . ..
20. I —dX a>0 TypiHIeri MEeHIIKCi3 HHTETPAJIbIH MIapT-

ThI ) XKUHAKTBIJIbIFBIH HQHCHHeHiB.

243



21. MeHmikcis3 HAHTETpATIaPIBIH JKUHAKTHUIBIFBIHBIH
Jupuxie Oenricin gonenaeHi3. Mbican KenTipiHi3.

22. EpexmenmikTepi OipHeme HYKTeAe OOJIATBIH MEHIIIKCI3
MHTETPaJIJIbIH aHBIKTaMaChIH OepiHi3. MbIcall KenTipiHi3.

23. KuchIK 1OFachIHBIH Y3bIHABIFBL JIeTeH He? KUChIK T0Fachl-HbIH
V3BIHIBIFRI KaHIaM JKaFmaiaa 0oamaiapt?

24. TlapaMeTpiik TeHICYIEPMEH OepiireH KUCBIK JIOFACBHIHBIH
Y3BIHIABIFEI TYpallbl TEOPEMaHBIH TYXKBIPHIMBIH KeNTipiHi3. Meican
KEJTIpiHi3.

25. Erep sxa3bIKThIKTarbl KHCHIK TeHueyi Y= f(X), a<x<b
TypiHAe Oepiice, OHIa OHBIH Y3bIHIBIFBIHBIH (HOPMYIIACHH Ka3bIHBI3.
Mpbican KeNnTipiHi3.

26. Epexmenmikrepi OipHeme HYKTene OONATBIH MEHIIIKCI3
HMHTETPaJIJIbIH aHBIKTaMachlH OepiHi3. MbIcall KenTipiHi3.

27. KuchIK TOFachIHBIH Y3bIHABIFH JIeTeH He? KHChIK T0Fachl-HBIH
Y3BIH/IBIFBI KaH 1Al JKaFnaiaa Gommaier?

28. [Mapamerpiik TeHACyJIEPMEH O€piIreH KUCBIK JOFaChIHBIH
Y3BIHIBIFBEl Typallbl TEOPEMaHBIH TYXKBIPHIMBIH KeNTipiHi3. Meican
KEJTIPiHi3.

29. Erep ska3pIKTBIKTarel KUCHIK Temaeyi Y= f(X), a<x<b
TYpiHZe Oepiice, OHJIa OHBIH Y3BIHIBIFBIHBIH (DOPMYITachiH Ka3bIHBI3.
Mpbican KeNnTipiHi3.

30. Erep >Xa3bIKTBIKTaFbl KHCHIK TEHJEYl IOJSAPIBIK KOOPIH-
HATTap AapKbUIbI Oepisice, OHAAa OHBIH Y3bIHJBIFBIHBIH (OPMYJIACHIH
JKa3bIHbI3. MbICall KENTIPiHi3.

31. Xa3wk urypansiH aynaHsH Taby GopMynachiH, GUTrypaHbI
LIEKTeN TYpPFaH KHUCHIK TEHJIEYiHIH Oepilly TypiHe OalIaHBICTBIPHII
JKa3bIHBI3. MBICall KEeNTipiHi3.

32. Aiinany neHeciHiH KejeMiH TaOy (HOPMYJIACBIH JKa3bIHBI3.
Mpbica KeNnTipiHi3.
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@OyHKIUSIHBIH 1eri, y3iaiccizairi

2_
L1, lim S —2X+0
x=>2 X —-12x+20
2
1.3, lim 22X X
x=>3 xX*-27
2_
15, lim 2% —1X*6
x>2 X°—5X+6
2 p—
17, Jim X 21
x->1/13 27x° =1
2
19, lim 2+ 21
x>-1 X"+ X+ 2
3_
111, lim—X 2
X>2X°+X—6
2_
113, lim—* 10
x4 X° +x—20
2
115 lim 2% ~7*X=6
x=>32X° —7Tx+3
2 p—
117, Jim 2 H4X-1
x>-1 3X° +X—2
2
1.19. lim w
x>-12x° +3x+1
2
1.21. Jim 2% ~9%+10

x>2 X2 +3x—10

41-YT
Keopceminzen wiexmepoi maoy xepex

245

1
3 2
1.2, lim X=X *2X
x>0 X% 4 X
2_ —
14, lim 2% ~X"1
x-13X° —X -2
v _y2
16, lim2- X=X
x->3 x° =27
2_ —
1.8, lim X ~4X=5
x>-1x°—2x -3
2
1.10. lim 2 ~11X+6
x-3 2X° —5X -3
2_ f—
112, lim ¥ 2%=2
x>-1 x*+1
2 p—
1.14. lim 2 X3
x>-8 X°+2x-3
2
1.16. lim 2X +7X=2,
x>-23x% +8x + 4
2_ J—
118, lim X 43,
x>-13X° +X—2
2
1.20. lim 2% ~X=0%4
x—>4 X —x-12
2
1.22. lim 2%+ X3

x> X2 —2x+1"



1.23. lim =2 .
x-2 3x°—x-10
2
1.25. lim X ~0x=45
x-52x° —3x—35
2
1.27. lim X ~2X=33
x=>-52X° +11x+5
2_ —
1.29, lim3X. —2x—40

>4 x2-3x—-4

2
21 lim 2x2+11x+15.
x—>-3 3X° +5x-12
3_
23, lim X =3X+2

-1 x% —4x+3

4 2
. XT=xX"+x+1

2.5. lim —
x—>-1 X +1

2 —
2.7 lim X —X*3_
X=>25X" +3X—3

2_
29. lim X~
x>-1X +3X+ 2

2 J—
21, Jim 2 +19X=5
x>-52x° +11x+5

2 —
243, lim X ~2¥*+1
x=>12X° —T7X+5

2
215, lim X _17X=2,
X>-2 X" 42X

—5x% +11x -2

2
1.24. lim X —2X=14
x-72X° —9x—-35
2
1.26. lim X *8X+15
x>-3 X° —6X—27
2 —
1.28. lim 2X +15X=8
x>-83X° + 25X +8
2 —
1.30. lim 2X %73

x>-33x% +10x+3

. 2x*+5x-10
2.2 lim2 227
legll X3 -1
3% +2x+1
2.4. !(L)rT;W.
2
26. lim 23X
x—1 X" =1
28 lim X 2%
o2 x4 Ax+ 4
. 2x2+Tx—4
2.10. lim ==,
x>-4 X7 4+ 64
32 _
212, limX X XL
-l X2 4 x—-2
3_
244, lim— "8
x>22x° —9x+10
3 J—
216 lim—* X2
-l X =X —=x+1



2.17.

2.19.

2.21.

2.23.

. 4x3 —2x% +5x
lim————.
x=0  3X°+7X
. 3x?+5x-1
lim =X X7
x>8 X° —5X+6
x? +3x—28

lim
X3 — 64

X—4
X* +3x—28
X2 —4x

X2 —4

lim

x—4

2.25. lim

x>-23x% +x—10

2x? —11x—6

2.27. lim

x-6 3x2 — 20X +12
X3 —2x—4

2.29. lim

3.1.

3.3.

3.5.

3.7.

3.9.

x>2 %% —11x+18

33 -5x%+2
Ilmﬁ.
x-0 2% +5X° — X

. 5x*—3x%+7
Ilmﬁ.
x> X" 42X +1

. xX3—4x® +28x
Ilm#.
x—05x% +3x° +x-1
3 X+ X
lim———.
xow X" 4+3X—2

. —x2+3x+1
lim —— "=
x> 3X° 4+ X—5

2.18. lim=*—
x—1 X =1
2_ f—
2.20. lim ¥ ~*~30
x>5 x°+125
3_
222, lim 271,
x—1/2 XZ—E
4
2
224, lim 2X 11X +10
x>-2 x°-5x+14
2
2.26. lim—>X *X
x>04x° —5x+1
2
228, lim X *2X=21
x>-62x" +15x +18
3
230, lim——* %
x=>47X —27X—4
3
32, lim—X X
x—>w 2X° —4X° +5
3 ny2
3.4, Jim X~ 2 44X
won 2045
2
36. lim>X_t10x+3
w257 +5X—3
2
38, lim 2% +7X+3
x> 5X° —3X +4
3 a2
310, lim X ¥ +10
xom TX* +2X+1

4x* —5x% +1




2
311, lim 2 X7
x=0 2X° —X+10

2
3.3, lim X F2X+9
x> 2X° —X+4

3 p—
3.5, lim 2 7*=2
x—>w 3X° —X—4

4 2
3.17. |imw

x>n x4 44x-3

4 2
3.9, lim X —2X *+3
xow 2XT+1

3
3.21. lim X *+4X

xow X3 —3x+2
3.23. lim

2 4
3.25, |jm X = 2% X

x—n 2 43x% 4+ x4

2 5
3.27. lim 229X =8¢

x>0 X° +6X+8

3
3.0, [im X —2x+1

x>0 2% +3%2 + 2

5
41, lim 204
x—0 2X% +3X° +1
2 —
4.3. lim M

x>0 x> 42x—1

2x3 +7x* -2
x>n 6x° —4x+3

3.12.

xoe x* = x3 2%
2 p—
3.4, lim X X7
x> X+ X+1
2
3.16. lim 20X X
x—2 8 —3X —9X
2
3.18. lim X +4X=5
x>0 4X° —3X+ 2
2_
320, lim X ~4X*2
x=» 6X° +5x+1
4
3.22. lim 1P X=X
x— X+ 3x° + 2x*
2
324, lim XX
x>0l +2X+T7X
4 2
3.26. lim o>~ 2~ 7
x—0 3X" +3X+5
3 2
3.28. lim 2 /X" *3,
x>0 242X —X
2_
330, lim 2 ~3X*1
x—>x 3x° 4+ X—5
4,
4
42, lim 2 +2X=3
x>0 2X° + X+ 7
b
4.4, tim X=X
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lim
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4.5.

4.7.

4.9.

4.11.

4.13.

4.15.

4.17.

4.19.

4.21.

4.23.

4.25.

4.27.

4.29.

2+ 7x-1
Ilm—4 .
x-0 33X +2X+5
. 3xb—-Bx*+2
lim —
x—>-0 2X° +4X -5
. 7x®+5x+9
lim —_—
x>—0 14+ 4X—X
. 2x*4+5x+7
Ilm ﬁ.
x—>—0 X" —2X° + X

. 3x3+2x
lim———7.
x—o X —Bx

. 2 +3x°+5
lim =————.
x>—o 3X° —4x +1

lim 11x3 + 3x
x>0 2x% —2X+1
lim 6x% +5x° -3
x> 2X% —X+7
lim 8x° —4x® +3
xo=o 2% 4 X—T7
lim 5x* —2x° +3
x>0 2x% +3x -7
lim 3ax*+2x* -8
x>0 8x° —4X+5
lim 7x3 —2x+4
x>0 2x% +X—5

. 2x2+10x-11
lim —————

x> 3x* —2x+5
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3 2
46. lim 2 X4
x> X" +5X-1
7 2
48. lim XX —4X
x>0 3X° +11x -7

4,2
410, lim X X =0
x-® 2X° +3x+1

3 2
412, lim XA 7X
x> 2X° +7X—3

2
414, lim X =3+
x>0 142X —X

2
416, lim & %42,
x>0 4x% 4+ 2x -1

2
418, lim 2X ¥3X45
x>0 4X° —2X° +1

2
420, lim 2%+ 4X= 7
x>0 X —2%% +1
2x% —7x+1

422, lim ———.
x> X3 + 4x? -3

3,2
424, lim 8 X =T
x>0 2X° —5X +3
4
4.26. lim 2% *2X=4,
x>0 3X° —4X+1
4.28. lim 4x3 +5x? —3x
T xow 3x24+x-10

3 [—
430, lim X #3X=4
x>0 2X° —5x+1



5.1.

5.3.

5.5.

5.7.

5.9.

5.11.

5.13.

lim 2x? +3x-5 '
x>0 7x® —2x% +1
lim 7x4—3x+4.
x>0 3x% —2x +1
453 —2x% +x

lim >
3X° =X

X—>—00
. 2x%—-5x+2
Ilmﬁ.
x—w X +3X° -9
2x% —3x% +2x

lim 5
X“+7x+1

X—>00
3
lim

) 7-3x*
lim

x>0 2% +3x2 =5

3X+7

5.15. lim

5.17.

5.19.

5.21.

5.23.

x>0 2 —3X +4x%
. 10x -7
Ilmﬁ.
x—0 3X" +2X° +1
. 5x+3
Ilm#.
x>0 X% —4X° — X
. 2x*-5x+3
Ilmﬁ.
x—0 3X" —2X° + X

. 3x+1
Ilm #.
x-® X° —5X° 44X

7x° +6x* —x
2x% +6x+1
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52. lim —; .
x> X" +2X—4
2
5.4, lim =X ~X+7
x>0 3x* —5x +10
4_
5.6. lim >X —2X*1
x>0 3X° +2X -5
2_
5.8, lim 2X ~4X*+2
x>0 4X° +2X—5
2_
5.10. lim X ~TX+5
x>0 4%° —3X° + 2
2
5.12. lim 2= 32X
x>—o 3X" 45X
4 3 _
5.14. lim o * 71X =3
xon 3x% —5X+1
3
5.16. lim 23X+
x> TX+5
4 2
5.18. lim 5)(;3)(2
x>0 ]+ 2X 4+ 3X
4
5.20. lim —X +X_
x>0 2X° —3X—7
5 .3
5.22. lim =X X
x>-04X° +3X -6
v 2
5.24. lim 2= X=X
x>0 X% —16

32 —7x+2



2
5.25. lim 2% 10X+ 7
x—o  2X7 —3X
5.27. lim ﬂ
x—o X' —3x° — 4x
3_
5.29. lim—~ 91 _
x—>® 3X° 4+ 4X+ 2
6.1 X2 +x-12
o x—>3.[ ./4 X
6.3 NX+10-+/4-
3 fim, 2x% —x-21
6.5 «/3+2x—a\/x+
= 3% —4x+1
2
6.7 lim 33X +4x+1 .
Hlx/x+3 J5+3x
6.9 \/2x+ —JX+6
9. lim 2x2 —7x-15
2 —
6.11. fim X232
0 Ix?+1-1
6.13. IlMm—e0———
x—>04/1+ J
6.15. lim ——— ‘5+ =2
X—>— 14/ 3
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5.26.

5.28.

5.30.

6.4.

6.6.

6.8.

6.10.

6.12.

6.14. |

6.16.

. 2x3—3x+1
Ilm ﬁ.
x—-0 X7 +4X

. 2x% =3x+1
Ilm #.
x—>—0 X% 4+ 2X° +5
. TX+4

lim P EE——
x—-03X° —5X +1

2 i SRR

X% +2x—8
\/ \/x+
x> —x—6
—-3X+2
lim————

2= i

2x2 —9x +4
lim——————

Y

X—>—4

x—>2

\/3x +17 —/2x+12

x—>5

x2 +8x+15

Tx—Tex
Fox

N2x+1-3
S Y

limYX+4-3 \/x+ -3
X—5 ./ 2

lim—mM8m8 ——

x—0



6.17. limYX=3-2
X—>7\/x+ -3
6.19. lim XX +1-4
H3x +2x-15
6.21. lim X *£4-2
>0\ x?+16 -4
6.23. limY2X+ 715
x—+9 3 \/_-
3
6.25. lim>X—2".
x=34/3X — X
6.27. lim YX+20-4
x>-4  X° +64
6.29. lim 2 X =3
x>0 X 4+ X
x+4\¥
7.1, Iim(—]
x>0\ X +8
—4x
73. Iim( 2x j
x—o\ 142X
5x
75, Iim(2X+5j
x—o\ 2X+1
1+2x
77, |im(i2]
x>0\ X+1

6.18. |
XA»S -9
_ 2
6.20. lim 2~ YX *4.
x—0 3x
6.22. IMm—————
x—aoﬂf 4f5.+
6.24. lim———— \/_
X—>4\/6x+ -5
2 p—
6.26. lim Y23 ~1
x>0 x% 4 x?
. 3x*-3
6.28. lim———.
x>1,/8+x -3
6.30. lim Y% +1=3
x—2 x°—8
7.
X 2x-3
7.2. Iim[—)
x—wo\ X +1
2-3x
7.4, Iim(x—_lj
X—>0 X
x+3)
7.6. Iim(—j .
X—>00 X
x—4
7.8. |im[i3j .
X—o\ X —
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7.13.

7.15.

7.17.

7.19.

7.21.

7.23.

7.25.

7.27.

7.29.

7.14.

7.16.

7.18.

7.20.

7.22.

7.30. li
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8.1.

8.3.

8.5.

8.7.

8.15.

8.17.

8.19.

8.21.

8.
(Mynoazer o 6enzicin +0 den any Kepek)

X+1 X
|im(2x+3j . 8.2. Iim(2X+1j .
x—o\ 5x x—wo\ X—1

3x-1
lim 84. lim| 2L
x—o\ 2X -1 x—>—o\ 4X +1

X+4 2X+1
Iim[5X+8j 8.6. Iim(x 1)
X—>a0 x—>—0\ 3X —1

5x
lim . 88, lim[ XL
x—-o\ X—1 x—wo\ 2X —1

X+2 x-1
lim [ X3 8.10. lim [ 2+
x>0\ 2X —4 x—>—o\ 3Xx -1

X+3 X
lim{ 273 . 812, lim|2*=3] .
x>\ X+4 x>0\ TX+4

2X 2X
Clim [ X2 8.14. lim[ X3 | .
x—-o\ 3X+4 x—o\ 4X—=5
5x x—1
lim [ X221 8.16. lim | >X=4) .
x—>—o\ 3X+1 x>-o\ X+ 6
3x 6x+1
lim( X2 | . 818, lim[2=3] .
x—o| 3X+10 x>0\ X+4
2X 5x
Iim(x+3j . 8.20. Iim(6X+5j .
x—>-o\ 3x =1 x—o\ X—10
4x 3x
lim [ 7). 8.22. lim[ XL | .
x—-o\ X+ 4 x—o\ 4X+5
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x>0\ X+6
-X
8.25 Ilm(1 ij
x—>o| 3—X
3x
8.27. Iim(sx_lj .
x—>—o\ 2X+5
2X
8.29. Iim( 3”) .
x-o\ 9X —4
0.1, lim=—2988%
x—0 3x
9.3. lim 223X ~C0S5X.
x—0 2X
9.5. lim 19X =5INX
x—0 3x

. X
9.7. IX|_rQ(1— x)tg >

9.9, lim 92X —Sin2x
x—0 X
9.11. lim(————).

x-0'tgX  sinx
sin?3x —sin? x

X2 '

. Sin7x+sin3x
9.13. lim——.

x—0 XSin X

9.15. lim -
x—0 3x

COS2X —Cc0os4x

6X
8.24, Iim(3_4xj .

8.26. lim (

1—X 5x
8.28. lim .
x—o\ 2 —-10X

3x
8.30. Iim( X+5j .

9.2 Iimsm 3x—sin x.
X—0 5x

9.4, lim93* |
x—0 25in X

. arcsinbx
9.6. lim———.
x—0  Sin 3X

0.8, lim 1=SINX.
x—>n/2 —2X

2
9.10. limi=CoS" X,
x-0  Xtg X

9.12.

1-cos5x

9.14. lim=——

x—0 2X

9.16. lim 2ret92x
x>0 tg3X



9.17. lim ¥ —SIn3x. 918, lim 1-9N2X,
x—0 2X xonld T—4X
_ 3
9,19, Jim S054%X—C0S 4X 9.20. fim(—~ -1
x—0 3x x-0°8iN2x  tg2X
2y ne2 ;
9.21, |jm S0 X 05" 2X 9.22. lim &EIN>X
x—0 X x>0 X° —X
— 2 f—
9.23. lim=—C0s 2% 9.4, [imi=0954X
x-0 Xarcsin x x>0 Xsin X
9.25. lim S03°X ~COSX. 9.26. [jm SINXFSINX
x50 4x x>0 arcsin x
9.27. lim 1=5"X 9.28. lim(Z - x)tgx.
=2 (G -X° - 2
2
. 7X . COSX—COS> X
9.29. lim——% 9.30. lim 222 X
x-08in X +Sin7X x>0 oX
4.1-YT wbirapy yJarici
Kepcerinren mekrepai Tady kepek.
_ 5x*+13x+6
1- Ilm 2—.
x>-2 3X° +2Xx—8
> 52 +13x+6 . (x+2)(5x+3)
x>2 3% +2x—8  x>2(x+2)(3x—4)
— m5X_+3=1=0’7_ |
x=>-23x—4 10
2_ f—
2 lim 3x°—-10x-8

x>4 4x% + 6X— 64

>

lim

3x*-10x-8 0

>4 4x? 1 6X—64 24
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4.

5.

. IxP+2x3+5
x—=o GX" +3X° —7X

4 2 5
4 3 XN T+—+—
. IXT+2X°+5 . X X 7
> |Im#=|lm =—,
x>0 BX* +3x2 —TX x> 4(6+3_7j 6
x> X
. 10x -3
Ilm 3—.
x—>—0 2X° 4+ 4X+3
x| 10——
. 10x-3 . ( j
» lim ——= lim
x>0 2x% + 4x + 3 X—>00X3[2+4 3)
X2 x3
3
. 10-2 10
= |lim =—=0. <
X—>—00 3(2++3j o0
X° X
22X +3x3 —4x
lim —————.
x>— 3X° —4X+2
5 3 4
5 s X (2+2—4
> lim 2 2+3X X _ im X_ X
oo BxZ—4X+2  xo x2(3—4 2
X

3o, 3 4
x(2+x2 v -

= lim ==,
X——0 3_ﬂ+% 3
X X
. +21+x -5
lim———
x>4  X° —64
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i NZrx-s (V2L x-5)(V2lex+5)

Y e (x*—64)(V21+x+5) )
_lim 21+x-25 _lim X—4 y 1 _
(X0 -64)(V2Lr x+5) 4 (x—4)(x* +4x+16) 2L+ x+5

o 1 1
_!(I—T‘(x2+4x+16)(\/21+x+5) 480

2-5x
7. Iim( 2x j .
x—o| 2X -3

— e715/2 . >

X0 X— = x>0  2X-5 _

(4)( T 3)“” lim (1+7x)|n‘2"x+§’ lim (1+7x)- lim In 2%+

|

Il

|
I
o
A

:e_OO =

Inﬂ=ln2 >0
2
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ol

X)] =1|im—8in[(nzx
4.@(
4

)
_10
T+ X 22m

2 x>n

T+ X)
<

4.2-YT

1. x>0 ywmreurranga f(X) mern @(X) ¢GyHKUHMIapH peTTepi
Oipaeil akbIpChI3 KilIKeHE IIaMaliap eKeHiH I9JIeIAey KepekK.

1.1. f (X)=tg2x, ¢ (X)=arcsinx.
1.3. f (x)=arctg® 3x, ¢ (X)=4x%
1.5. f (x)=c0s3x—c0sX, ¢ (X)=7x%
1.7. f(X)=V1+x -1, ¢ (x)=2x.

1.2. f(x)=1—cosx, @ (x)=3x%.
1.4. f(x)=sin3x-sinx, ¢ (X)=5x.
1.6. f (x)=1-cos4x, ¢ (X)=6x%
1.8. f (X)=sinx+sin5x, ¢ (X)=2x.

3x?

1.9. f (x)=3x/(1x), ¢ (x)=x/(4+x). 1.10. f(x)= 7k o (X)=7x%
+X
3 2 2
LILF(0=2¢, p(==X—. 112 fx=——, ¢K=—%_
4—x S+X x—-1

1.13. f (X)=sin8Xx, ¢ (X)=arcsin5x.
¢ (X)=10x.
1.15. f (x)=cos7x-cosx, ¢ (x)=2x°. 1.16. f (x)=1-cos2x, ¢ (X)=8x".
1.17. f(x)=3sin’4x, ¢ (X)=x*~x*. 1.18. f (x)=tg(x* +2x),
@ (X)=x+2x.
1.19. f (x)=arcsin(x* —x), ¢ (X)=x*~x. 1.20. f (x)=sin7x+sinx,
© (x)=4x

1.14. f(x)=sin3x+sinx,
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8X.

1.21. f()=v4+x -2, ¢ (X)=3x. 1.22. f (x)=sin(x* —2x), ¢ (X)=x"—

_ 2X _ 2 _ X2
1.23. f(X)=——, ¢ (X)=2x-X". 1.24. f(x)= :
3-x 74X
1.25. f (x)=sin(x* +5x), ¢ (X)=x’-25x.
1.26. f (x)=cosx—c0s’ X, ¢ (X)=6X".
1.27. f (X)=arcsin2x, ¢ (X)=8x.
1.28. f(x)=1-cos4x, o (X)=xsin2x.
1.29. f(X)=v9—x -3, ¢ (X)=2x.

1.30. f(x)=cos3x—0s5 X, ¢ (X)=x°.

¢ (X)=3x> .

2. JKBUBAJIEHTTI aKbIPCHI3 KillIkeHe (PYHKIUAIAPIBI
naaajaaHbl, WeKTepai Tady Kepek

2 -
2.1. "mw- 29 [imaresinsx
x-0 x° —Bx x>0 tg3X
i 3x
23, lim S0, 2.4 lim———> -1
x>0 192X x—0 X3 4+ 27X
2.5. lim a“;tgﬁx. 26, [im&csindx.
x—0 2Xx° —3Xx X—0 2X
2.7. lim Sin5x . 2.8. ”mln(fl-"'gx).
X0 arctg 2x x50 sin2x
2x —
29. lim® . 2.10. lim =3
x>0 tg3X x—=3 X _5X+6
911, |jm SOS3X —COSX. 212 Jim L= COS6X
x—0 2X2 X0 4X_2
213, lim 2retg3x 214, [im CSin4x
x=0 In(1+ 2x) X0 tg_5x
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5x

215, lim& 1 216, lim 9%+2)
x—=0 Sin 2X x—>-2 X° -4

247, lim SN*2), 2.18. lim &reSINZX
x>-2 X°+8 X—0 tg4X

3 _

249, lim X % 2.20. lim 9282~ Cos4X.

X—4 tg(x — 4) x—0 3x
2

2.21. lim NA+4X), 2.22. lim 219X
-0 2% x-0  tg2X

223, lim—3NsX_ 224, lim €98
x-0 In(1+ 2x) x>0 tg4x

5x

225 lim&_—%, 226, lim ML+4%).
x>0 tg2X x—0  Sin 2X

227, lim 3 =3) 2.28. lim 9**+3),
-8 x* 27 x>5 x°—25

2.20. |imﬂ. 2.30. lim ML+
-0 2x x=0  Sin3X

3. Bepiaren ¢pynkuusiiapabl y3idicciznikke 3eprrey Kepek

3.1 f(x)=

3.3. f(x)=

sKOHE 0JIAPAbIH rpaduKTEPiH cany Kepek

X+4, x<-1, Xx+1, x<0,
X2 +2, —1<x<1, 32 f(x)={(x+1)?% 0<x<2,
2x, x=1. -X+4, x>2.
X+2, x<-1 -X, X<0,
x2+1, -1<x<1, 34. f(x)={-(x-1)? 0<x<2,
—X+3, x>1. Xx=3, x=>2
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35. f(x)=

37. f(x)=

3.9. f(x)=

311 f(x)=

3.13. f(x)=

3.15. f(x)=

3.17. f(x)=

—-2(x+1), x<-1, -X, X<0,
(x+1)°%, -1<x<0, 3.6. f(x)=4x? 0<x<2,
X, X=0. X+1, Xx>2.
X2 +1  x<1, x-3, x<0,
2x, 1<x<3, 38. f(X)={x+1 0<x<4,
X+2, X>3. 3+X, Xx>4.
1-x, x<0, 2x%, x<0,
0, 0<x<2, 3.10. f(x)=9x, 0<x<1,
X—2, X>2. 2+X, x>1.
COSX, X<=,
sinx, x<0,
x, 0<x<2, 312, f(x)=10, Fex<m,
0, x>2. 2 x>
x—-1 x<0, Xx+1 x<0,
x?, 0<x<2, 314 f(x)=4x*-1 0<x<1,
2X, X=2. X, x=1.
—-X, Xx<0, X+3, x<0,
x*+1, 0<x<2,  316. f(x)={1 0<x<2,
X+1, x=>2. X2 -2, x>2.
x-1 x<0, —Xx+1, x<-1
sinx, 0<x<m 3.18. f(x)={x*+1 -1<x<2,
3, X2m 2X, X>2.
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3.19.

3.21.

3.23.

3.25.

3.26.

3.27.

3.29.

f(x)=

f(x) =

f(x) =

f()=

f(x)=

f(x)=

1, x<0, —X+2, X<-=2,
2, 0<x<2, 320 f(x)=4x} —2<x<1,

X+3, X>2. 2, x>1.

3X+4, x<-1, X, X<0,

x? -2, —1<x<2, 3.22. f(x)= (x_z)z, 0<x<3,
X, X=>2. -X+6, x=>3.
x-1, x<1, x3, x<-1,

x2+2, 1<x<2, 3.24. f(x)={x-1, —-1<x<3,
—2X, X>2. -X+5 x>3.
X, X<-2,

-X+1, -2<x<],
x> -1 x>1
X+3, x<0,

—x2+4, 0<x<2,

X—2, X=2.

Ol X S _11 _1, X< O,
x2-1, -1<x<2,3.28. f(x)=4cosx, 0<x<m,
2%, X>2. 1-x, X>m
2, x<-1, -X, X<0,

f(x)={1-x, —-1<x<1, 3.30. f(x)=4x%, 0<x<2

Inx, x>1. X+4, xX>2.
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4. Bepinren ¢pyHKIUAIAPABLI KOPCETITEH HYKTelep/ae
y3idiccizaikke 3epTTen, y3ijic HyKTejepiHiH MaHAWBIHIAFBI
¢ynkuus rpadurinin 3cku3in cany Kepek

1
41 f(x)=23+1; x =3, X,=4.
1
42. f(x)=5%3-1;, x =3, X,=4.
43, u)_fi; X, =2, % =3

44 =22 x=2 x-=-3
X+3

1

45 f(X)=43*+2; X =2, X,=3.
1

46. f(x)=92%; x=0, X,=2.
47. f(x)=2 is+; X, =4, X,=5.

48. f(x)= 5i4 =3, X, =4
4.9. f(x)=6%+3; =3, X,=4

1

410. f(x)=75%+1; x =4, X =5.
211 ()= X2 x =5, x,=-4
X+4

4.12. f(x)= X*g, X, =3, X, = 2.

2
413. f(x)=53; x=3, X
2

4.14. f(x)= 4*t- Xp =1, X, =2

4.
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4.15.

4.17.

4.19.

4.21.

4.23.

4.25.

4.27.

4.29.

S
f(x)=2x-1, x=0, Xx,=1.
4
416. f(x)=8%2-1; X =2, X, =3.
4
f(x)=53*+1; X =2, X =3

F()= ——
420. f(x)=2%2+1; X =-2, X,=-1.
f(x)=4%+2; X\=2, X =3.
4.22. f(x)=3ﬁ-2; x=-1, x,=0.
f(x)=5%+1; X, =-5 X,=-4.
x-4

424. f(X)= ——; X =-2, X,=-1L
X+2'

foo= 24 x =3 x=-2
X+3

4.26. f(x)—XL; X, =3 X =4

4
f(x)=3x+1;, x =1, X,=2.
428 ()= 2; x =5, x,=-4
x+5
2
f(x)=64*; %=3, X =4
4.30. f(x)_% X, =2, % =3
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4.2-YT mpirapy yJarici

1. f (X) =C0S2X —C0S° 2X KoHe (p( X) =3x?-5x* (yHKupsIIapE!
Xx—0 ywmTeuFaHnma, perrepi Oipmel akpIpChI3 KiMIKEHE OOJATHIHBIH

JIOJIETIIeY Kepek.
» TabaMmsbI3:

_f(x) . cos2x—cos*2x . COSZX(l—COSZZX)
lim =lim > —=Iim 5 =
x—0 (p(x) x—0 3x° —bx x—0 X (3_5)()
cos2x-sin?2x .. 4cos2x-sin2x-sin2x 4
= —_————=1Im =—,
x>0 x*(3-5x) x>0 2x2x(3-5x) 3

§4.7, (3) rtewnmix CZ%;tOYHIiH OpBIHAATFAHIBIKTAH, OepiareH

¢bynkuumsiap X —0 yMThUIFaHIA, peTTepi Oiplieit akbIpchI3 KilkeHe. 4

2. DKBUBAJICHTTI aKBIPCHI3 KillkeHe (PYHKIMSIIApABI MaiJaTaHbII
. . arcsin8x
1rekti Taby kepek: lim———:.
x>0 In(1+4x)
» § 4.7 eopemansl, (7) sxoHe (10) KaThICTap bl Ak 1A TaHAMBI3:
arcsin8x . 8x
im——=lim—=2. |
x-0In(1+4x) x>04x

3. Bepinren QyHKIUSHBI Y3iTiCCI3iKKe 3epTTey KepeK KoHEe OHBIH

X?, -0 < X<0,

rpadurin cany kepek: f (X)=1(x —1)2 , 0<x<2,
5-x, 2 < X< +oo,
> f (X) (GyHKIUSACH (—oo;O), (o; 2) xoHe (2; +oo) UHTEPBAJI-
JApLIHBIH OPKAKMCHICBIHAA dJeMeHTap (YHKIUANAP apKbUIbl OepiireH-

JKTEH, OChl MHTEepBaIAap/aa y3iriccis. COHIBIKTaH y31Iic HyKTenepi Oap
oonca o1 X =0 Hemece X, =2 raHa 0Oyl MYMKIH.

X, =0 HyKTeciH y3imicci3mikke 3epTTeitik
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lim f(x)= lim x*=0, lim f(x)= lim (x-1)=1

x—0-0 x—0-0 x—0+0 x—0+0
f(0)=x*|,., =0,

st X, =0 GyHKIMAHBIH OipiHII TEKTi Y3UTic HYKTECI.
X, =2 HYKTeCiH y3UIicCi3IiKKe 3epTTeiiik

lim f(x)= lim (x-1=1 lim f(x)= lim (5-x)=3

x—2-0 x—2-0 x—2+0 x—2+0

2
f(2)=(x-1) o =1
SFHU X, =2 — QYHKUMSHBIH OipiHIi TexTi y3iric Hykreci (39'-cyper).

YA
4
2.
N/
2 10 1 2’345\6?

39'-cyper
1
4. f(x)=8*2+1 pynkumscein X, =3 xone
X, =4 HyKTejepiHze y3iJicci3mikke 3epTTey Kepek.
> X, = 3 HYKTECIH y3iIicCi3/liKKe 3epTTerik
1

lim f(x)= lim [ 8" +1|=8"+1=1,

x—3-0 x—>3-0

1

lim f(x) = Iim(SXS +1j =8"" +1=+w0.
X—3+ X—3+

Omaii 6osica, X, =3 (YHKIMSIHBIH €KiHII TEKTi y31JIiC HYKTEC.

X2 =4 HYKTECIH Y3UIICCI3A1KKE 3€PTTCUIK
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f(4)=8 43 11-9,

Jlemex, x, = 4 uykrecinge f (X ) yHKusAckH y3imiceiz.

DOYHKUMAHBIH TYbBIHIBICHI

51-YT
Bepinaren ¢pynxuusaapasl 1uddepennuangay Kepex

1,

1.1. y=2x5—i3+1+3\/2 1.2. y=§+§/x_2—4x3+£4.
X X X X

13 y=ax‘+he 2oL 14 y=rdx- 2ol

X X x> X

15, y:7x+%—2/x_4+9. 1.6, y=5x2 x4+ =2
X X X X
1.7. y=3x5—§— x3+¥. 1.8. y=3/X_7+§—4x6+ A;
X X X

1.9. y=8x%+3x* - 4—33. 110, y=4x®+2_ Y — 7.
X X

111, y=24 - 43 ——5 1.12. y=4x3—§—§/x_2+32
X X

X
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1.13.

1.15.

1.17.

1.19.

1.21.

1.23.

1.25.

1.27.

1.29. y

y=5x3—%+4\/§+1.
X

=———+\/_ 7%°.
y= 5x2 + \/_ 2x5.

y=\/x_5——+—3—3x3.
X X

y=3\/§+i5+§/x_2——
X X

y=7x2+§—§/x_4+%.
X X

y=8x—%+1—§’/x_4.
X' X

y=4x3+§—3 X —%.
X X
:—+— \/_ 2x°.

2.1.y=33x" +2x-5+ ( 42)5 :
X—

5
2.3. y=«/(x—4)5+2 >

4x -1

25 y=Y3x*—x+5+ 3 -
(x—5)
27. y=3(x-7)° + >

4x% +3x-5

114,y
1.16.
1.18.
1.20.
1.22.
1.24.
1.26.
1.28.

1.30.

2.4, y=R7x* —3x+5- >

X_
26. y=3x* —2x3+x —
28. y=3(x+4)° - . 2

=%+3/x_4——+5x4
X
y=%+§—4\/x_3+2x7.
y =10x +3«/_————.

2.2. y=3(x-3)* - 3

2x3 —3x+1

(x+2)

2x% —3x+7



2.9. y:( —/5x% —4x+3.2.10. y=34x*—3x—-4-— )
X— X_
211, y= e +8X—3+x%.2.12. y=X3x% +4x -5+ 4 -
(x—l (x—4)
2.13. y=35x* —2x - 1+ . 214, y= 3 5—Z/5x—7x2—3.
(x— ) (x+2)
2.15. y=4(x—1)5—;. 2.16. y=5(x—2)6—L.
7x% —3x+2 73 -x*-4
3 3 2 2 8
2.17. y= —V4+3x-x". 218. y= - .
y (x+4)? Y (x-1°® 6x*+3x-7
2.19. y=+1+5x-2x* + —. 220, y=35+4x-x* -
(x—3) (x+1)
221, y=45x% —4x+1- ) L 222 y=33-Tx+x* - 7)
(x— (x—
9
223 y=J(x=3) +————. 2.24. y=3(x- :
y=N0x=3) 7x* —5x—8 = C143x-4x2

2.25. y:%— (x+1)°. 2.26. y=i+9/(2x2—3x+1)5.
4x —3x° + -

2.27. \3/ 3x2 —x+1)*. 2.28. 1/ x—4)" —
y= (x— 7) ( )" Y= 3x2 —5x+1
2.29. =—\8- 5x +2x%. 2.30. \3/ x-1)°
y= (x+2) y=N( 22 —4x+ 7
3.
3.1.y =sin®2x-cos8x°. 3.2. y =cos® 3x-tg(4x +1)°.
3.3. y=tg* x-arcsin4x°. 3.4. y=arcsin®2x-ctg 7x*.
3.5. y =ctg3x-arccos3x?. 3.6. y =arccos’ 4x - In(x —3).
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3.7. y=In®x-arctg 7x*.
3.9. y =2 .arcctg5x°.
3.11. y=3%.arcsin7x*.
3.13. y =sin*3x-arctg 2x°.
3.15. y =tg® 2x-arcsin x°.
3.17. y=e "™ .tg7x°.
3.19. y =cos® x-arccos4x.
3.21. y =sin?3x-arcctgx®.
3.23. y=tg®2x-cos7x%.

325. y =ctg%-arccosx4.

3.27. y =tg® 2x-arccos 2x°.
3.29. y =sin®3x-arctg/x.

4.1.
4.3.

y =arcctg®5x - In(x — 4).

4.5,
4.7.
4.9. y=e-arcsin?5x.
4.11. y=(x—4)° -arcctg3x?.
4.13. y=e " .arctg7x°.

y = tg* 3x-arctg 7x%.
y = arctg® x - log, (x —3).

4.15. y=2""*.arcctg x*.

y =arccos® x- In(x* + x —1).
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3.8. y=arctg® 4x- 3",
3.10. y=47%.In°(x+2).
3.12. y=5° arccos2x°.
3.14.
3.16.
3.18.
3.20.
3.22.
3.24.

3.26.

y = cos® 4x - arcctg /X
y =ctg’ x-arccos2x>.
y =e“*.ctg8x>.

y =sin®7x-arcctg5x.
y = cos¥/x - arctg x*.

y =ctg® 4x - arcsinV/x.
y = tg~/x - arcctg 3x°.

3.28.
3.30.

y = 2% . arctg® 3x.

y = cos” 3x - arcsin 3x.

4.2. y =arctg® 2x- In(x +5).
4.4, y=<Jarccos2x -37%.

46. y=5" -arcsin3x,

4.8. y=log,(x +5)-arccos3x.
4.10. y =log,(x—1)-arcsin” x.
4.12. y=ctg®4x-arctg 2x®.
4.14. y =(x+1)° -arccos3x*.

4.16. y=3" -arctg2x°.



4.17. y =3 .arcsin? 3x. 4.18.
y = In(x —10) - arccos? 4x.

4.19. y =Ig(x—2)-arcsin® x. 4.20.
y =log,(x +1) -arctg®7x.

4.21. y =In(x +9)-arcctg® 2x. 4.22. y =Ig(x +2) -arcsin? 3x.
4.23. y=4"".arctg3x. 4.24. y =2°°* . arcctg>x.
4.25. y =lg(x—3)-arcsin®5x.  4.26. y =log, (x +3)-arccos’ x.
4.27. y=2""-arctg® 4x.

4.29. y = lg(x + 3) - arcctg? 5x.

4.28. y =In(x —4)-arcctg” 3x.
4.30. y = log; (x +1) -arctg® x°.

5.1. y =tg*3x-arcsin 2x°. 5.2. y=(x—2)*-arcsin5x*.
5.4. y =(x+6)° -arcctg3x°.
5.6. y=log,(x—7)-arctg/x.

5.8. y=(x—5)" -arcctg 7x°.

53. y=2" .arctg7x".
5.5. y =3".In(x?*-3x+7).
5.7. y =arccos® 5x - tgx*.

5.9. y =arccos x° -ctg7x°. 5.10. y=5"-arccos5x*.

5.11. y =arctg”® x-cos 7x*.
5.13. y =(x+5)? -arccos® 5x.
5.15. y = (x+2)" -arccos/x.
5.17. y =In(x —3)-arccos3x*.
5.19. y=(x—7)*-arcctg? 7x.
5.21. y =3/x—4-arcsin®5x.

5.23. y =+/(x+4)° -arcsin 2x°.
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5.12. y=4(x—7)°-arcsin3x°.
5.14. y=2""*.arcsin®2x.
5.16. y =(x—7)° -arcsin7x*.

5.18. y =log, (x — 4) -arctg® 4x.

5.20. y =3/x—3-arccos” 2x.
5.22. y =(x—3)%-arccos3x°.

5.24. y = 3[(x+1) -arccos 3x.



5.25. y =tg>x-arcctg 3x. 5.26. y =+/(x—2)* -arctg(7x —1).
5.27. y=§/(x+4) -arcsin 7x°. 5.28. y =arcsin® 4x - ctg 3x.

5.29. y =e “**.arcsin 2x. 5.30. yz\/W-arccos4 X,
6.

6.1. y=(x—23)*-arccos5x°. 6.2. y=(3x—4)*-arccos3x?.

6.3. y =sh4x-arccos/x. 6.4. y =th? J/x -arcctg3x>.

6.5. y = cth®5x-arcsin 3x°. 6.6. y:ch(%)-arctg(7x+2).

6.7. y =ch®4x-arccos4x. 6.8. y =sh?3x-arcctg5x>.

6.9. y =th®3x-arcsin JIx. 6.10. y =cth?(x+1)- arccos(lj.
X

6.11. y =sh* 2x-arccos x°. 6.12. y =ch®(3x + 2) -arctg 3x.
6.13. y =th® 4x-arcctg 3x*. 6.14. y =cth* 7x-arcsin/x.
6.15. y =sh®2x-arcsin 7x?, 6.16. y = th® 4x-arccos3x*.
6.17. y =ch?5x-arctg/x. 6.18. y =cth* 2x-arctg x°.
6.19. y =sh*5x-arccos3x°. 6.20. y =ch®9x-arctg(5x —1).
6.21. y=th4x-arcctg(%j. 6.22. y = cth®4x-arcsin(3x +1).
6.23. y =ch?5x-arctg x*. 6.24. y=th*7x-arccos x>.
6.25. y = cth4x® -arccos 2x. 6.26. y = cth3x-arcsin® 2x.
6.27. y =th®3x-arcctg/x. 6.28. y =sh*3x-arccos5x*.
6.29. y = cth?4x-arcsin x°. 6.30. y = th®5x-arcctg(2x —5).
7.
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arcc053 X

71y=2
e
73 y=——
VX +5x-1
N7xE =5x +2
7.5. y:eCT.
esinx
3
Vx® +4x-5
79 y="2 02
e
2
7.11. yz—“3+2i(x_
e
e—sian
3
7.15. y=(2>;+X5)_
efsin4x
g X
719, y=—u——.
y (2x% — X+ 4)?
ecthx
4
7.23. y=(3xe+1).

(x-4)’

arcctgx *
e g

7.2.y=

e—ctgx

74 y=——°
y 3x2 —4x+2

ethx

3% —x+ 4

J2x? —3x+1

76. y=

7.14. y=

7.16. y

7.18. y

720, y=—.
Y (3x+5)°
_ (2x-3)’

T2 y=

5x% 4+ 4x-2

e—X

7.24. y



7.25. y=
e3x
c0s3x
727 y=—
(2x+4)
2
7.29. =—VX_33X_7_
g X
81.y= M
ctg 7x°
8.3, y—N(7x+2)
5c0s42x
_ cos”3x
lg(3x—4)
87. y= log;(4x+5)
Coctgdx
lg(11x+3
811, y= 9 (x=2)

' lg(x+3)
813 y_cos“(?x—l)
o lg(x+5)

3 —
8.15. y:w_
log,(x+2)

In?(x +1)
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e
7.26. y= .
y (2x-5)’
sin5x
728 y=—
(3x—-2)
e—tgx
730. y=—5——.
Y= i 7x 5
8.2, y=MOX=3)
419 3x
_sin®5x
In(2x—3)°
3
lg(5x+1)
_In(7x-3)
3tg?4x
2
8.10. y:ctg—Sx.
In(7x—2)
_sin®(5x+1)
lg(3x-2)
+a3
8.14 y:sm (4x+3).
In(7x+1)
8.16. y = lg° x
sin5x?
8.18, y = 29:(7X=5)
tg/x



8.19. _ log;(4x-2)
ctg 2x
821, y= 190+
sin 2X
8.23. y:ctg— Vx-2.
19(3x +5)
2
825 y=— > X
lg(x* —2x+1)
3
827 y=— X
ctg(x—3)
8.20, y = 120 (X+4)
cos® x
arcctg® 5x
91 y=———.
Y sh+/x
arccos3x*
93 y=— ——
y th? x
3
95 yo S (x+D)
arccos 2x
arccos’ 2x
9.7. y=————.
y thx®
4
9.9, y= I (2x+5)
arccos 3x
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_ In®(x—5)

8.20.
ol
tg| —
X
3
822 y=_9 X
In(3x+2)
824, y= 9BX+7)
tg3x
8.26. y:w.
tg3x
4
8.28. y:ﬂ_
In(x+7)
4
830, y=— 9%
lg(x* —x+4)
3
9.2 yzarctglzx_
ch(j
X
arcsin5x°
94, y=———F+—.
y ch/x
5
9.6, y=—13*_
arctg” 3x
y_arcsin34x
sh(3x+1)
3larctg 2
9.10. y=—\"";‘]:2gxx.



9.11.

9.13. y=

9.15. y=

9.17. y

9.19.

9.21. y

9.23. y=

9.25. y=

9.27. y

9.29. y

10.1. y

103. y

_arcsin® 4x

) hGx=3)

_arcsin4x®
th® x

_ arccos4x®
shx

th*(2x+2)
arcsin5x

sh® x

y=——""".
arccos4x

th?(x+3)
arcctg/x

arcctg® x
sh(2x-5)"

sh2 x

_ arctg® 5x

fcthx

_ \sh®x
arcctg5x

_ 9arctg(x +7)

(x-1)°

_ Tarccos(4x —1)

(x+2)*

Jarccos 3x

10.
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2
9.12. y:w_
arctg x
3
9.14. y=arctg (2x+1).
ch/x
2
0.16. yzw_
arccos 3x
2 f—
9.18, y= (X1
arccos x
3
9.20, y= VX
arctg5x
=2
9.22. y:M,
ch(x-5)
3
9.24. y:arccos 5x.
th(x—2)
arcsin? 3x
9.26.y =———.
Y Jthx
2
908, v Arctg”ox.
th(x +3)
5
930, y=_ven3x
arctg(x+2)
10.2. yzw_
(x+1)
104, y= S2CSING+5)
(x=2)




105. y

10.7. y

109. y

10.11. y

10.13.

10.15. y

10.17. y

10.19. y

10.21. y

10.23. y

10.25. y

10.27. y

10.29. y

3arcctg(2x —5)

(x+1)*
4arccos3x

(x+2)°
7arctg(4x+1)

(x-4)?

_ 2lg(4x+5)

(x+6)*

_4log,(3x+1)

(x+1)°

_ In(7x+2)

(x-6)*

_ 5log, (x* +1)

(x-3)°

_ 3log, (5x—4)

(x=3)°

_log, (2x* +5)

(x—-4)°

_ 8lg(4x+5)

(x-1)°

_ 3log,(2x+9)

(x-7)°

_ 3In(x* +5)

(x=7)°

_ 2In(2x* +3)

(x-7)*
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106. y

108. y

10.10. y

10.12. y

10.14. y

10.16. y

10.18. y

10.20. y

10.22.

10.24. y

10.26. y

10.28. y

10.30. y

_ 2arctg(3x +2)

(x-3)*

__arcsin(3x +8)

(x-7)°

_ 3arcsin(2x—7)

(x+2)*

_ 5In(5x +7)

(x=7)?

:7Iog4(2x—5)

(x-1)°

_ 4lg(3x+7)

(x+1)’

_ 6log;(2x+9)

(x+4)?

_ 7logs (X* + X)

(x+3)*

_ 2In(3x-10)

(x+5)’

_ 2log;(4x—T7)

(x+3)*

_lg(x® +2x)

(x+8)*

_ 4log,(3x—5)

(x-2)?

_ 4lg(3x+7)

(x-5)°



11.

111 y= /2” log, (x —3x2). 112, y=3 =2 > lg(ax+7).
2X— 2X+
11.3. y=4fx+3ln(5x2—2x+1). 11.4. y=5lx—+1 log, (X* + X + 4).
X—3 x-1
115, y=6/7x_4logs(3x2+2x). 116, y=7/ 22 ~ lg(7x-10).
7xX+4 2X+
/5x+ /x+3
11.7.y=8 In(3x x?). 11.8. y=9 logs (2x —3).
5x — x—-3
11.9.y = /6” Ig(4x+7). 11.10. y—s/4x In(2x° —3).
6X 4x +
11.11.y:4/)“r6 i 11.12. y=s/X_7cos(2x3+x).
X—6 X+7
11.13.y = e/x_g tg(3x? — 4x +1). 1114, y=71%"2 ctg(2x+5).
X+9 X+4
11.15.y = S/X_Zsin(4x2 ~7x+2). 11.16. yzg/x_scos(xz —-3x+2).
X+2 X+3
3x— 2X+3
11.17.y= tg(2x -9). 1.18.y= ctg(3x? +5).
3X+ 2x—3
11.19.y = 4/X+5 sin(3x® —x+4). 11.20. y= 5/ x=6 cos(7x + 2).
X—=5 X+ 6
11.21.y= 6/ X=7 arcsin(2x+3).  11.22. y= 7/ x-8 arccos(3x —5).
X+7 X+8
11.23.y = x=4 arctg(5x +1). 11.24. y = 9/)(—_1 arcctg(7x + 2).
X+4 X+1
11.25.y = /7)(_4 arcsin(x®> +1). 11.26. y= 3/8)( -3 arccos(x? —5).
7X+4 8x+3
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11.27.y = 4/ 2X=5 arctg(3x +2).  11.28. y =9 3x—4 arcctg(2x +5).
2X+5 3x+4
2 2
11.29.y = 16’ XZ 1 arcsin(2x). 11.30. y= Z’ X2 +3 arccos(4x).
X +1 x“ =3

12.

12.1. y = (cth 3x)>™"*,
12.3. y =(sin3x)***x,
12.5. y = (sh(x + 2))*™"%,
12.7. y = (\[3x + 2)ect93x,
12.9. y = (log, (x + 4))*9"*,
12.11. y = (ch3x)®9®,
12.13.
12.15.
12.17.
12.19.

Inx

y = (arccos5x)"”.

y = (In(x+7))™%.

y = (th/x+1)*92,
y = (cos(x +5))"=",

y = (sin 4x)¥eoW/ ),
sinx

12.21.
12.23.
12.25.
12.27.
12.29.

y = (ctg 2x%)
y = (arccos x)Vox
y — (Sh 5X)arctg(x+2).
y = (cth/x)¥"0<9),

13.1. y = (arccos(x + 2))'¢>*.
13.3. y = (arctg(x + 7))* .

13.
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12.2. y =(cos(x +2))"™.
12.4. y = (th5x)@esinD),
126. y= (cog5x)arctg\/§.
12.8. y=(In(x +3))sin\/?_
12.10. y = (sh3x)*9+2,
12.12. y=(arcsin 5x)tgﬁ_
12.14. y = (arctg 2x)™"*.
12.16. y =(ctg(7x +4))\/m.
12.18. y = (cth(1/ x))e""*,
12.20. y = (/X +5)s%,
1222, y= (thx“)\/m.
12.24. y=(tg 7X5)W.
12.26. y = (ctg 7x)*"**3),
12.28. y = (arctg x)"**Y.
12.30. y = (sh3x)™*9?x,

13.2. y = (arcsin 2x)*9**,
13.4. y = (arcctg(3x — 3))"" .



13.5. y = (ctg(3x — 2))*in¥*,
13.7. y = (cos(2x —5))29°,
13.9. y = (arcsin 2x)"**9.
13.11. y = (arctg5x)°2 09,

13.13. y =(log,(2x + 3))arcsinx'

13.15.
13.17.
13.19.
13.21.

y= (|g(7x _ 5))arctgz><.

y = (In(7x = 3)) 9%,

y = (sin(8x — 7))“"*+3),
13.23.y = (tg(9x + 2))Ch(2x—1).
13.25. y = (ch(3x — 7)) 0+4).
13.27.y = (th(7x - 5))sin(x+2)'
13.29.y = (In(7x + 4))"*.

(x+2)°
143.y= (X‘2)3\/(><2+T.
(x—4)

(x+2)’

14.1.y=

145.y=

14.7.y=

y= (IOQZ(GX + 5))arcsin2x.

14.
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13.6. y = (tg(4x — 3))?os2X,
13.8. y = (sin(7x + 4))c9¥,
13.10. lg(5x-1)
13.12.
13.14.
13.16.
13.18.
13.20.
13.22.
13.24.
13.26.
13.28.
13.30.

y = (arccos 3x)
y = (arctg 7x)9.

y = (logs (3x + 2)) ",
y = (In(5x — 4))cctox,

y = (Ig(4x—3))™**,

y = (logs (2 + 5))*9*,
y = (cos(3x +8))"*77.
y = (Ctg(7x +5))™">.

y = (ch(2x —3))"9*+3),

y = (ch(3x +2)) 0+,
y = (Ig(8x +3))'9°*.

142, y=
(x-1)°
144. y= (x+ 3)5/0(7_72)2.
(x+12)

(x=7)"°\3x-1

(x+3)°

146. y=

148. y=




14.9.y = (x+1) (x— 3)
(X+2)°
1411,y =N (x+4)

(x—1)%(x+3)*

14.13.y
(x+ 2)

«/ (x+2)6
cE

{(x-2)*

14.15.y

14.17.y =

VX2 +2x-3

14.19.y =

(x+4)*(x- 2)

J(x=2)°

14.21.y=

14.23.y =

3(x+2)°
_Ax=3(x+7)°
(x-47*

14.25.y

14.27. y_SV(X 2’ (x~ D

(x+3)

goc-1y°

14.29.y =

«/ x+2)* (x-1)*

(x+1)%(x—6)°

(x+3)"(x—4)*"

(x=D*(x-7)’

T (x+2)*(x=5)""
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14.10. y =

14.12. y=

1414. y

14.16.

14.18. y =

14.20.

14.22. y=

14.24. y =

14.26. y =

14.28. y

14.30. y=

y

(x+2)(x=7)*

3(x-1)*
J(x-1

(x+1)°(x—5)>

«3/(x 2)° (x+3)?

(x=7)°

_ Yx+1(x-3)’

(x+8)*

F(x+1)2

(x=3)*(x—4*

_ Yx-2°

(x=5)(x+1)""

(x-1)°%(x+2)°

(x+7)%(x-3)°

S +3x-1

Jx+10(x-8)°

(x-1°

«4/(x +1)*(x-2)°

(x-3)*

«5/(x+ 2)}

(x=1)*(x—3)°



5.1-YT msirapy yJrici (5.1.4.-5.1.6. )

bepinzen pynxuyuanapovt ougpgpepenyuanoay kepek:

1. y=9x5—i3+§/x_7—3x+4.
X

> y’=[9x5—%+§/x_7—3x+4j =

4

=9-5x4—4(—3)x4+£x3 3=45x" +—+7\/_ 3.
3 6
2. y=4(2x* -3x+1) — :
( ) (x+1)3

6
> y=| (o a1y 2| =
' [< ) <x+1>3J

1

:%(2x2 ~3x+1) 4 (4x-3)-6(-3)(x+1) " =

Z% x-3 18

Yox? —3x+1 (x+1)"
3. y=1g°(x+2)-arccos3x’.

> y’:(tgs(x+2)-ar00053x2)' =

=5tg* (x+2)x xarccos3x” +1g° (X +2)

cos® (x +2) 1-ox
_ 5tg*(x+2)xarccos3x® tg®(x+2)x6x

cos®(x+2) 1-9x4
4. y =arcsin® 4x-log, (x - 5).
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> y':(arcsin54x-Iogz(x—S))':

_ 4 1 in® L =
=5arcsin 4X_W,4|ng(x_5)+arcsm 4Xm_

20arcsin® 4x-log, (x—5)  arcsin® 4x

+ :
J1-16%2 (x=5)In2

5.y =3 ctg7x’.
4 ! 4 4 1
> r_ —X 3 — QX A 3 3 —X 2:
y (3 ctg?x) 3 In3-(-4x*) ctg 7x* +3 (—_sir]z?stzlx

3 a-xt
—an3 3 Roage -3
sin® 7x

6. y =cth?3x-arctg~/x.

> y'=(cth?3x-arctgVx ) =

1 1
=2cth3x- 3arctg~/x +cth?3x. ——
( sh? 3xj J 1+ X ZJ_
6cth3x arctg\/_ cth?3x
sh?3x (1+x)2«/§l
J3x2 —7x+5
7. y:T
> y,_{\/3x2—7x+5} B
| =2 =
e—X



, 4

6X—7)eX 4

=(4/3x% =7x+5 -eXA) =(—+\/3x2—7x+5 e 4xd =
( 243x% —7x+5

(6X—7)€X4 3 4 2
=— /1 4x’e* {/3Xx* —T7x+5. <
243X —7x+5

g Ig(x2 —-3x+ 5)
Y= arcctg?5x
, Ig(x2 —3x+5)
arcctg” 5x
_ 1 (2x —3)-arcctg®5x . Ig(x2 _Sx+5)'2arcct95x~5} _
arcctg® 5x (x2 —3x+ 5) In10 1+ 25x?

- [(ZX —3)arcctg? 5x N 10Ig(x2 —3x +5) -arcctg5x

.arcctg®5x.  d
(x2 —3x+5)|n10 1+ 25%2 J g

9. y- ~arcsin3x

sh?x

> V= JJarcsin 3x , _
sh?x
1_ 1 -3sh? x — 2shx chx+/arcsin 3x
_ 2+Jarcsin3x \1—9x? B
sh* x
3sh? x _
—sh 2x+/arcsin 3x
_ 2arcsin3xy1-9x? <
sh* x '
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(x+3)7
>
- [(3m(x*-5)) '_ 2 2X0+3) —7(x+3 In(x 5)
a (X+3)7 - (x+3)14 N
2x(x+3) )
» VR 7I8(x 5) <
(x+3)

> y= [7/%0@ (3x- 4)} -

s
ZE(X+5) 7X_5_(X2+5)ctg(3x—4)—7X+5. _ 1 32
7\Xx=5 (x-5) \'x—5 sin®(3x—4)
__10 cig(3x-4) 3 J[x+5
7 7/(X+5)6(X_5)3 sin’(3x-4) \x-5
12. y:(th «/x+2)'”(3“2).

» bepinreH QyHKIUSIHBI KOPCETKIIITIK GYHKIUS TYPiHAE >Ka3bIIl
anpin muddepeHnanaimMpI3

y' = (eln(3x+2)-lnthx/x+2 )'

[3n(thVx+2) n(ax+2) 1 1 }

<

eIn(3x+2)-|nth«/x+2 .

+
3x+2 th/Xx+2 ch?Jx+2 24x+2
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3-ln(th«/m)+ In(3x+2)

3x+2 th/x+2-ch?Jx+2-2x+2

_ (th m) In (3x+2)

Byn a0icmi 6ackawa mypoe sicazvin opvinoayza 601a0vl.
Bepinren TenaikTi TorapudMIen anbiil TYBIHABI TaOaMbI3

Iny=1In(3x+2)In (th</x+2),

1 1 1

1, 3
Y= th'x+2 ch?x+2 2/x+2

y 3X+2

In(thm)+ln(3x+2)-

AJbIHFaH TeHIiKTeH Y’ TabaMmbl3:

PN L LS

3X+2 2Ux+2shy/x+2ch/x+2 |

<
13. y=(sin 7x)amg(3x75) .
> XKorappima  KepceTiNreH  OmICTIH  JIOTapU(MIIIK
muddepeHnanaay TYpIiH KOJTaHAMBIK;
Iny =arctg(3x—5)-In(sin7x),
1 y' = ;2 -3In(sin7x)+arctg(3x —5)-_L -7COSTX.
Yy~ 1+(3x-5) sin7x

3In(sin7x)

+7arctg (3x—5)-ctg7x | <«
1+(3x-5)° (36-5)

y, _ (sin 7X)arctg(3x—5) (
J(x+ 5)6
(x—l)2 (x+3)5 '

» Jlorapupmaix guddepeHimaniay 91iCiH KOJiaHaAMBbI3:

y:

In|y|:$In|x+5|—2In|x—1|—5|n|x+3|,
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1, 6 2

5

_y=

y’  7(x+5) x-1 x+3’

7(x+5)6

y'=

1. Ta0y xepek: Y', y".

1.1. y? =8x.

1.3. y=x+arctgy.

1.5. y* = 25x — 4.
1.7. y* —x=cosYy.
1.9. tgy =3x+5y.

1.11.y=eY +4x.

1.13. y* +x% =siny.

1.15. 4sin(x+y) =X

1.17. tgy =4y -5x.

1.19. xy—6=cosy.

1.21. y* =x+In(y/x).

1.23. x?y? + x =5y.

6 2 5}4

(X_l)z(x+3)5(7(x+5)_x—1_x+3

5.2-YT
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12. 2,.Y 1
5 7

14 24 Y 1
5 3

1.6. arcctgy =4x+5y.

1.8. 3x+siny =5y.

1.10. xy =ctgy.
1.12. In y—l =7.
X

1.14. e’ =4x-Ty.
1.16. siny =7x+3y.
1.18. y=7x—ctgy.
1.20. 3y =7+ xy°.
1.22. xy* —y® =4x-5.

1.24. x* +x?y? +y=4.



1.25. siny = xy? +5. 1.26. x> +y* =5x.
1.27. x+Jy =+7. 1.28. y? =(x—y)/(x+Y).

1.29. sin®(3x + y?) =5. 1.30. ctg?(x + y) =5x.

2. Taby kepek: Y', y".

X = (2t + 3) cost, =2c0s’t,
21, 1X¥= 1 9.2, 17008
y=3t" y =3sin?t
B 1
23, {X 6oos't, 2.4, _tiz’
y =2sin’t. _ 2
y (t+2)
X=4/t,
25, {X 2.6.{ vt
y= y=3h.
(l+t) x=t* -1,
2.8. yo (t+1)
(1+t ) t*-1
Int
4t + 2 =
2, | X=AH2L, 210 ¥
=5t3—
y=tint.
= ¢ t = 4
211, JX 78OS 212, 1 %=t
y =e'sint. y=Int.
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X =5c0st, X =5c0s°t,
2.13, _ 2.14. i
y =4sint y =3sin°t.
X =arctgt, X =arcsint,
2.15. ) 2.16.
y=In(l+t°). y=+1-t2
x =3(t —sint), x =3(sint —tcost),
2.17. 2.18. .
y =3(1cost) y =3(cost +tsint).
X=sin2t, x=e¥
2.19. ] 2.20,
y=cos"t y=e",
201 len_t, - {x:arccost,
21, t 22.

_ , _ 42
y=t?Int. y=vi-t".
x=1/(t +1), x =5sin’t,

2.23, , 2.24.
y=(t/(t+1) y =3cos’t.
_ a3t — 3/(t _1)2
2.25. {X . 226, { X~ VD%
a2 x:tet,
227, { X=IN"t 228.1 ¢
y=t+Int y=—<-
e
X =6t — 4, X = arcsint,
2.29. 2.30.
3. OYHKIUSHBIH X HYKTe/Aeri ekinmri
TysIHABICHIH Y (X,) ecemTeHi3
3.1 y=sin’x, %, =g. 3.2. y=arctgx, X, =1.
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3.3. y=In(2+x?), x, =0.

3.5. y=e”sin2x, x, =0.

3.7. y=sin2x, X, =m.

3.9. y=In(1+x), X, =2.

3.11.

3.13.

3.15.

3.17.

3.19.

3.21.

3.23.

3.25.
3.27.

3.29.

y=arcsinx, X, =0.
y = XxSinx .
Ko =

y = Xsin 2x =z
v Xo rh

y=x*Inx, x,=1.

a

2
Yy =C0S" X, X, =—.
04

2 T
y=X"COSX, Xy ZE.

y=(XX+DIn(x+1), X,=-

y=2XZ, X, =1.
y = xarcctgx, X, =2.
. T
=XSIN2X, Xy =—.
y X9 4

1
>

3.4. y=e*cosx, X, =0.

3.6. y=e"cosx, X, =0.

3.8. y=(2x+1)°, x,=1.

3.12.

3.14.

3.16.

3.18.
3.20.

3.22.

3.24.

3.26.
3.28.

3.30.

y=(5x-4)°, x,=2.
1
=x2Inx,x, ==.
y Xo 3
Y = XCOS 2X, X -
P12

y=Xx-+arctgx, X,=1.

y =In(x* - 4), x, =3.

Yy = Xarccos X, X, = .

|G

y=In®x, x,=1.
y=(4x-3)°, %, =1.
y=(7x-4)°% x,=1

y =sin(x® + ), X, = m.

4. KepceTijireH pyHKUMSHBIH #-11i PeTTi TYLIHABICHIHBIH
(¢opmyacbiH WLIFAPBIHLI3

41.y=Inx

43. y=2"
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1

42. y=—.
X

4.4. y=COSX.



45. y=sinx. 46. y- 1

X+5
47. y=e2, 4.8. y=In(3+x).
4.9. y=+x. 4.10. y = xe*.
4.11. y:i. 4.12. y =In(5+2x).
X_
4.13. y=e". 414, y=—1
xX—7
4.15. y=5* 4.16. y=e™*,
417, y=In(4+x). 418 y=—1_
X—6
4.19. y=10". 4.20. y=T"
4.21. y=cos3x. 4.22. y=In(3x-5).
X 1
423 y=—"1j 4.24. y=In——.
Y= X+s V=X
4.25. y=x+7. 4.26. y = xe®*.
4 1+x
427 y=—"—. 428 y="—=.
Y =3 y JX
4.29. y:i. 4.30. y=In(5x-1).
1+X

5. Keuneci ecentepii IIbIFAPBIHBI3.

51. y= x> —7X+3 kuceFeiHa abcmuccachl X=1 TeH HYKTeJe
KYPri3iireH »KaHaMaHbIH TEHJIEYiH jKa3y Kepek.

52. y= x2 —16X+7 KuceiFbiHa abcumccachl X =1 TeH HYKTEe
XKYPri3ijreH HopMaJibiH TEHACYIH Ka3y Kepek.

53. y= JX=4  comerbHa  aGcmmccackl X=8  TeH HYKTEIe
KYPri3ijreH »KaHaMaHbIH TEHJIEYIH jKa3y Kepek.

54. y=~/X+4 cesbFpiHa abcimccacsl X =—3 TeH HYKTele

XKYPri3ijreH HopMalib/iiH TEHACYIH kKa3y Kepek.
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55. y=x>—2x?+4x—7 xuceirsiHa (2,1) HyKTeme *Kyprisiare
’KaHaMaHbBIH TCHACYIH jKa3y Kepek.

56. y=x>-5x*+7x—-2 xucerbHa (1,1) HykTene xypriziiren
HOPMAJTBJIiH TCHJICYiH kKa3y Kepek.

5.7. x*—y?+xy—11=0 xucereHa (3,2) HYKTele Xyprisiiren
YKaHaMaHbIH OYPHIITHIK K03 (UIHEeHTIH Ta0y Kepek.

5.8. y* =4x® KuUCHIFBIHBIH KaHJail HYKTeCiHe JKYpTi3iireH xaHama
X+3y—1=0 Ty3yiHe nmepneHAUKYISp 601aab1?

59. y= x> —6X+2 KUCHIFBIHA abcimccachl X =2 TeH HYKTEJIe

KYPTri3UIreH )xaHaMaHbIH TEHJICYIH jKa3y KepekK.
2
X
510. y= i X+5 KuchIFpIHA abcmuccacsl X =4 TeH HYKTexe

KYPTi3UIreH )KaHaMaHbIH TEHIEYiH jKa3y Kepek.
4

511. y= 7z 27X+60 xucwirpiHa abcnccachl X =2 TeH HYKTEIE

KYPTi3UIreH HOpMaibIiH TeHJIEYiH XKa3y Kepek.

X2

512. y= 5 +7X— % KHCBIFbIHA a0cuuccachl X =3 TeH HYKTeOe
KYPTi3UIreH )KaHaMaHbBIH TEHIEYiH jKa3y Kepek.

5.13. y=31tg2x+1 xuceirpiHa abcumccachl X = g TE€H HYKTEIe
KYPTi3UIreH HOpMaib/liH TEHJIEYiH Ka3y Kepek.

5.14., y=41g3x KuUCBIFBIHA aOCITUCCACBl X = g T€H HYKTeIe
JKYPTi3UIreH )KaHaMaHbIH TEHJIEYiH jKa3y Kepek.

5.15. y=61tg5X xwuchIFpiHa abcuuccachl X = 2—7; T€H HYKTeJe
KYPTi3UIreH HOpMaib/liH TEHJIEYiH Ka3y Kepek.

5.16. y=4tg6x xuceireiHa abcruccachl X = % T€H HYKTeHe

KYPri3iireH xaHaMaHbIH TEHCYIH jKa3y KepekK.
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5.17. y=sin2X KUCBHIFBIHBIH KaHIAll HYKTECiHEe KYpri3iireH
. T .
kanama OX eciMeH 2 TEH OYPBIII Kacaiap1?
5.18. y=2x>—1 KuCHIFEIHBIH KaHHail HyKTeciHe >Kyprisiaren

. s .
xaHama OX eciMeH 3 TEH OYPBIII >Kacai 11?7

x> x2

5.19. y= ? — ? —7X+9 KHCHIFBIHBIH KaHIall HYKTECIHE KYpTi-

. . T N
3inreH kadama OX eciMeH 2 TEH OYPBIII Kacaiap1?

3 2
x> 5x .
5.20. y= ? - T +7X+4 KUCHIFBIHBIH KaHAal HYKTECIHE XKYp-

.. . T .
rizired )xanama OX eciMmeH Z TEH OYpBIIII )Kacanb1?

3 2
521. y= X? - 9% +20Xx—7 KUCBHIFBIHBIH KaHAal HYKTEJIepiHe

XKyprizinred kanama OX eciHe mapauiens 0omaabl?
4
X . ) ..
522, y= I —7X KUCBHIFBIHBIH KaHIal HYKTECIHE XKYPri3uUIreH

xaHama Y =8X—4 Ty3yiHe napaniens Oonansi?

523. y= —3%X? +4X+7 KUCBHIFBIHBIH Kauail HYKTECIHE JKYpri-
3inred xaHama X —20y +5=0 Ty3yiHe nepneHaukynsap 60maas?

524, y= 3x? —4X +6 KUCHIFBIHBIH KaH1ai HYKTECiHE KYPri-31IreH
xaHama 8X —y —5=0 Ty3yiHe napamiens 6oaab?

5.25. y= 5x? —4x+1 KHUCBHIFBIHBIH KaH/Ai HYKTECIHE KYpPTi-31TreH
xkaHama X +6Yy+15=0 Tty3yiHe nepneHaukyIsp 6omaasi?

5.26. y= 3x? —=5x—11 KHUCHIFBIHBIH KaHIail HYKTECIHE KYpIi-
3inreH kaHama X —Y+10=0 Ty3yiHe napasiens 6onaapl?
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527. y= —x?+7x+16 KUCHIFBIHBIH KaHmail HYKTECIHE JKYpri-
3UIreH kaHaMa Y =3X +4 Ty3yiHe napasuiens 0onaabl?

5.28. y= 4x% —10X +13 KHUCHIFBIHBIH KaHmai HYKTECIHE JKypri-
3UITeH kaHaMa Y = 6X —7 Ty3yiHe mapamiens Oonaasi?
5.29. y=7x*—5X+4 KUCHIFBIHBIH KaHIail HYKTECiHE KYpri-3iareH
xanama 23y + X —1=0 rtysyine nepnenaukymsp 6omamni?
2

X N . L
530. y= i 7X+5 KHUCBHIFBIHBIH KaHAAal HYKTECIHE >KYpPri3iiIreH

*kaHama Y =2X+5 Ty3yiHe mapaiiens 60omaani?
6. Keueci ecenepai mibIFrapbIHbI3

6.1. Jlene — kyOTHIK Tapabona: 12y = x* TpaekTOpusACH GOMBIHIIA

kKosrananel. OHBIH KaHIAll HYKTENEpiHAE ©Cy IKbULIaMIIbIFbIHBIH
abcuuccanapbl MEH OpuHaTaiapbl Oipaei?

Kayaonbr: (2, gj , (—2, - gj .
3 3

2
6.2. MarepuaimablK HYKTEHIH KO3FalbiC 3aHbl: S = T -3t+7.

VakbITTBIH, KaHal KE3€HIHIE OHBIH KO3FAJIbIC KbUIIAMIBIFBL 2 M/C TEH

ooaaer? KayaobI: % C.

6.3. Ox eciMeH KO3FalbIlC  3aHJApPbI X=4t> -7 JKOHE

X =3t> — 4t +38 GonareH eki MaTePUAIIBIK HYKTE KO3FaJIbIIl KEJei.

Exeyi ke3meckeH coTTeH OacTar, onap KaHIai >KbUIAAMJIBIKICH Oip-
Oipinen ammakraiiapi?  YKayaowr: 40 m/c Hemece 26 m/c.
6.4. Marepuangplk HykTe Xy =12 runepOomacsl OOHBIHIIA KO3-

ranazpl. HykTeHiH x aOciuccachl 1 M/C KbULIAMIBIKIIEH OipKaJIBINITHI
eceTiH Oosica, OHBIH opaAWHATachl (6,2) OpHBIHAH OTKEeHJE KaHAal

. 1
KBUTIAMIBIKIICH e3repei? H(ayaﬁblz—g Mm/c.

295



6.5. y?=4Xx mapabonachiHbIH KaHIAl HYKTeCiHAE OpAMHATA
. . 1
abcrmccara KaparaHaa eki ece kpuiaam eceni? 2Kayaobl: (Z, 1] .

6.6. MaTtepuanublK HYKTE S = t* —3t2 + 2t — 4 3aHBIMEH KO3Fa-JIajibl.
Hykre Ko3raibIChiHBIH t=2C CoOTiHAET] XKbUIIAMIBIFBIH Taly Kepek.
Kayaobi: 22 m/c.

6.7. Marepuanmsik HykTe S=3t* —t%+4t° +6 3aHEIMeH Ko3rama-
nbl. HykTe Ko3FanbIChIHBIH t = 2C coTiHAeT KbUIIaMIBIFbIH Ta0y Kepek.

Kayaobr: 100 m/c.

6.8. Marepuanaplk HYKTE S= 4005(% + gj +6 3aHBIMEH KO3Fa-

nanel. Hykte KosranmbichlHbIH, { =77 C cOTiHIET! >KbULIAMIBIFBIH Taly
kepek. Kayadwr: —1 m/c.

. (tom
6.9. Marepuangslk HYKTe S =4SIn (5 + Ej —8 3aHpIMEH Ko3Fama-
T . .

npl. HykTe KO3FanbIChIHBIH t = > C COTiHAET )KBULIAMJIBIFBIH Ta0y KepeK.

2
Kayao6s1: — m/c.

3

t =
6.10. MarepuanabiKk HYKTe S =—3COS Z + E +10 3agBIMEH
T : .

Ko3ranaapl. HykTe KO3FalbICHIHBIH t = 3 C COTiHAEri KbUIIAMJIBIFbIH

Ta0y kepek. KayaObI: g Mm/c.

6.11. MarepuanapIKk HYKTE S = gtg — %tz + 7 3aHBIMEH KO3Fajla-Jbl.

YakbITTBIH KaH1all COTIHAE OHBIH KbUIIAMIBIFEI 42 M/C TeH 0oJ1aan?
Kayaonbr: 3 c.

6.12. MarepuannblKk HYKTE S= a3 -2t +11 3aHBIMEH KO3Falajbl.
VaKbITTBIH, KaH1all COTIHAE OHBIH KbUIIaMabFsl 190 M/c Teq Oosamnl?
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Kayaowi: 4 c.
6.13. Marepuaiislk HYKTE S= gts —2t+7 3aHBIMEH KO3Fallafbl.

HykTe K0o3FanbIChIHBIH t =4 C COTiH/ET! )KbUIAAMIBIFBIH Ta0y Kepek.
Kayaobi: 78 m/c.
6.14. Matepuanupik HykTe S =2t —6t° —58 3appIMeH KO3Falaibl.
HyxTe K03FaibICBIHBIH t =2 C COTIHAET] KBUTAAMIIBIFBIH Ta0y Kepek.
Kayaonbr: 88 m/c.
6.15. OXx eciMen Kosrambic 3ammapbl X=3t’—8  oHe

X=2t? +5t+6 GomaThlH €Ki MaTepHATABIK HYKTE KOSFAIBIN KEICIi.

Exeyi ke3gmeckeH corTeH Oacram, omap Oip-OipiHeH  KaHmaid
KBUIAMIBIKIICH ammakTaiinel?  ZKayaowi: 42 m/c Hemece 33 m/c.

6.16. Ox eciMeH Ko3Falgbic 3aHmapbl X=5t° —t+6 xoHe

X =4t? +18 GonaTeiH €Ki MaTepHaIbIK HYKTE KO3FAIbIN Keeai. Exeyi

KE3JIECKeH COTTeH Oacrtam, ojlap KaHIadl KbUIIamIbIKIeH Oip-OipiHeH
ammakraiine?  AKayaoéwl: 39 M/c Hemece 32 m/c.

6.17. Ox eciMeH KO3FalbIC 3aHIAPbI x:gt3—7t+16 JKOHE

x =13+ 2t? + 5t —8 GonarsH €Ki MaTepUaIbIK HYKTE KO3FAIIBI KeJeIi.

YakbITThIH Kail COTIH/IE OJIap/IbIH KbUIIaMIBIKTAph Oipaei 0oasl?
Kayaobr: 6 c.
6.18. Marepuanapik HYKTEHIH KO3Fay 3aHBI;

S= %ts —2t? —11t + 275. YakbITTBIH Kail COTiH/IE OHBIH KO3FaIIy KbLJI-

mamasirsl 10 M/c Ter Oonanbr? Kayaonr: 7 c.
6.19. Marepuangsik HYkTe XYy =20 runepOonacsl OoHbIHIIA

KO3FaJIBIIT KeJieAl JKoHe OHBIH abcmuccackl 1 M/C KBUIIAMIBIKIICH
OipkameinTel eceni. Hykre (4, 5) OpHBIHAH OTKEH ME3ETTe OHBIH
OpJMHATACHI KaHak *KblIaMIbIKIIeH o3repeni?  Kayaobr: —1,25 c.

6.20. y2 =8X mapaboiachiHbIH KaHIall HYKTECIHIC OpAMHATACHI

. . 1
abcuuccara KaparaHaa eki ece eceni?  ZKayaObl: > 2.
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6.21. Ox eciMeH Ko3Fambic 3ammapbl X =5t?+2t+6 koHe

X =4t* + 3t +18 GomaThlH eki MaTepHANIBIK HYKTe XKBUDKHIBL Exeyi

KE3IIECKeH COTTeH Oacram, omap Oip-OipiHeH KaHmail >KbUITaMIIBIKITCH
ammakraiine?  2Kayaobl: 42 m/c Hemece 35 m/c.

6.22. y®=16X mapaGoNaCHHBIH KaHIAl HYKTCCIHAE OpAMHATA

. 1
abcyccara KaparaHaa TepT ece Xpuraam eceni? Kayaowbi: 7 2.
6.23. x?=9y mnapaGonmachlHbIH KaHJaili HykTecimme aGcrmcca

. . 9 9
opJMHaTara KaparaHja exi ece xkpuigaMm eceni? KayaObi: VIETS

6.24. x?=10y mapabonachiHBIH KaHmail HyKTeciHme aGcipcca

opauHaTara Kaparanzaa 6ec ece xbuinam eceni? ayaowr: 1,01,

6.25. Ox eciMen Kosrambic 3amapbl X =2t3 —2t? +6t—7 sxone

5 .
X==t>—t?+14t+4 OGonaTelH eKi MaTepMANJBIK HYKTE KO3FAJIbII

Keliedi. YakKbITThIH Kad COTIHAE OJIapJAblH S KbUIJAMIBIKTaphl Oipieci
Oonanei? JKayaowl: 4 c.

. 151
6.26. MatepuaiiblK HYKTEHIH KO3Faly 3aHbI: S:§t3 _Etz -30t+18
YaKBITTBIH Kal COTiHJIe HYKTE >Xbuigambirel 0-re TeH? Kayaonli: 6 c.

6.27. Ox eciMeH HYKTe X= %ts —gtz +10t-16  3aHBIMEH

Kosrananbl. HYKTeHIH IKBUIIAMIBIFBIH  KOHE YACYyiH TaOBIHBI3.
VYakbITTBIH Kail COTIH/Ie HYKTE KO3Fally OarbIThIH ©3repTei?
AKayadbr: 2c., Sc.

6.28. Kanpait 1a 0ip XUMHSJIBIK peaKlMsaIaH ajJbIHFaH 3aTThIH X
KI TeH Maccachl MeH 1 yakbITTBIH apachblHAarbl  TOYEJAUIIK:

X= 7(1— e ™ ) Peaknusiapiy t =0C OonraHIarbl KbULAAMIIBIFBIH Ta0y

kepek. Kayabwr: 28 kr/c.
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6.29. MarepuanaplK HYKT€ TY3y CBI3BIKIICH KO3Fallalbl >KOHE
9% =6x (MyHIa, 9 — KBULIAMABIK, X — XKYpUIreH o). KemaMbik
6 M/c TeH OoNFaHIarbl HYKTe KO3FaIBICBIHBIH YIEYiH Ta0y Kepexk.

Kayaob1: % m/c%

6.30. MaTepuanbiK HYKTe KO3FaJIBICHIHBIH 3aHbI: S = 3t +t%. Oubin
t =2C coriHgeri KbpULIaMABIFBIH Ta0BIHEI3. AKayadbi: 15 m/c.
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5.2-YT mbirapy yarinepi
(5.1.7m; 5.3.1m; 5.1.2m.)

1. Aiikern emec X’y —y? =6X Typae Gepinren (yHKIMSAHBIH V'
KoHe Y TYBIHIBLIAPBIH Ta0y KEPEK.

» Vy-Ti X-TiH (QYHKOUSACHL JACM  ajblll, TEHIIKTIH €Ki JKaFbIH
nuddepenmanaiimp3s sxone Y’ Tabampls;

6—3x%y

Ay +xy -2yy'=6, = y=—""
X =2y

ANBIHFBL TEHIIKTI Tarbl Aa auddepeHnuanganme3 xone Y
TabaMBbI3.

Bxy +3x°y +3x%y + X°y" —2y"? —2yy" =0,
y'(x° —2y) =2y —6x7y'~6xy,

2
) (6—3x2y2) ex? 6—3x2y 6xy

y'=2 3 s 4
(2 (o)
. L . x =3t —t?,
2. Y-TiH X-Ke Tayenmimiri t mapamerpi apKbuIbI )
y=t"-5
TypiHze Gepinren. Y’ xoHe Y TaOy Kepek.
X' =12t% - 2t, X" =36t2 -2,
| 2 JKOHE ) OoJIFaHIBIKTaH,
y'=3t? y" =6t
YK 3t? 3t
Yy ==

x| 12€-2t 122-2'
oy -y, 6t (12t3 - 2t)—(36t2 - 2) 3t

3

it

"

Yx

1263 — 2t)°
( )

300



4_ 2_ 4 2 36t2+1
_ 7217 12t -108t" +6t° ( ) Gomansl.

(12t* - 2t)’ at(6t? ~1)

1 cos®x
3 y=--
y 8 4

¢byukuusicel 6epinren. Taby kepek y"'(%j.

» bipringen TabambI3:

, 1 . 1. , 1 " .
y=§cosx-smx=zsm2x, y =§c052x, y" =—-sin2x,

i)l -

4. y=xe* (QyHKUMSACHIHBIH N-IIi PETTi TYBIHABICHIHBIH (HOPMY-
JIaCBIH a3y Kepek.
> AJNFaiiKel TyBIHABUIAPIEI €CENTeMi3:

y'=e*+xe*, y"'=e‘+e*+xe* =2e"+xe*,
y" =2e* +e* + xe* =3¢ + xe”.
ANBIHFAaH HOTWXKEJIEPHAl CalbICThIpa OTBHIPBIN, KeJleci TEeHIIKTI

XKazambl3: y(n) =ne* +xe*. Byn (opmynaHbIH JYpHICTHIFBIH MaTeMa-

TUKAJIBIK MHIYKIIHS SJICIMEH KepceTyre 00Jabl. <
Eckepmy. 5.3.1 n. MpIcangapibl KapaHbI3.

5. y= Xx? —9X—4 KUCBHIFBIHA abcuuccacsl X=-1 0OoJaTblH
HYKTeJIe KYPri3iIreH )aHama TeHJIYiH jKa3y Kepek.

P JKanacy HYKTECiHIH OpJHHATACHI y(—l) = (—1)2 -9. (—l) —-4=6;
GyHKIMS  TYBIHIBICBIHBIH JKaHacy HykreciHgeri wmoHi f' (—1) =
= (2X - 9)| w1 =—11. Enni (-1,6) HYKTe apKbUIbl OTETiH OYPBIIITHIK
ko3¢ ¢pummenti k= f '(—1) =-11 TeH ’xaHaMa TEHACYIH >Ka3aMbl3
(5.1.2 m. (3) - popmymna):

y—-6=-11(x+1), y=-11x-5. <
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. o . 3
6. Ox eci OoibIMEH €Ki MaTepHaNJbIK HYKTE X1=L—4 JKOHE
3

2
X, :l_lzt+3 KO3Fally 3aHABUIBIKTaphl OOWBIHINA KBUDKBI Kellei.

Kaii yaksIT Me3rifiHae onapblH XKbUTIaMIBIKTaphl TeHecei?

» Exi HYKTCHIH >KbULIaMABIKTapBIH TA0AMBI3: X{ = t2, X, =Tt —12.
[Iapr GolbIHIIA X, = X, GOIYBI KEPEK.

Jlemek, t* =7t-12, t*-7t+12=0, t, =3¢, t,=4c. <

5.3-YT
JlonuTaapb epe:kecin maigananbIin, KOPCETUIreH
HIeKTep/i TA0bIHbI3!

1.
Inx
1.1, lim NX+5) 12, lim2——%,
X—>00 .4,)(_}_3 x—1 X—l
1-4sin? ™
1.3. "mtgx__—x' 1.4. lim >
x=0 X —SIn X x>l 1-X
. . X—a .
1.5. limarcsin——-ctg(x —a). 1.6. lim arctgx-Inx.
X—a a x—>+0
. . 1 X
1.7. lim@"* -1x. 1.8. lim| ———=|.
X300 -1 Inx Inx
. 1-cosx? . -
x=0 X —sIn X x—0 28IN X + X
1
W2 3 oy
111, fim—8- -1 112, fim X=X —X+2
x> 2arctg x® — -l X _T7x+6
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1.13.

1.15.

1.17.

1.19.

1.21.

1.23.

1.25.

1.27.

1.29.

2.1.

2.3.

. XCOSX—sinX
|Im—3.
x—0 X
. 1-x
n—
T 1-sin(—
()
chx-1
lim——.
x—01—C0os X
! > —21gX
lim COS X
x»>n/4  1—C0S4X
lim tgx
x—>n/2tg5x
. X
liml-x)tg| = |.
xlel( X) g( 2 J
lim Y1+2x +1
> 24X+ X
. 1-x
Ilng—.
X—! 1—si .n(TEX]
2
lim tg3x
x»n/2t95x
. 1—cos8x
|Im2—.
x—0 tg 2X
limInx-In(x-1).

x—1
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1.14.

1.16.

1.18. li

1.20. lim

1.22.

1.24.

1.26.

1.28. lim

1.30.

In(sin mx)
x>0 In(sinx)

lim(1— cos x) ctg x.
x—0

lim xsin(— )

X—>0

XCOS X —Sin X
- —

lim
x—0 X
tgx—sinx
x=0 4X —sin X

sec’ x—2tgx
1+cos4x

lim

x—nl4

2.2. lim x*sin(= )

X—00

24, |im[ L > j
x->3( X-3 X °—x-6



ax _ abx
25 himl —* 1 e imf
o1 2(1-+/x)  3(1-¥x) x>0 sinx

. X T . X
2.7. lim | ——- . 2.8. lim (m—Xx) - tg(=).
x—»n/2£ctgx 2cosxj x-n (=) g(2)
2.9, limX=2A9X 210, lim L-SN&X
x—0 X x—>m/(2a) (ZaX - TC)
- 2x
211, lim 2=28INX . 212 lim—S_—1
x>n/6  COS3X x=0 In(1+ 2x)
x_
213, lim& =% 214, tim "X
x-0 X —1 11— x*
215, limAnX. 2.16. lim1= 0.
x-0 ctg X x—01—coshx
217, lim—=—2_ 2.18. lim——.
x—ax" —g" x—08in 2X
. . 1 1
2.19. lim(xIn x). 2.20. lim| ——-—=|.
x—0 x=>0\ XSINX X
; 2x . a¥-b*
2.21. le_rg(l—e )ctg x. 2.22. imﬁ
S 13 ax _
223, lim&—17% 224, lim® 2
x-0 sin” 2X x-0 \[sinbx
2 X
2.25. lim LX) 226. lim <.
x>0 COS3X —e " X—® X
T
. In(x+7) . X
2.27. lim . 2.28. lim—2—.
x40 Ifx—3 x-0 ctg (5x/2)
2.29. lim(1-cos2x)ctg 4x. 2.30. lim(x?sinb/x).
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3.1, lim &eSIN4x 32, limMCoSX
x—0 5 — 5@~ x>0 X
e’ 1 e —1
3.3. lim . 3.4. lim :
x—0 CcOS X —1 x=0 tg X — X
2
Xy 1 In(l—x)+tg(’2(j
35. lim—~2——. 36. lim—
cosx— > 1 x-3
37. Iimw. 3.8. lim ! .
N _ X
2 (e —e%) ” cos(nxj-ln(l—x)
2
H >(2 ax
3.9, lim 3N ~1 3.10. lim S _—9%%&
x=»0 CcosXx-—-1 X%OEBX—COSBX
m_ m
311 lim>=—2_ 3.12. lim xsin—.
x—=a X' —a X—>00 X
- . tgx -1
313, lim 94X ~1210x 314. lim 9% =2
x>0 3sin 4x —12sin x x—>n/42s8in° x -1
3.15. lim x(e +1)—32(e —1). 3.16. “marc5|n2x—32arcsmx.
x—0 X x—0 X
X _ 4sinx
317 Im2 =2 3.18. lim (tgx)®*".
x—0 X x—>nl4
4 _
3.19. [im M(cosax). 3.20. lim 9X~1
x-0 In(cosbx) x->n/4 2sin? x —1
3.21. Iim(l— ! j 3.22. lim x%e %%,
=0\ X e*X-1 X—>0
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_In(+xe’) )

3.23. lim 3.24. lim(L— x)"%2*,
0 In(x + 1+ X2 ) -1
e4/X2 _1
325 lim———. 3.26. lim In2x-In(2x -1).
X—>0 arctg X -7 x—1/2
. X 1 . .
3.27. lim -— 3.28. limarcsin x - ctg x.
x=1/3\ 3x =1 In3x x—=0
3.29. lim(x%™). 3.30. Iinl(x—l)“.
X—>»00 X—.
4,
4.1. Tim(1—sin 2x)°°". 4.2. lim(n(Ly).
x—0 x—0 X
4.3. lim(cos x)°"*. 4.4, limx*.
x—0 x—0
1 1
4.5. lim(In2x)'nx, 4.6. Iing(1+sin2 x)19°x,
X—>00 X—>
1
4.7. lim(1- X)X, 4.8. lim(In(x +e))*.
X—>! x—0
4.9. lim(sin X) 9%, 4.10. lim ¥/x.
4.11. lim x>, 4.12. lim—x)""2".
x—0 x—1
1 1
4.13. lim(L+ x?)*. 4.14. limxx1,
X—0 X—1
e ) )
4.15. lim(tg ”—X)g 4.16. lim(ctg “—X)g .
tgx
4.17. Iim[lj . 4.18. Ilm(x 4)
x—0\ X x—o\ X+3

306



- ctgx
4.19. legg(cos X) .

6
4.21. limxte2inx,

X—>0

1

4.23. lim(x - 1) @0

4.25. leﬂg(ctg 2X

4.27. limx?sin 2.

X—© X

lim| .t 1
o1 20-+/x) 30-3x) )

X

(=)

) oS
4.29. Iqu(l—x) C

)1/Inx

5.1. lim x(In(2 + x) — In(x +1)).

1

5.3. Iim(x+ 2*);.

X—0

X
. m
5.5. lim| cos— | .

. tgx
5.7. ilﬂg)(ln ctgx)- .

307

4.20.

4.22.

4.24.

4.26.

1
lim(In)*.
X—00

1
lim(1-e*)x.
X—>00

X
. m
lim| cos— | .
X—00 X
. 1 5
lim - .
x5\ X=5 x“-x-20

4.28.

4.30.

5.2.

5.4.

5.6.

5.8.

sinx

Iing(ctg X)".

. m - m)
lim| cos—+Asin— | .
X—00 X X

2

Lm(l+3tg2x)Ctg "

3
le_r>r(1)(0052x)x2 .

(=)
. X 2a
lim (2 - —j .
x—a a



1

5.9, limxn€*D. 5.10. Iim( J
x—0 x—0 2+ 9+X
3 X
5.11. Iim[1+—j . 5.12. |im(eX+x)
X—»0 X x—0
X
5.13. lim (tgx)”". 5.14. Iim(garctng :
X—m/2 x—0\ 7T
1 1
2 —T
5.15. lim| <22X | 5.16. lim[ ZF19% |
x—0\ COS2X x-n\ 1+ Sin X
. ) X 1/(x-1)
5.17. Ilm(cosl+sm1] . 5.18. Iirrl(x—l)e .
X—0 X X X!
1 2 1 X2
. X"+
5.19. ||m(tng 5.20. Ilm( a J
x—0\ X X—0| X —2
5.21. limi-2x. 5.22. Iim(sinz+cosg) .
X—> X—>»00 X X
5.23.lim3/cos'x. 5.24. lim(L+sin )™
X X!
X
5.25. Iim(iaj . 5.25. lim xV*
X—>0 X—a X—»00
5.27. lim x3/¢4+nx) 5.27. limx¥"*,
x—0 Xx—0
tgx 1/(X72)
5.20. Iim(lj . 5.30. Ilm(tg “XJ .
x—0\ X X—2
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Keneci ecenrrepue nuddepeniirai koMeriMeH OepiireH mamanapabl
€CEeTITeHI3 YKOHE JKiOepiNreH CalbICTBIPMabl KAaTEMiKTi (YTIpACH COHFBI
€Ki OpPBIHIIBI OeNTire ASHiHTI JONIIKIICH) OaralaHbI3

6.1. 3/64.

6.3. {/16,64.

6.5. 5/31.

6.7.(2,01)° +(2,01)°.

6.9. 2,9/,/(2,9)° +16.

6.11.4/15,8.

6.13.

6.15.

6.17.
6.19.

6.21.

6.23.

6.25.
6.27.
6.29.

3/200.

3
3

) -3
)2+5.

o | o

2,037
2,037
J/640.

19/@.
(5,07)".

31,02,

arctg 1,05.
tg 44°,

6.
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6.2. 3/26,19.

6.4. \/8,76.

6.6. 3/70.

6.8. 365.

6.10. /ﬂ.
4+3,02

6.12. 3h10.

6.14.(3,03)".
6.16. {/130.
6.18. \17.

6.20. \/1,2.
6.22. (3,02)* +(3,02)".
6.24. (4,01)"".

6.26. cos151°.

6.28. cos61°.

6.30. arctg 0,98.



7.1.

arcsin 0,6.

7.4.1g11.

7.7.

7.10

7.13.

7.16.

7.19.

7.22.

7.25.

7.28.

2,01
e20t,

. arctg «/0,97.

arctg 1,03.

arctg \/ﬁ

tg59°.
ctg29°.
sin 29°.

1g0,9.

7.3. %2,

7.6.cos 59°

7.9. arctg /1,02.

7.12. In(e* +0,2).

7.15. 199,5.

7.18. 42,

7.21. arctg +/3,2.

7.24. 1g1,5.

7.27. sin31°

7.30.4/15.
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7.2.

7.5.

7.8.

7.11

7.14

7.17.

7.20

7.23.

7.26

7.29.

arctg 0,95.

arcsin 0,54,

In tg46°.

. arctg 1,01.

. In tg47°15'.

22,1

. log,1,9.

sin93°,

. Ig101.



5.3-YT wwirapy yurici (§ 5.5, § 5.2)

Keneci ecenmepoe Jlonumano epesicecin naioanansin,
Kepceminzen uiekmi maoy Kepek:

. In(x2+1)
o lim—— .
xow 3Y3x -1
¥ X —> 0 YMTBUIFAHA IIEK aCTHIHAAFEl OOJIIIEKTIH albIMBI JKOHE

Oemimi AKBIPCBI3AbIKKA YMTBUIATBIHABIKTAH, — TYPIHACIT AaHBIKTAJ-
o0

MaraHIBIKKa Kenemi3. Jlemek, Jlomurane epekeciH KonmaHyFa OOmabl

(§5.5, (1))

5/(3x —1)* 4 _ 'i.
(3x-1) +X[5J(BX D=3 10, 15x-5+12x _

10,.
="—1lim = lim—/
3 xow 2X 3 x> 10x3/3x -1
5
“Lim 225 Ly 7y —0. -
3w x3f3x—1 3= YBx-1
. 1-sinx
2. lim > .
xﬁg tg” 2x
Y X> r YMTBUIFaHA, 6 TYPIHJETI aHBIKTaIMaFaHIbIKKA
KeHeMiB. HOHI/IT&J’IL epemeciH KOJIJaHaAMBbI3.
1-sinx 0 . —COS X . —C0S?2X-C0S X
=—=Ii =lim - =
2 T 4sin2x

X—=

a2 )
ey tg"2x 0 X3 2192X——
Cos” 2X
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zllim(—COSSZX)-Iim&:E-l-Iim 1 B
4H§ Hngmxcosx 4 Hngmx 4 2 8
3. lim 94X
x—0 ex_l

0 . . .
v 6 TYPIHACT1 aHBIKTAJIMAaraHIbIKThI Jlonurans CPECIKECCIH KOJI-

JAHBIII alllaMbI3:

4
arctgax . (1+16€) 4
lim — = lim ~———=—.
x—»>0¢€" -1 x>0 5Se 5

. 1 3
4. lim - .
Xx—>0\2-4+x2 ~16+x-4
¥ MyHAaFBl 00 —00 TYpiHJAEri aHBIKTAIMAFaHABIKTHI TYPJICHAIPY

ApKBUIBI 0 TYPIHJETi aHBIKTaIMaFaHIbIKKA OKEIeMi3:
0

. 1 3
lim — =00 —00=
x—>0(2—\/4+x2 \/16+X—4]

i BT X 46434452

an(Z—m)-(M)

1 3x

(%h6+x)+J4+x2 %
0

_0
0

=lim =2 - =
x—0 X \/7 1 ( 2)
— = (V16 +x—-4 )+ ——(2-4+x
4+x2( ) 216 + x
X2 +3x—4)
S Iim | ———1.
X —> ool X"—X—-3
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¥  Mynaa 1” Typingeri aHbIKTanmaraHaslk Typ. Kemeci Genri-

X2 +3x—4

X2 +3x—4
X2 —-x-3"

X
. Ogma Iny=xlIn
xz—x—BJ y

JIey/l eHrizeMis: Yy = [

x* +3x—4

- T x*-x=3 _0_
iminy - tim—< 23

X

In

_lim Kraxa <1X2‘X‘3)2 _

X—0

—x2(2x3 —2X% —BX+3Xx* —3x—9—-2x>—6X* +8x+ X* +3x—4)

lim

— (x*+3x—4)(x* —x-3)
i —xz(—4x2+2x—13) 4
_Xm(x2+3x—4)(x2—x—3)_ '
CoHbIMEH
lmln(%y:A HEMece
2 Y 2 “N\Y
Inlim w =4, lim w =e'. -
x>0 (x —x—3) x>0 (xz—x—S)
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Keneci ecentepae OepinreH mamanbl TudQepeHnnan apKblUlbl )KYBIK
TYpIe ecemnTey KepeK >oHe >KIOepiiTeH CambICTHIPMANIbl KaTEeNiKTi
YTip/eH KeiiHri exi 6enrire nedinTi JonikineH Oaranay Kepek.

6. 384.

v 3/@: \3/ A+ 2 el aJIBIIl yzg/; (YHKIIMSICBIH €HT13eMi3.
MyHna X=X,+AX; X, =64, Ax=20. Eunni §4.2, (4')-bopmynacein

Komranameis: Y (X +Ax) = y(X )+ Yy (X% ) Ax.

1 1 1 20
=364=4, y= , Y (64)=—==—. YBa x4+ =442
y(%) y 33/y2 v'(64) 3.16 48 "8
4,42 -4,00

CanbicThIpMalIbl KaTeiK: O = -100% =10,5%.

4,00
7. arctg 0,98. YKorapbinarsl cxeMaHbl YCTAHAMBI3:
y=arctgx, x, =1, Ax=0,98-1=-0,02,

B 1
1+ %3

!

y(xo)zarctglzg, y y'(1)=0,5,

arcth,98zg—O,5-0,02=O,77,

_10,77-0,78
0,78

‘-100% =1,3%.
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@DYHKUMAHBI TYBIHA apKbLIbI 3ePTTEy

6.1-YT
1. Kejieci ecenTepai mbIFapbIHbI3

1.1. Tik xoHyC (hopMacBIHAAFbI MaTa MATHIPJIBIH KeJjeMi V-Fa TeH.
[TaTeipra keTeTiH MaTa caHbl €H a3 0Oyl YIIiH, KOHYCTBIH OHIKTITiHIH
OHBIH Ta0aH paguyciHe KaTbIHACHI KaHail 00ITybl Kepek?

KayaObI1: J2.

1.2. Tabansl a xoHe TabaHBIHAAFBI OYPBIMIBI O -Fa TeH TeHOYHipIi

ymOypeimka Oip KaObIpFachkl YIIOYPHIIITHIH TaOaHBIHIA, al Oacka
KaOBIpFachl YIIOYPHIITEIH OYHip KaOBIPFAChIHIA JKAaTaThIH aylaHBl €H
YJIKeH HapajuiesiorpaMMabl imTei cwizy kepek. IlapanienorpaMMHBIH
KaOBbIpFaIapbIHBIH Y3BIHIBIKTapBIH Ta0y KepeK.

a a

AKayadbi: —, .
2 4cosa

1.3. Kenemi V-fa TeH, TONBIK O€TiHIH ayJdaHbl €H Kiln OoJaThIH
nMHAPAIH R paanyci MeH H OUWIKTIriHIH apachIHIaFbl KAThICTHI Tal0y
kepek. Kayaosr: H =2R.

1.4. XKacaympicet 20 cM TeH KOHYCTHIK IIYHKBIP Kacay Kepek.
OHbIH KeneMi eH YJIKEeH OOJybl YIIIH IIYHKBIP OWIKTIrT KaHaail 0orybl

203
3

1.5. Tewn Oyitipni yIIOYPHINTHIH TepuUMeTpi 2P-Fa  TeH.
YuOypheIuTeiH TabaHBIH aliHANYbIHAH IIBIKKAH JIEHE KeJleMi €H YIIKeH

p

00JIyBI YIIIiH, YIIOYpHII TabaHbl KaHaai 00yl kepek? JKayaoOwbl: >

kepek? Kayaowbi:

CM

1.6. Pagmyci R-re TeH mapra imTel ChI3BUIFAH KOJIEMi €H YIJIKEH

KOHYCTBIH OMIKTIriH TaOy kepek. ZKayaObI: % .
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1.7. ®opmacsl HeHreneK CeKTOPBI OOMATHIH KITYMOAHBI Y3bIHIBIFHI |
M CBIMMEH Kopiiay kepek. KiyMOaHbIH ayJaHbl €H YJIKEH OOJybl YIIiH,

. . I
JIeHTeJIeK paauyci Kanaii 6oyl kepek? JKayaodbl: 1 M.

1.8. Paguyci a-fe TeH >XKapThl JOHIEIIEKKE IINTEH CBhI3BUFAH TIK

TOPTOYPHILITHIH SH YIIKeH ayaHbIH aHBIKTAy kepek. JKayadbr: a’.

1.9. ¥3pmaerel 20 M OepeHe ¢opmacskl TabaH AuaMeTpiepi 2 M
xoHe 1 M OonaThIH KUBIK KOHYC. bepeHenen kemeHeH KuMachl KBajpar,
eci OepeHe eciMeH OeTTeceTiH, ajl KeJieMi €H YJIKEeH OOJaThIH Oaiika
Kecin amy Kepek. bankansly enmemaepi Kangai 60mysl kepek?

40 242
7K: Y3BIHIBIFBI ? M, KOJIJICHEH KUMAaCBhIHBIH KaOBIPFaChI T M.

1.10. Xaragan 9 kKM KaIIBIKTBIKTA SKOPBIE TYPFaH KOpPaOJblIeH
jJareppre xabapiibl KiOepy kepek. Jlarepp KkopaOyibre €H JKaKbIH
Karajay HYKTeciHeH 1,5 KM KaIlbIKTHIKTa OpHajacKaH. XaOapIIbIHBIH
kKasy KbUIAMIBIFBI — 5 KM/CaF, al KalbIKIICH JKYPTreHIeT] )KbUTIaM IbIFbI
— 4 xm/car. On narepere e a3 yakbITTa XeTyl YIIiH, KaFaHbIH
Kaif xepiHe jkaranaysl kepek? KayaObl: marepbleH 3 KM Kep.

1.11. EHi a-ra TeH TiK TOPTOYPHII (OPMACHIHAAFBI KaHBUITHIPAAH
Wil amblK JOHTeNeK MWIMHAP TYPIHIEri KMMachkl CErMEeHT (opMalibl
Haya (keno00) jkacanybl Kepek. HayaHbIH CHIABIMABUIBIFBI €H YIJIKCH
0OJyBl VIIH, OCBHl CETMEHT JIOFAChIHA TIPEJETiH (O IEHTPIIK OyphIII
KaHjal 0onybl kepek? KayaObl: ¢ =T .

1.12. Tuamerpi d neHrenek OOpeHENCH KUMAChl TiK TOPTOYPHIII
Oasika Kecin ary kepek. bajgka ropu3oHTanb OpHAIACTHIPBHUIATHIH JKOHE
oFaH OiIpKaJBINITHI CaIMaK TYCETiH OoJica, OHBIH MalbICybl €H a3 00Iybl
yurid, kKumanslH b eni men h Guikriri kanmait 6omysl kepek? (Maiibicy
mamMachl KeJJEHEH KUMaHbIH D eHi MeH h OMikTiriHiH keGeWTiHaiciHe

d . dy3

Kkepi nponopruuoHain). Kayaosi: b= > h )

1.13. )KykTin 1 kM Temip»oIMeH TachiMaigay KyHel — K TeHre, am
aBToMOOMIIBMEH | KM TaceiMaiiay KyHbl — K, TeHre (K, <Kk, ). Cyperre
A nysktineH C TyHKTiHE JXYKTI €H ap3aH OaraMeH >XeTKi3y YIIiH,
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achampT KONABI Kal OpBIHHAH Oactam caimy Kepek? MyHna,
|AB| =a, |BC| =b. IK: A HykTeciHeH a_L KAIIBIKTHIKTA.
Vks —k{

1.14. Inusicka ©3¢HHIH KaFaChIHJAFbl A IyHKTIHEH apFbl KaraJIarbl
B myHkriHe e3eHAi Kewlin Oapybl kKepek. O3enHiy eHi h, an A men B
MMyHKTEPIHIH apaKallbIKTBIFEl (>karaHbl Ooiylanm esmiereHae) a-fa TeH.

ImusicTig KaraMeH KYpresyeri KBUITaM/IBIFBI CY/aFbl
KpuiamasirbiHal K ece apteik. On B myHKTiHE €H a3 yakbITTa *KeTyi
YWIiH, e3eHAlI KaHfai OYpBINIeH Kemlin Tyl Kepek? XK

[socoe. v
max| arccos—, arctg— |.
k a

1.15. |AB| =a TeH KeCiHAiIHIH A HYKTEeIEeT! KapblK KO3iHiH Kyl P,

ann B HykTeneri xapblK Ke3iHiH Kyl ( 0oJca, OCbl KeCiHAIZET dKapbIFbl
eH a3 TycetiH M HykTeciH Taly kepek. (JKapbIk mamachl xapblK KO3iHIH
KAIlIBIKTBIFBIHBIH KBaJPAThIHA KEPi MPOIOPIIMOHAN ).

a3fp

1.16. lllam pagmyci I' meHTeNneK CTONIBIH IIEHTPIHIH YCTiHE 1TiHTeH.
CToJIIBIH MISTIHIE KATKaH 3aTKA JKapbIK €H KaKbIH TYCYl YIIIH, IIaMIIbI
CTONJAH KaHIIa OuikTikke imy  Kepek? (JKapblk Imamacel »KapblK
COyJIECiHIH TYCy OYpBIIIBIHBIH KOCHHYCHIHA Typa MPOIMOPIIHOHAT KOHE
’KapbIK KO31HIH KalIBIKTHIFBIHBIH KBAJIPAaThIHA KEPi TPONOPLIHOHAN).

/Kayaobl: A HyKTeciHEH KAIIIBIK.

KayaoObI1: L
J2

1.17. BepinreHn KOHyCKa iIITel CHI3BUIFAH IWIMHAPIEPIiH ilIiHAeT]
Oyiiip OeTiHiH aynaHbl eH ylkeHiH Ta0y kepek. KonycTsiH OuikTiri — H,
TabaH paanyci — R.

KayaObl: mumHAp TaOaHBIHBIH PaInyci g, OUIKTITI % .

1.18. Jlenrenek Kara3gaH CEKTOP KHBI aablHabl. Karas3aslH KairaH
OeJIiriHeH KOHYCTBIK KYHFBI kemiMaeni. Ky#rel kejiemi €H YJIKEH
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0OJTYBI YIIIiH, KHBITT aTBIHFaH CEKTOPIBIH OYPHINIBI KaHail 00IybI Kepek?

KayaObI1: 271\/% .

1.19. Bytiip GeTiHiH aynaHbl S-Ke TeH OapibIK KOHYCTap.IbIH ilTIHEH
KeJIeMi eH YJIKEHiH Tal0y Kepex.

S 2S
Kaya0b1: KoHyC TabaHBIHBIH paanyci , [—=, OWIKTII |, [——=.
73 n\/§

1.20. B mynkri Temipxkongan 60 IIaKbIPBIM JKEpJAe OpHAajIacKaH.
Temipsxonmen A myHktineH B myHnkTiHe eH sxakbiH C HYKTere neiinri
KaIIBIKTHIK 285 kM. TeMipKoaMeH KO3Fally JKbUIaMIbIFBI 52 KM/CaF, a
Tac OJIMEH KO3Faly XKbUnaMasirsl 20 km/car. A MyHKTiHEH B myHKTiHE
€H a3 yakKbITTa eTyi yuuiH, cranmusasl C HYKTEeCiHEH KaHIIa KallbIK-
THIKTa caiy kepek? KayaoOwbl: 25 kM.

1.21. Eni a M kaHan eHi b M kaHaira TIKOYPBIII jkacan KYHbUIAIb.
Ochbl KaHAJIJAp KYHECIMEH arbI3aThiH OOPEHENICPAIH Y3bIHABIFBIHBIH CH

N w

2

2
YIKeHi KaHgai 6omysl kepek? Kayaowl: | ad +b3

1.22. Paauyci R map/p! ChIpTTall CHI3BUIFAH TiK IOHI€JIEK KOHYCTBIH
KeJieMi eH Kimr Ooybl yiniH, OHbIH h OuWikTIri MeH I TabaH paauyci

KaHzai 0onysl kepek? Kayabbr: h=4R, r= R\/E.

1.23. Byitip kaObipranapsl b, kimni TabGanel @ TeH TeH OyHipsi
TpaNenusHbIH ayJaHbl €H YJIKeH OOoNybl yImiH, Oyiip OyphImIel KaHIai

Ja?+8b%?-a

4b

1.24. y=3\/; KHCBIFEIMEH oHe X=4, y=0 Tty3ynepimen

0osysl kepek? JKayadbl: COS =

HICHEeNTeH GUrypajiaH ayJlaHbl CH YIKEH TOPTOYPHIII KECIN any Kepek
Kayaowbl: s =9,22.

1.25. Paguyci R meHOepre imTeil cbI3bUFraH TeH Oy#ipial  yiily-
pHIII OHBIH TeOeci apKpulbl TabaHbIHA Mapaiellb OTeTIH TY3YAl
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aifHanaapl. AJBIHFAaH JCHEHIH KOJIeMi €H YJIKEH OOJIyhlI YIIiH YIIOYPHIIT

OumikTiri Kangai 6oyl kepek? 2KayaObl: %

1.26. CeiiibIMABUTBIFBI V allbIK MAIHHAPIIK 0ak JailblHaay Kepek.
BakThiH TYOiH KacaWThIH MaTepuaIablH | M KyHbl — P; TeHre, an
GaKTHIH KaOBIPFACHIH KacailThlH Marepuanmbli 1 M kyHel P, TeHre.
BakTeiH TYOiIHIH paamyciHiH OWIKTIriHe KaThIHACHI KaHIail OonFaHna,

. P,
MaTepHajFa KeTeTiH WIBIFbIH eH a3 Oomanpl? Kayadbi: —=.
1
1.27. Cy#ibIKmeH TONTHIPBUTFaH OWIKTIri H BIABIC TOpU3OHTANB
XKa3bIKTBIKTA Typ. blabic TeciriHeH LIBIFaTBIH CYHBIKTBIH KbLIIAMIIBIFBI

Toppuyeniu 3aHbl OOHBIHIIIA «/2gx TEH, MYHJIaFbl X — TECIKTIH CYHBIK

OeTiHeH KAIIBIKTHIFBI; § — €pKiH Tycy Yyaeyi. TecikTeH aTKpUIaraH
CYMBIKTBIH TYCETIH KaIIBIKTBIFBI €H YJIKEH OOJIYBI YIIiH, TECIK Kall sxepe
opHanacysl Tric? ZKayadbl: H OHiKTiriHiH OpTachsiHAa.

1.28. Tepese »xapTbl AOHIEIEKINEH asKTaJaThIH TIK TOPTOYPHIII
tdhopmansr. Tepese nepumetpi — 15 M. Tepese xKapbIKTHI €H KO MOJIIIEp-
JIe ©TKI3Yl YIIIiH, )KapThl JOHICJIEKTIH Paauyci KaHaai 00aybl Kepek?

Kayaobr: 2,1 m.

1.29. Kiran napafblHIaFbl MOTIHHIH ayJaHbl — S; JKOFapFbl JKOHE
TOMEHT1 KOJI €Hi — a, aj OH oHE COII XKOJI eHi — D. MoTiHHiH eHiHiH
OMIKTITIHE KaThIHACHI KaHJai OOJFaH/a, MapakThIH OapibIK ayJdaHbl €H

.. b
Kimi 6omanei? Kayadbr: —.
a

1.30. Ouametpi d genrenek OGopeHeAeH KOIIAEHEH KHMAacChl TiK
TOPTOYPHIIT Oanka Kecil any KepeK. baimkaHblH Mailbicyra eH YJIKEH
Kexeprici OOMybl YIINiH, KAMAaHBIH €HI MEH OHIKTIrl KaHmad Ooysl
kepek? bankaHblH MalbICyFa KEAEPrici OHBIH KOJJICHEH KMUMAaCHIHBIH X
eHl MeH Y OWIKTITiHIH KBaJpaThIHBIH KOOEWUTIHIICIHE MPOMOPIIUOHA,

df3 y:@.

sran Q = kxy®, Kk =const.  JKaya6br: x == 3
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2. Kepcerinren GpyHKuusapasl TyBIHABIIAP APKBUIBI TOJIBIK 3€PTTEY
KYPri3iHi3 )kKoHE onapblH rpadUKTepiH CanbIHbI3

21y X -2X+2 2.2 yo X1
x-=1 (x-1)*
23, y=gls™, 2.4. y:%X_
4x—x* -4 '
25 y=2"X 7% 2.6. y=
y Y=
In x In x
27. y=—=. 2.8. y=x+%
y NS y=X+ "
29. y=x—In(l+x%). 210. y=x% "2,
3
2.11. y=x2-2Inx. 212, y=—~
X“—x+1
213, yo X X1 214, y- (*=2°
X2 —2x X+1
2.15. y:—ln1+—x. 2.16. y =In(L+ x?).
1-x
2
2.17. yz):(z:i. 2.18. y=xlInx.
2
2.19. y=(x-1)e>". 220, y- X =3X+2
X+1
2x—1 x>
3
223, y= X4, 2.4, y:%E/xT(x—s).
X
X3 ezx +1
225 y=—3—. 226 y==——.
2.27. y=x*+1/ X% 2.28. y=(5x*+3)/x
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2.29. y

4-2xX
1-x2

5x
4-x*

2.30. y-

3. Kepcerinren ¢GyHKIUSIAPBI TYBIHABLIAP aPKBLIHI TOJBIK
3epTTey JKYPri3iHi3 )KoHe OJIapAbIH rpadUKTepiH CaIbIHbI3

31 y=e? ¥,
2
33. y= 2(x+1)°
X—2

35. y=(4e" —1)/e".

3.7.y

39.y
3.11.

3.13.

3.15.

3.17.
3.19.
3.21.
3.23.

3.25.

3.27.

— Xel/X.

_(1-x)
T (x-2)%

yZXZGUX.

y=(x+2)e"".

53]
x+1

y = (x+1)e’*.
y=x*/(x* -1).
y =In(1-1/x%).
y = X+ 2arctg X.

4x+2

y=(x-1e
y=—xIn?x.
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3.2. y=x+In(x*-4).
34. y=xIn?x
—x2/2.

3.6. y=x%

38. y= 2+X
T (x+D)*

3.10. y =xe”.
3.12. y=x?/(x+2)2
3.14, y =X,

X

X3

Ty

y =4x/(4 + X%).

3.16. y

3.18.
3.20.
3.22.
3.24.

y =In(x? —2x +6).
y — X3 /ex+l.
y=1-In®x.

_2x%+2+4x

3.26. y 7 —x

2

3.28.

y =arcsin—=.
+X



3.29. y=¢"™, 3.30. y=In(4—x?).

4. y=1f(X) QyHKUUICHIHBIH [a;b] KECIHIICIHET] €H YIIKCH KOHE

€H Killli MOHICPiH TaOBIHbI3

4.1 y=In(x*-2x+2), [0;3]. 4.2. y=3x/(x*+1), [0;5].
43. y=(2x-1)/(x-1)? [-1/2;0]. 44. y=(x+2)e, [-22].
45. y=In(x*—2x+4), [-13/2]. 46.y=x’/(x"—x+1), [-L1].
47. y=((x+1/x)° [12]. 48. y=\x-2, [-22].
49.y=4-e*, [0:]. 4.10. y=(C+4)/, [12]
4.11. y=xe*, [-20]. 4.12. y=(x-2)e*, [-21].
4.13. y=(x-1e*, [0;3]. 4.14. y=x1(9-x%), [-22].

415 y=(+Inx)/x, [Uee]. 416 y=e**, [L3].
417 y=(x>-8)/x*, [-3-1]. 418 y=(*+De™, [-L2]

4.19. y=xInx, [1/e2;1} 4.20. y=x%"", [-4;0].

421, y=x*—2x+2/(x-1), [-1;3].422. y=(x+DIx?, [-4/5;3].

423, y =", [-3;3]. 4.24. y=(nx)/x, [L4].

4.25. y=3x"-16x>+2, [-31]. 4.26. y=x"-5x"+5x>+1 [-12].
4.27. y=3-x)e*, [0;5]. 4.28. y=+/3/2+cosx, [0;n/2].
4.29. y=108x—x*, [-L4]. 4.30. y=§—6x3+7, [0;1].
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6.1-YT wbirapy yJirici (§6.1-§6.4)

1.  Emni 32 M xaHanmaH TiKOypeIIeH eHi 4 M 0acka KaHal KeTei
(63-cypet). Ochbl KaHammap >KyHeciMEeH arbI3aThblH OOpCHENEpPIiH €H
YJIKEH VY3BIHABIFBIH aHBIKTAy Kepek (0epeHe KaIbIHIBIFBI €CermKe
AIBIHOAN BT ).

|
ng|||||||||||

» Bepene y3biHabirsl | 60schiH. OHpa:

AE
| _|AC|=|AB]+|BC], |AB|—AEL_ 32
CoS® COSQ
CD
Boj- Pl 4 %2 4
sing  sing cose  sing
| GyHKIHMSICBIH SKCTPEMyMIe 3epTTeiiMi3:
,odl 32 4 32sin® p—4cos’ ¢
I'=—=——sinp———Ccosp=—r—; > .
dy cos‘o sin“ @ sin“ - cos” @
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Erep I'=0 Gonca, ouna 32sin®¢@—4cos’p=0. An cose=0,

1 1 . 1 2
JIEMEK, COHFBI TEHACYIECH tg3(p=—, tgp=—, SINp=—, COSQ=—=,
8 2 NG 5

(pz26034' amaMpl3. @-IiH OChl MOHIiHIH MaHakbiHgarsl | -TybIHIBI-
CHIHBIH TaHOAChl OHBIH AaJBIMBIHBIH TaHOACHIMEH AaHBIKTAJIAIbI, SIFHHU
u(p)=32sin® p—4cos’ ¢. Ecenreiimis:

U(0)], e =32:0,438° ~4-0,899° ~ 2,696 - 2,904 <0,

U(0)|, 0 ~32-0,454° ~4.0,891° ~2,994 - 2,829 >,

I ((p)|(p:26034' = -

Onnaii 6osca, @~ 26°34' YILiH |AC| KAIIBIKTHIFEI €H Killll 00J1aj5I,
COHJIBIKTaH 0ap KaHAJIJ]aH EKiHII KaHaJlFa aFbI3aThIH OOPECHEHIH Y3BIHBI
OCBI KAIIBIKTHIKTaH YJIKeH 0oma anMaiast: |, = 20«/5 ~44,72 M.

<

B (x+3)2

2= X—4

JKOHE OHBIH TpaduTiH calry Kepek.

(YHKIIMSICBIH TOJIBIK 3€PTTEY KepEK

> §6.4 kenTipiIreH HYCKaHBI YCTaHAMBI3.

1) ®yHKIHMICHIHBIH AHBIKTATY aiiMarbl X € (—oo; 4) U (4; +oo).
2) X>4 Oonca rpaQuK HYKTEIEPiHIH OpIMHATACHI
y>0,x<4 6oxnca y<0.

. . . 9
3) T'paduKkTiH KOOPIHUHAT 6CTEPIMEH KUBLIBICY HYKTEJIEpi: (0; _Zj

xone (—3;0).

4) X =4 BepTUKaJIb ACUMIITOTA €KCHIH KOpYy KUBIH eMec. ONTKeH,
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2 2
_ _(x+3) _ _(x+3)
lim y= lim =—o0, lim y= lim
x—>4-0 x—>4-0 X—4 x—>4-0 x—>4-0 X—4
Enni kenbey acumnToTanapabl Tabambl3:

= +00,

o tim 1) _ i (3 =1 b= lim (f(x)-(kx))=

X—>to0 X X—>Ho0 X ( X— ) X—>to0

10.

X—4 X—>0 X—4 Xx—>t0 X —4

X—to0

3)? 2 2
_ lim {u_‘lJ: lim X +6X+9-x" +4x _ lim 10x+9 _

ConbimeH kenbey acummToTa: Y = X +10.

5) OyHKUUIHBI 6CY, KEMY, JIOKAJIb/Ii SKTPEMyMI'€ 3epTTEHMI3:
,_2(x+3)(x=4)=(x+3)" _2x*-2x-24-X* —6x-9 _
(x—4)° (x—4)°
_x*-8x-33
(=47

y' =0 wapreiHan x? —8x—33=0, 6ynan X, =11, X, = -3 amamsis.

(oo;—3) untepanbinga Y >0 Gomranasikran dyukims eceni; (—3;4)

unrepBanbinga Y <0 Gomranasikran GyHkuus kemugi. COHIBIKTaH
X=-3 HyKkreciHze (yHKUMS JIOKadbAi  MakCUMyMIe ue Ooajbl:

y(-3)=0. An (4;11) untepBanbigaa y' <0, nemek (yHKIUS KeMU;

(11; +oo) HWHTEPBaJIbIH/IA y'>0, nemex, ¢dynakmus eceni. COHIBIKTaH

x =11 - nokanbai MUHUMYM.

HYKTEJIEPiH TabambI3: y" =

6) ®yHkuMs rpaduriHiH IOHEC, OMbIC apalbIKTAPbIH JKOHE HLTY
(2x-8)-(x—4)" —(x* ~8x—33)-2(x~4)
(x-4)’
2x°* —8Xx—8x+32—-2x* +16x+66 98
) (x-4) (-4
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bynan (—00;4) unTepBanbigga Y’ <0  OOIFaHABIKTaH, KHUCBIK
JIOHEC; (4;+oo) unTepBanbinga y' >0, memek, KUCHIK oibic. Al X =4

HYKTeCiH/Ie (YHKIHS aHBIKTaIMaFaHABIKTaH, HUTy HYKTECI KOK.
Oynkuus rpaduri 64-cyperre OeitHenenreH. <«

Ecxepmy. §6-4 Mbicanipl KapaHbI3.

y A

98 N

<,+
E/

10/

64-cyper

A
S
.
[
&)
&

. 4

X2

3. y=Xe ? (yHKIUSICHIH 3¢PTTEI, OHBIH I'Pa(UTiH CATBIHBI3.

P DOyHKIUAHBI 3ePTTEYAIH Kbl HYCKACHIH YCTaHAMBI3.

1) OyHKIUSHBIH aHBIKTATY aiiMarbl (—oo; + oo) .

2) x =0 6oncay =0 gemek, rpaduk KOOpAUHAT OACBIHAH OTE/I].

3) ®ynkuwms (0;+00) MHTepBaNbIHIA OH MOHLEP, a (—oo; 0)
MHTEPBAIIBIH/IA TEPIC MOHEP KaOBUIIAM/IBI.

4) Beprukaib acumnrora xokK. Kendey acumnroranapas! i3aenmis:

k= lim m: lim iZ:O,

X—>to X X—>o0
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. . X .
b= lim(f(x)—kx)= lim = [im
X%ioo( ( ) ) Xt X2 xodw X2
g2 e?
I'opuzanTtans acumnTora TeHACYiH anabik: Y =0.

(=x)? 2

—X
5) OyHkums Tak, eiitkeni: y(—x)=-xe 2 =-xe 2 =-y(Xx).
Onnaii 6osca OHBIH Tpaduri KOOPAUHAT OaChIHA CANILICTHIPFAH/IA
CUMMETPUSLIIBI.

6) DOYHKIHSIHB MOHOTOH/IBUTBIKKA 3€PTTEHMI3:

X2 X2
. e2 —x-x-e2 1-x? . 2
~—. Erep y'=0 Gonca, onna 1-x° =0, Oynan
2

y = ex2 = L
e
X, ==1 X, =1 anamei3. bys HykTenep can eciH ylI HHTepBajFa Oemnei:
(—oo; —1) unTepBanbiHaa Y <0 GonraHabIKTaH, (YHKIMS KEMHJ;
(-1 1) untepBanbiHaa Y >0 Gomrannbikras, GpyHkums eceni; (1; +oo)

unTepBanbinaa Y <0 GomraHabIKTaH, QyHKIUS KEMUII.

x=-1 Hykrecinge MuHHMYM: y(-1)= —il ~-0,6, ar x=1
g2
. 1
HYKTECIH/IE MAaKCUMYM: y(l) =—~0,6 anamsis;
e2

7) ExiHmmn TyblHIbIFa OaiilaHBICTBI (DYHKIMSHBIH KAcHETTepiH

2 X2

12 ”_—er%—(l—xz)x-e7
2
2

3epTTECUMI3: y’:T, y'= 5
= €
e

[N)

X

xei(—2—1+ xz) x(x2 —3).
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Erep y"=0 6onca, onna X(x2 —3) =0, oyman X, =0, x, = -3,
Xg = J3  anamss. (—oo; —\/5), (0;\/5 ) HHTEpBanAapblHaa y"'<0
OOJFaHABIKTAH, KHCHIK JIOHEC; (—\/5; 0), (\/§ +00) WHTEpBa-

mapeiHga  Y' >0  GomraHABIKTaH KHCBIK OHBIC. X =1+/3, X=0

HYKTeJNepiHe y" TaHOACBIH ayBICTBHIPFAH/IBIKTaH, OJIAp MYy HYKTENIepi
’KOHE ONIapJbIH OPAUHATANAPHL: (+«/_ ) +£ ~+0,4; y(0)=0.

€

8) AsbiaraH ManiMeTTep OoibIHIIA QYHKIHS TpadUriH canambI3

(65-cyper).

N w

yA

06— 7T~

0,4
N3 / |\ )
\l ?O ‘ 1 \jg X

~17 -0:6

65-cyper

. T .
4, y=2sinX+C0S2X (YHKIMSICBIHBIH [O;E} KeCIH/1/IeT1
€H YJIKEH JKOHE €H Killli MOHJIEpiH Ta0y Kepek.
P Beiiepirpacethin 2-111 Teopemachl OoiibiHima (§3.9,3-Teopema)
OepinreH (yHKIUSICHIHBIH {O;g} KECIHJIICIH/Ie €H YJIKeH oHE €H Killi

MoHJIepi 0ap (TekcepiHi3). KpuTukanslk HyKTeNnepi TabaMbi3:
y'=2c0osx+2sinx=0, cosx—2sinxcosx=0, cosx(1—-2sinx)=0.

Erep cosx=0 0onca, oHma x= g +km;
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. . 1 o
Erep 1-2sinx=0 Gouca, oHzma sinx =, x=(—1)ng+nn,
k,neZ. Ocbl caHbl aKbIPChI3 KPUTHKAIBIK HYKTENEPIIH TEK €eKeyi:

b8 e . b4 .
X=—=, X=— - OepinreH [O;E} KeciHgicinae xaTtansl. OyHKIUSHBIH

6
OCBI €Ki HYKTEJEri jXKoHe KECIHIHIH MIeTKi x—(, x=_~ HYKTelepaeri
2

MOHJIEPiH

taGamb3: y(0)=1, y(Ej —2sinZ +cos ™ =1+l =15
6 6 3 2
y(ﬁj =2sinZ+cosm=2-1=1.
2 2

o1 . )
bynan, Qyskums {O;E} KeCiHIiZle €H YJIKeH MOHIH x=

Nvjla ola

HYKTeCiH/Ie y(E]ﬂ,Sa an ey Kkimi MoHiH X=0 KoHe y-—
6

HYKTEJIepiHIE: y(O) = y[gj —1 KaOBbUIIaWTBIHBIH KOPEMi3. |
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AHBIKTaJIMaraH HHTerpa/jpaap

3/.,2

11 jMX_T_Zde
X

3/x +4x% -5

I 2X2

ix - 2x+5

1.3. dx.

15. [——F—

1.7. I(W—&+3de
X
J3x2—§/§+2

dx.

1.9. dx.

X

6/\,5 E£y2

\/x_ 5x+3dx
X

111 |

1.13. j(x2 —§—3de.

X
3
\/; 4} dx.

1.15. f(7+2x3—

1.17. I(2x3 —3\/x_5+£de.

\/_+7

119]

7.1-YT
AHBIKTaIMaraH HHTETPAIAAp bl TAOBIHBI3
(Ne 1-5 tanceipManapaa MHTErpaliay HOTHKECIH
nuddepeHnmanay apKbUIbl TEKCEpPiHi3)

1.

330

2 —
2% +3\/§ Ly

12|

14, 14(12\/?\/} +3

L6. jzx_—\/;mdx.

18. jzxs%\{(x_s”dx

1.10. j#dx.
x—i+1

1.12. || x dx.
I( > j
3/.,2 5
\/x——fx 43

114, |

3 4
I —3x +2
X
\/_+5

1.18. _[4d .

3x* —J_+1

1.16. |

120j



121, j(é/x_z—% ¥ 4} dx.
X

J_ 2x+4

1.23. [————adx.

1.25. j(é/?—is+
X

Zde.
1.27. f{ﬁ—%+lex.

X X

3/,2
1.29. j[g —ls +5]dx.
X

2.1. [N3+xdx,

23, [§(1+x)° dx.

25. |

(1-x°
2.7. [(1-4x)"dx.
2.9. [(1-3x)" dx.

2.11. [\/5-4xdx.

dx

2.13. j T 4X) .
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1.22. J‘md

3x?
1.24. j[ X ——=+2|dx.
e
P -2 +3
X

1.26. |

1.28. I[Tz_§+6]dx
1.30, j( \/_+2de.

2.2. j\3/1+ x dx.

24. |

yEs?

26 [ s

2.8. [(L+4x) dx.

2.10. j\/1+3x dx.

212, [———

\3/5+ 3%

dx

2.14. _[3 (3_4)()2 .



2.15. [——

ﬂz 5x
2.17. [41+3x dx.
219, [

(3—X)5
2.21. j :

2+x)

2.23. [/5—4xdx.
2.25. [42-5xdx.

2.27. [\[3—4xdx.

2.29. [4/(3+5x)" dx

dx
3—-x
dx
1-4x

3.4. j

dx
'IBX—Z'

3.10. j4 -

38. [
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2.16. [¥/3—2xdx.
2.18. j«3/1+3x dx.

2.20. [—

ﬂ3+x
2.22. [5-2xdx.

2.24. [/ (6-5x) dx.

2.26. [4-2xdx.

2.28. [¥3+2xdx.

2.30. [3(2-x) dx

3.3. IZ ™t

3.6. IZ e

39, I3X 4
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313 I5 3x’ 314 I4 7x'
dx

. 317 .
3.16. J.3 2X 3 J.5+3x
. 3.20. .
319 I5+4x I6 3x
. 3.23. .
3.22. J.1 X J.1+6x
325[ —3x' 3.26. j5 2x'
3.28. | 3.20. | dx_
2x+9 7X—-3

4.1, jsm 2—3x)dx.

(
4.3. [sin(5—3x)dx.
4.5. [cos(3+2x)dx.
4.7. [cos(5—2x)dx.
4.9. [sin(8x—3)dx.
4.11. [sin(3—4x)dx.
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3.15. JSX 3

318]’

3-5x

321 IG+5X'

324 ~[2+7x'
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2x+7'

3:30. I6x+1

4.2. jsin(3—2x)dx.

4.4. [cos(2+3x)dx.

4.6. [sin(4—2x)dx.

4.8. [cos(7x+3)dx.

4.10. [sin(3+4x)dx.
4.12. [cos(4x+3)dx.
4.14. [cos(2+5x)dx.
4.16. [sin(5x—3)dx.
4.18. [sin(3x+6)dx.
4.20. [cos(3x—7)dx.
4.22. [sin(7x+1)dx.
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5.1. j*/_dx
5.4. j\/j;jix_s.
5.7. j\/%.
5.10. j\/?%.
5.13. j\/g/%.
5.16. j\/sjzxﬁ'
5.19. jjgf');.
5.22. j4x 3
5.25. j\/g_xv.

7x+3)dx.
4.25. j cos(3x—7)dx.
8x —4)dx.
4.29. J' cos(10x —3)dx.

4.24. jsin (7 —4x)dx.

4.26. jsin(8x —5)dx.
4.28. jsin(gx—l)dx.

dx
5.2. )
J.\/9x2 +3
dx
55. | Nemrva

dx
8. )
J 5x%*+3
dx

5.11. |

5.14. |

dx
\/2x2 —9

517. [—

3x? +2'

>:20. I8x +9'

\/4x2 13

4x? —3'

5.23. |
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J5x2+3

4.30. fsin(9x+ 7)dx

dx
' ng2+3'

5.6. j7xfx_4.
J- dx
B2 -3
dx
4-7x%
dx
2% +7
J2 dx
J7-2x

5.12. |

5.15. |

5.18. |

5.21. st —

\/3 4x2 .
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5.24. |
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>:28. I4x +7

2xdx

N

4x dx
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xdx
Jo—8x?

6.10. [ 22X

6.1 |

6.4. |

6.7. |

2xdx

32 -7
xdx

2x2+9
5x dx
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6.16. [—

6.19. |

5x dx
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3xdx
92 +2
2xdx
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6.22. |
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dx
2 —5x2
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45x2+3.

2dx
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6.
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xdx
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2X+5
\5x? +1

2x4

2

14.18. |

14.20. |

2x-1

V5 —3x?
\/1_x

32x
N dx

14.22. |

14.24.

14.26. |

X+4

1428jx 3
+

14.30. |

dx.

dx.

——_dx
\/4—9x2



7.1- mbrrapy yarici (§ 7.2; 7.2.1 n. kapanwi3)

AHBIKTaIMaraH wHTerpangapasl  1aby kepek (1-5  mancoip
Manapovly — UHMe2paroapbiibly — Homuodicenepin  ougpghepenyuanroan

mexcepy Kepex).
3—- 2x +\/

L [

» luTerpan acThIHAAFBI (byHKuH;[HLI OeniMiHe Oemin xoHe § 7.1,
3° a), 6) KacueTTepiH, COHBIMEH Oipre aHBIKTAIIMaFaH WHTETPAIIAPIBIH
HEeTi3ri KeCTeCiH MmaiananbI TabaMbI3:

3-2x* +\/_ L

[——— \/; dx = 3jx 4dx 2jx4dx+jx12dx—

—4x4 — 2 x4 &+ X12+C 4 12X17+C.
19 17 \/_ 17

AIBIHFaH HOTIDKEHI TCKCGpeMIZ’»Z

!’

3 19 17 1 15 5
4x4—ﬁx4 +Ex12+C =4-§ i 8 19x“+1217x12—
19 17 19 4 17 12
1 5 5
=3x 4 -2x4 +x12. <

Haszapoinoizea: 7.2.11. 1 a,0 Mbicangapabl KapaHbi3.

dx
» § 7.1, 4°-kacueTTi maiagaHaMbI3:

dx 2 5 3 5 3
— = |(4-8x)5dx=——"-(4-8x)5 +C=——23/(4—-8x C.
U R U T T

HormxeHni Texcepemis:
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(—%(4—&)5 +CJ = —%%(4—&)‘5 (-8)= (4—8x)‘§.
3, Ief)(?x'

» §7.1, 3°-KacueTTi maianaHaMbI3: I% = —% In|6—7x|+C.
—7x

ATBIHFaH HOTHXKCHI TEKCEpEMi3:
—lln|6—7x|+C _ 1 (-7)= . <
7 7 6-7X 6-7x

4, jcos(z —5x) dx.

» §7.1, 3°-kacueTTi maigagaHaMBbI3:
[cos(2-5x) dx=—%sin(2—5x)+c.

Hotmxkeni Tekcepyai OpbIHIANMBI3:
1. ’ 1
(—gS|n(2—5x)+Cj :—gcos(2—5x)-(—5)=cos(2—5x). |

5 I 3dx
V4x? -3

» § 7.1, 3°-kacuerTi makganaHaMbI3:

ddx _3 d(2x) =gln‘2x+\/4x2—3‘+c.

Jax =3 _51./(2x)2 ~3

AJBIHFaH HOTHXKEHI TEKCEpEMi3:
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' 2+ 8x

2
(E.n‘ZH./Tz_g‘wj _3) Vst -3 |
2 2| 2x++/4x* -3

2(\/4x2 —3+2x) 3
(2x+\/4x2 —3)\/4x2 3 Jaxz -3

<

3
2

6. I 7 xdx
3x2+4
P> besiekTiH aJbIMbIH OHBIH OOJIMIHIH TYBIHABICHI IIbIFATHIHIAN

eTin TypreHaipemis xkoHe 7.2.1m. Teopemansl maimananamez (1 a, 6-
MBICAJIJIBI KapaHbI3):

7xdx 7, 6xdx
| P s

= |(3x2+4)+c. <

3% +4 6°3x%+4 6
dx
7.
/ 6 —5x°
e 1, d(V5y) J5

8. [e*™dx.

> [e5dx= —% [e5#d (5-4x) = —%ef"“x +C.

IIn®(x+2)
9. |———=dx
'[ X+2 g
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Z/I 2) 0
Tixs dx jln x+2)d(|n(x+2))=%ln7(x+2)+C=

x+2

=—z/|n1°(x+2)+c. <
10

I €0s 3xdx
3/sin3x —
>
1 1
I%Z%J(SMSX—Q53COS3XdX=%J'(Sin3X—4)Sd (sin3x—4)=
15, . 4 5 . 4
===(sin3x—4)5 +C=—3/(sin3x—-4)" +C. <
4 12

11. o

Isin24x§/ctgz4x'
dx 1, -2 4
> =—=|ctg 34x(— - dsz
Isin24x13/ctgz4x 4I sin® 4x

2 1
=%jctg 3 4xd (ctg4x) :—%ctg3 4x+C=—%§/ctg4x +C. «

12 I «3/arcctg 2x

1+4x°
«3/arcct 2x >
g _——farcctg2 ZX( 2 2jdxz
1+ 4x> 1+4x

5
- _%jarcctg3 2x d (arcctg 2x) =

13 3 3
=—=Zarcctg® 2x+C =—— Jlarcctg® 2x +C. <
28 16
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13. J'e3°°sx*2 sin xdx.

>
J‘e3005x+2 sin de:_%je3cosx+2d (3COSX+2):_%E3COSX+2 +C.
<
" I3x+1o i
J.3x+10 _J. 3xdx j dx _lj 12xdx N
6x°—4 4°6x°—4
j J_dx | n[6x? — 4]+ Vo2 o
( ) J’ J’ 6X +2
7.2-YT
AHBIKTaIIMaraH WHTETPAJIbI TAOBIHBI3
1.
2-3x _ X 3,0,
1.1 Ix2+2 X, Kayabpi: ﬁarctgﬁ—gln‘x +2‘+C.
1.2. J'jixzdx. JKayabpr: 3arcsin x +5+v1—x* +C.
1-x
8_13X 2 | 2
13, [~ dx HKayadut: 8in|x+ -1 133 -1+,
X* -1
1.4. j Ox+1 dx. Kayaowbi: —In‘ZX —1‘+—| V2x-1 +C.
-1 J2x+1
X
1.5. Kayabpr: — /2 — x* —2arcsin——=+C.
I\/2 X v 2
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3-7x 3 . 7 2
1.6. Kaya6br: —arcsin2x +—+1—4x° +C.
J\/1 4x° YRS 4
5-3x 5 | 3
1.7. [ —=—=dx. XKa aﬁm:—In‘\/2x+\/2x2+l‘——\/2x2+1+C.
J.\/2x2+1 ' 2 2
18. | 1+x HKayabbr: arcsin———2—x2 +C.
V2 - x? 2
1.9. j 3X+2 )Kayaﬁu:ﬁln‘sz+]4+\/§arctg\/§x+c.
2x? +1 4
L10. | 1_5)(2 dx. KayaGpi: larcthx—iln‘1+25x2‘+C.
1+ 25x 5 10
4x -3
1.11. dx.
j3x2 —4
Kayaowr: —In‘Sx 4\ ?‘ 2 LC.
3X+
1.12. j\;ﬂ Kayabbi: 5\/x2—6+ln‘x+\/x2—6‘+c.
X _
X—3
113j e +7dx. Kayabbi: —8In‘9x +7‘ arctg\/_
114, [——= 03X iy, )Kayaﬁblz—arcsinﬂ+\/4—3x2+C.
J4-3x2 3 2
115 [——= 4-2x Kayabbi: 2arcsin2x+l\/1—4x2 +C.
\/1 4x* 2
1
Kayaoni: arctg—=—=1In|2 + x*|+C.
Voo
1.17. j’ﬂdx. KayaGbi: 1In‘2x+\/1+ 4x2‘+§\/1+ 4x* +C.)
J1+4x? 2 4
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1.18. leixx JKaya6pr: 5arcsin x+441-x? +C.
1.19. j\;& HKayadut: 5V ~3-Inj+ VX ~3[+C.
X —
1.20. | 1_23)( dx. Kaya6pr: Linf2 —§In‘4x2—l‘+c.
4x° -1 4 2x+1
X-5 «/_x \/_|
1.21. dx. 7Kaya6 ——In 3-2x
J35a % Mayabu -2+ ZJ_ x/_x+«/_|
1.22. j\/% Kayabbr: —+/9— x? +4arcsin§+C.
123, Zl(_gdx. JKayasr: In|x? ~5|- 2\/_ X5
X —_
1.24, j\;ﬂ HKayadut: 7 ~L-2In[x+x" 1]+ C.
X —
1.25. j\}% HKayadut: Ince VX +1+3V6 +1+C.
1.26 X3 dx JKaya6bI: 1In‘x2+7‘—iarctgi+c
26. | —dx yaobI: 5 N 7
1.27. ji;z;( dx. Kaya6b: 3arctgx—gln‘1+ x2‘+C.
1.28. J.]%.3+_32X)§ dx. )Kayaﬁm:%arctg «/§X—%Inh+ 3X2‘+C.

1.29. I A7 dx. Kayaobi: 3\/X2+4+7|n‘x+\lxz+4‘+C.
VX% +4

1.30..[ 2X2_1 dx. ZKaya6wbi: %\/3X2 -4 —%In‘«@x+\/3xz —4‘+C.

3x° -4
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21 J sin2x

1+ 3cos 2x
3

2.2, j

23 J- sm3x
3- cosBx

X

2e* +3
sin2x

24j

dx.

25, [SNZX g

cos’x—4

X

e
2.6. j4_ —dx,

2.7. j7_x 0x

I sin2x
3sin’x+4
2x

2.8.

2.9. j5+e dx.

3

2.10. j L dx.

7+2x*

511 .[ 4x—5

3

212 [~ x 5olx.

cos3x

\/sm 3X—

sin 2x

218, [———=

2.14. |

sin X

2.15. j—dx.

1+3cosx

—-5x+17

V1+cos? x "

dx.

JKaya6bi: —%In|1+3cost|+C.

3 4
Kayaobi: —Zln‘l—x ‘+C.

1
Kayaobr: §In|3—c033x|+c.
1 x

Kayaobi: EIn‘Ze +3‘+C.
Kayadbr: — In‘cos2 x—4‘ +C.

Kayaobi: “1+C.

Kayaobi: —iln\7—5x3\+c.
15
Kayaobr: %In‘Ssin2 x+4‘+C.

Kayaobl: % In ‘5 +e*|+C.

Kayaoni: %In‘7+2x4‘+C.
Kayabur: In|2x* —5x+17+C.
Kaya6b1: gln‘2X4—5‘+C.
Kayaon: §m+0
Kayaber: —2+/1+cos® x +C.

Kayadbi: — % In|L+3cos x|+ C.
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2.16.

2.17.

2.18.

2.19.

2.20.

2.21.

2.23.

2.24.

2.25.

2.26.

2.27.

2.28.

2.29.

2.30.

I sin2x
4—sin? x
3x

e
———dx
.[e3X _5
2

X
J.7 +3x° ox.

3X+3
X% +2

[ € dx
Ve +3
3x% +1

J.x3 +x-10

X4

I\/x5+3
J~ 3x% —

NS —4x
J- COS7X

J5- S|n7x

sin4x
I\/cos4x+
12x? +5x*
I4—
i 4e*
V1-e*

sin2x

\6—cos? x

dx.

dx.

ILdX
\5x%2 -4

dx.

dx.

dx.

dx.

Kayaobr: —In‘4—sin2 X‘—f—C.
1 3%

KayaoObI1: gln‘e —5‘+C.

Kaya6bI: éln‘7+3x3‘+c.
310142

KayaoObI1: EIn‘x +2‘+C.

Kaya6er: \e?* +3+C.

Kayaobr: In‘x3+x—10‘+C.
2[5

Kayaonr: = x> +3+C.

Kayadbr: v2x° —4x +C.

Kayaonb1: —%JS—sin 7x +C.
Kayaoni: —%\/cos4x +3+C.

Kayaob1: In‘4x3+x5‘+C.
Kayaber: —4v1-e? +C.

Kaya6pr: 24/6—cos?x +C.

Kayaob: g\/SXZ -4 +C.
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2

3.1. jl 2x—X° KayabbI: —X——lln‘x2+1‘+arctgx+c.
1+ x? 2 2
7-x? x2
3.2. j KayaObI: ?+x—6ln|1—x|+C.
2
3.3. jx 24 Kayadpr: X—+—In‘x —1‘+In 1 e
2 X+1
1
3.4. I dx Kayaob: ﬂx3—x2+x—ln|2X+].|+C.
2x+1 3
3.5. sz_zdx. Kayaobi: 1x + 2% +8In‘x —4‘——In X=2 +C.
—4 4 X+2
3
3.6. j dx KayaobI: Ex3—2x—arctgx+C.
X2 +1 3
3
-1
3.7. IX dx. )Kayaﬁbl:1x3—lx2+lx—gln|2x+1|+c.
2x +1 6 8 8 16
5
3.8.J' X 5 dx Kayaobi: —Exs—lln‘l—x3‘+C.
1-x 3 3
X2 \/_ X
3.9. Kayaowr: x —+/3arctg—+C.
e y 95
3,2
3.10._[6)( X o 2xHLy Kayaodbi: x3+x2+1|n|2x—]4+C.
2x-1
4 3
311 | Kayaobr: X—+3x+—|n */_
— 3
312, (X +51X Kayaobr: X?+2|n\x2+4+c.
x +
5x+6
3.13. f—dX Kayaobr: x—§ln|x2+4|+arctgi+c.
X* +4 2 2
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3.14.

3.15.

3.16.

3.17.

3.18.

3.19.

3.20.

3.21.

3.22

3.23

3.24.

3.25

3.26

3.27

J
|
|
J
]
|
|

X +1
X2 +1
1-2x*
x? +1
2x* -3
X—2
2x° +5
x+1

X +3x+1

dx.

dx.

dx.

dx.

X2 +2

X% + X
2—X
2x° +5
X—7
2x* +3
x—-1

dx.

dx.

dx.

dx.

3
Kayaoui: %—gx2+9x—28ln|x+3|+c.

Kayaobr: 1, +lln‘x2 —ﬂ+C.
2 2

Kayaobr: %x3 — X+ 2arctgx +C.

3
KayaoObI1: X? —3x+ 2arctg x + C.

X3 9

7Kayaob1: ?+4X+—In x=2

X+2

+C.

3
HKayabbi: %—gx2+25x—128ln|x+5|+c.
JKayaobr: 1 —lln‘x2 +1‘+arctgx+C
2 2 '
Kayaoni: —§x3 +2x—arctgx+C.
KayaObI: §x3+2x2 +8x+13In|x—2|+C.
Kayaowi: 2x + 3arctgx+C.
2
X~ 1 1 X
Kayabbr: — +—In|x? + 2|+ ——arctg——+C.
yaduss 5+ Inp 2+ arg 7
2
Kayabi: —%—3x—6ln|x—2|+C.
WKayabbr: x° +14x+103In|x—7|+C.

Kaya6bI: §x3 +x* +2x+5In|x-1 +C.

355



3.28. | 12_ X

399 Ix +4

2x +3

330j

4.1. [sin?(1-x)dx.

4.2. [sin®(1-x)dx.

43. | (1— 2sin 5) 2dx.
5

4.4, jcosstin3 5x dx.

4.5. [cos®(1-x)dx.
4.6. [(3—sin2x)dx.

4.7. jsin2§dx.
2

48. [( cosx+3 )’ dx.

4.9. jcos3 (x+3)dx.
4.10. fsin3%dx.

4.11. j(l—cos X) 2dx.

3
KayaoObI1: X ax Earctgﬁ +C.
3 2 2

2
HKayabbr: X?+3x +13In|x -3+ C,

J_xl
J2x+1

Kayaowbi: X++/21n +C.

4.

Kayaodbi: %x+%sin2(1—x)+c.
Kayaébi: cos(l—x)—%cos3 (1-x)+C.
Kayaob1: 3X+2000$§—55in%+c.
1
Kayadbr: ——cos”5x+C.
20
KayabbI: —sin(l—x)+%sin3(1—x)+c.
Kaya6b1: %x+30052x—%sin4x+c.
1 1.
Kaya6pr: —x—=sin3x+C.
2 6
19 .
Kayaob1: ?x+63|nx+C.

Kayaob: sin(x+3)—%sin3(x+3)+c.

Kayabpi: AL SR Juc Y
4 5 12 5
3 . 1.
KayaObI: Ex—25mx+zsm2x+C.
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4.12.fsin2(2x—1)dx.

4.13.jsin36xdx.
4.14. [sin®(0,5x)dx.
4.15.jsin2(§+1jdx.
4.16. fcos2 2xdx.
X 2
4.17.1(1 — | dx.
j( +coszj X

4.18. fcos2 3xdx.

4.19.jsin4 2x dx.

4.20.fsin23xdx.

4.21. [ (1-cos3x)” dx.

4.22. jcos2 de.
5
4.23. jsin3 5xdx.
4.24. jsin4 xdX.
4.25, jcos4 X dx.
4.26. jcos.3 4xdx.

4.27. J.cosz 7xdx.

Kayaobr: g—%sin(4x—2)+c.
1 1 3
Kayadbl: —=c0s6Xx+-—C0s”6x+C.
6 18
Kayaobr: 1x—lsinx+C.
2 2
1 1.
Kayaodbi: Ex—53|n(x+2)+C.
1 1.
KayaobI1: §x+§sm4x+C.

Kayaonbr: 3x+83in§+23inx+c.
1 1 .
Kayabpr: (=x+-—sin6x+C.
2 12
Kayaonr: §x—lsin4x+isin8x+c.
8 8 64
1 1 .
Kayadbr: —x—-—sin6x+C.
2 12
Kaya6b1: §x—gsin3x+isin6x+c.
2 3 12
Kaya6b1: 1x+§sinﬂ+c.
2 8 5
1 1
Kayadbl: —=cos5x+-—co0s”5x+C.
5 15
/KayaobI: §X—£Sin2X+iSin4X+C.
8 4 32
Kayaowr: §x+£sin2x+isin4x+c.
8 4 32
1. 1 .,
Kayaobr: —sin4x—-—sin”4x+C.
4 12

Kayaoni: 1 X+ iSin14x +C.
2 28
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4.28. [ (sinx—5)dx
4.29. ['sin® 4xdx

4.30.jsin2 %de.

5.1. [tg® xdx.

5.2. [ctg® (x—6)dx.
5.3. [tg"* 3xdx.

5.4. [tg® 7xdx.

5.5. [tg® xdx.

5.6. [ xtg® x* dx.
5.7. [ ctg® xdx.

5.8. jtgzgdx.

5.9. jtg?’gdx.

5.10. [ tg® 4xdx.
5.11. [ ctg® xdx.

5.12. [ ctg® 5xdx.

Kayaobr: %x —%sin 2x+10cosx +C.

Kayabbr: — L cosax+ L cos® ax+C.
4 12

Kayaobi: lX—lsing—X+C.
2 3 2

Kayaobr: tgx—x+C.
JKaya6bi: —%ctgz(x—G)—In|sin(x—6)|+C.

1, 5. 1
7KayaObI1: §tg 3x—§tg3x+x+C.
Kayaobr: %tg?X—X+C.

1., 1.,
Kayaobi: Ztg X—Etg x—In|cosx|+C.
Kayaobr: ltgx‘z—lX2+C.
2 2

KayabbI: —%ctgzx—ln|sin x|+C.
Kayaobr: 2tg§—X+C.

Kayaobi: tgzg+2ln +C.

X
COS—
2

KayaObI: 1tg4X—X+C.
4
JKaya6br: —%ctgzx—ln|sin x|+C.

KayaoObI1: —%ctg 5X—x+C.
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X 3, ,X X
5.13. [tg® = dx. Kayabbr: —tg? = +3In|cos—|+C.
I3 avaiel: 293 3
5.14. [ (1-tg2x)” dx. JKaya6bi: In|cost|+%tg2x+C.
5 1 4 1 2 1
5.15. [ tg® 2xdx, JKayabpi: gtg 2x—Ztg 2x——|n|c032x|+C.
5.16.]’(2x+t927x)dx. Kayabpr: x°+= tg7x x+C.
5.17. jtg“zx Kayabbr: —tg3§—§tg§+x+C
5.18.j(t92x+ctg2x)2 dx. Kayaoni: Ethx—Ect92x+C.
5.19. [(1-ctg x)? dx. Kayadbi: —2In|sinx|—ctgx+C.
5.20. [ ctg® 3xdx. KayaGpi: —%ctgz3x—%ln|3in3x|+c.
5.21. [ctg* xdx. KayaGpi: —%ctg3x+ctgx+x+c.
2 X X
5.22.[tg de. Kaya6bI: 2tg§—x+C.
5.23.[tg" (x—6)dx. KayaGpi: %th(x—G)—tg(x—6)+x+C.
3 1 . 1
5.24. [tg® 4xdx, JKaya6br: gtg 4x+zln|cos4x|+C.
X 4 35X X
5.25 [tg* = dx. Kayaopr: —tg® = —4tg=+x+C.
[tg n yaber: - g°7 —4tg7
tg®(x+5
5.26. [tg* (x+5)dx. Kayabbr: %—tg(x+5)+x+c.
5.27. [tg® (x—3)dx. JKaya6bi: %tgz(x—3)+In|cos(x—3)|+C.
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5.28. [tg® (5x +1)dx.

5.29.ftgz77f(dx.

Kayaobi: %tg(Sx +1)—x+C.

4 Tx
Kayaobpr: —tg— —x+C.
Yy 7 g 4

.30. | tg” 4xdx. Kayadopr: —1tg” 4x——tg° 4x——In|cos4dx|+C.
5.30. [tg® 4xd y 1169“4 ;924 i'l a+C

6.1. [sin3xcos xdx.
6.2. [sin® 2xcos 2xdx.
6.3. [sin® 3xcos3xdx.
6.4. [ cos® 5xsin 5xdx.
6.5. jsingcosﬁdx.

6.6. J'cos Xsin9xadx.

6.7. jsin4 2xC0S 2xdX.

6.8. jsinicos%dx.
2 2

6.9. jcos5 xsin xdx.

6.10. jcostsin 3xadx.

6.11.jsin 5xsin 7 xdx.

6.12. jsin 4XC0s 2xdX.

6.
1 1
Kayabdbl: ——cos4x——cos2x+C.
8 4
Kayaonbl: iSin62X+C.
12
Kayaobi: ésin33x+C.
1 4
Kaya6pr: ——cos” 5x+C.
20
Kayaobi: —Ecos%—2cos§+c.
3 4 4
1 1
Kayaébr: —c0s10x ——cos8x +C.
20 16
Kayaobi: isin52x+C.
10
1 1
Kayaowbr: —Zc052x+§cosx+C.
1.6
Kayaob1: —gcos x+C.
1 . 1.
Kayaébr: —sin5x+=sinx+C.
10 2

Kayaobr: 1sin 2X —isinlzx +C.
4 24

Kaya6pr: — icos 6x— lcos 2x+C.
12 4
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6.13

6.14

6.15

6.16

6.17

6.18

6.19.

6.20.

6.21

6.22

6.23.

6.24

6.25

6.26

6.27

. j cos® 4xsin 4xdx.

. j'cos‘3 2xsin 2xdx.

. [cosxsin9xdx.

. [sin4xcos 2xdx.
. [sin3xcos 2xdx.
. [sin® 7xcos 7xdx.

dx.

sin X
Icos3 X
I C0S2X

dx.
sin’ 2x

. jcos 2xcos5xdx.

. jsin2 2Xcos xdXx.

J~ COS X

. dx.
sin® x

. j'sin 2xsin 3xdx.
. j sin xcos® xdx.
. jsin5xcosxdx.

. J'sin X COS 4xdx.

Kayadopr: — i cos* 4x +C.
16
1 2
Kayaobi: ZCOS 2x+C.

Kayaob1: 1 cos10x — icosSx +C.
20 16

Kayaopr: — icos 6x — lcos 2x+C.
12 4

Kayaobi: —%COSSX—ECOSX-FC.
1.4
Kayadbr: —sin” 7x+C.
28
A
7KayaobI: ECOS x+C.

+C.

Kayaob1:
y 6sin® 2x

Kayaob1: 1sin 3x +isin 7x+C.)
6 14
Kayaob1: %sin3x—gsin5x+c.

Kayaodbr: — +C.

3sin® x
1. 1 .

Kayabbr: —sinx—-—sin5x+C.
2 10

cos? x

+C.

Kayadbr: —
1 1

Kayadpr: —C0S6x——=cos4x+C.
12 8

Kayao6pr: — L COS5X + 1 cos3x +C.
10 6
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6.28. J' oS 3x cos xdx.

6.29. jcos4 2xsin 2xdx.

6.30. J' COS 7xcos 5xdx.

dx
7.1. J‘m.

2 et 2+4x+10
dx
73 | ————.
I2x2—7x+1
d_
2x2 +X—6
I dx
52 +2x+7
dx
6. | ————.
I2x2—2x+1

74. |

7.5.

dx
77—,
szz ~11x+2
dx
|

7.8. —-
2X5+X+2

dx
79 [————.
I3x2—12x+3

Kayaob1: Esin 2X+ 1sin 4x+C.
4 8
Kayabbr: — %0055 2x+C.

Kayaodbi: lsin 2X— isin12x +C.
4 24

KayaobI: _arctg >
Kayaobr: ,_arctg 5

|4x 7- J_
|4x 7++/81
2x-3
2x+4
5x+1

KayaobI: arctg ——
r Nz

JKaya6er: arctg(2x—1)+C.

+C.

Kayaobr:

+C.

Kayaobi: - In

+C.

1 |,[4x-11-V105|
Kayaobl: In
J105  [4x—11+ /105 |
4x +1
KayaObI1: arctg——+C.
r 5
Kayaonr: |X 2= \/_|
|x 2+3 |
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7.10.

7.11.

7.12.

7.13.

7.14.

7.15

7.16.

7.17.

7.18.

7.19.

7.20.

7.21.

7.22.

dx
I2x2 +3%

Ix2 —de+6'
Vo aa
jﬁ
Ve m 2+4x+25'
]
f d
]

]

33X —9x+6

dx
2
X
X
X
dx
2
X
dx
2x% —2x+5
dx
2 3Xx-2

X% —

J. dx
2x% —6x+1

f dx
2x2 —3x+2

X% —8x+30

Kayaonb1: lIn X +C.
3 3

X+~

2

Kayaobr: In X—_Z’ +C.

4x — 1

\/_

3x-9 LC
3x+1
X—2
X+4
Kayaowbi: —Inx—_3
X—2
x+2

J_
\/_
ﬁ‘w

_1+C.

KayaobI: arctg——

J_

Kayadobr: — In
10

Kayaowbi: —Eln +C.

+C.

Kayadpl: —arctg——

J_
,\/_

Kayaobi: 3 In

Kayaobr: arctg

Kayaobi: %arctg 2x

Kayaowr: 1arctg 2x—4 +C.
5 2x+1

nl2x=3=47| .
|2x 3+J’|

2 arctg ——— 4x -3 +C.

NN

KayaObI:

KayaObI:
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7.23 J’L
TR pTx+11

dx
—3x+1
dx

724j

7.25

dx
2x% +6X+3

dx
r.ar I X? —6x+8
dx
1-2x-3x?"
dx
2x% +3x+6

dx
3x%2 +5x+1

7.26. |

7.28. |

7.29. |

7.30. |

dx
I\/4+8x—x2 .
dx
3% —Ax+1

dx
J2—3x—2x%

8.1.

8.2.

83. |

' J5x2—10x+25'

Kayao6wbi: LIHM +C.
\/3 2x+7+\/§
Kayaowr: In 22X_i +C.
X_
Kayaobr: %arcthT_l +C.
KayaObI1: |§X+§ j__+C.
X+3+
Kayaowbi: %In x-4 +C.
X_
Kayaobi: —=1In :X_; +C.
X+
4x+3
KayaobI1: arct +C
1
KayaobI: |6X+5 \/_|
|6x+5+J_|
8.
. Xx—4
Kayaopr: arcsin——+C.
J20
Kayabbl: Linfx-24 fxz—ﬂx+1 +C.
NG 3 373
7KayaObI: 1 ——arcsin 4X+3+C.
NA 5
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84, | ———.
J‘\/x2+6x+8
85 J‘$
J2+8x—2x2
8.6 J‘$
J3+2x—2x2
8.7 J‘L
V2 - 2x 3%
dx
8.8. | ——.
J.\/1+x—x2
8.9 IL
dx
8.10. [ ———.
J.\/2x+3—x2
8.11 J'L
4x* -8x+3
dx
8.12. [ ———.
j\/1+2x—x2
dx
8.13. | ——.
I\/4x2—x+4
dx
8.14. | —.
'[\/2+4x—3x2
dx
8.15. | ——.
Ix/4x2+2x+4
dx
8.16. | ————.
'[\/?,x+2—2x2

dx

KayabbI: In‘x+3+\/x2 +6x+8‘ +C.

KayaObI1: 1 arcsm

NA f
1 2x-1
Kayadbr: ——arcsin——+C.
N N
1 3x+1
Kayabpi: —=arcsin——
NN
Kayadpr: arcsin———-+C.
y 7
1 2 4
Kayaopr: —In{x—-1+,[x°—2x+—[+C.
N3 5

Kayabbi: arcsin XT_l +C.

X—1+ x2—2x+§
\/ 4

Kayaobr: arcsin x-1 +C.

2

x—1+ /xz—lx+l
8 4

Kaya6pI: L aesinP¥ 24 c.

3 J10

N /x2+lx+1
4 2

_3+C.

Kaya6b1: %In +C.

1
Kayaobr: Eln +C.

1
Kaya6wbi: > In +C.

Kayaobr: iarcsin ax

N
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8.17.]

8.18.

8.19. [

8.20.
8.21.|
8.22.

8.23.

8.24. |
8.25. |
8.26. |
8.27. |
8.28.

8.29. |

dx
J2x2 -8x+1

dx

I\/x2 _5X+6
dx
J3x—2x2

dx

'[\/2x2—x+3'
dx
J2-x—2x®

dx

j\/x2 +3x—1

dx

j\/5—7x—3x2 .
dx
3% —x+5

dx
A—x—x*

dx
Ji—2x—x2
dx
Ja—3x—x?

dx

J.\/xz +5x+1

dx
\J3=x—x? .

1
Kayaopr: —In

1
X—2+ /x2—4x+— +C.

2 2
Kaya6pr: In x—g+\/x2—5x+6 +C.

Kayaobi: iarcsin 4XT +C.

J2
1
Kayaoor: —In

x—Li fxz-Lxs3
Z e T

Kayaobr: iarcsin 1 +C.

2 17
x+g+\/x2+3x—1

+C.

Kayaowr: In +C.

Kayaobi: iarcsin bx+7 +C.

3 109

1 [, 1 5
X—=4, X —ZxX+=
6 3 3

1
Kayaopr: —In +C.

Ve

Kayaobr: arcsin 2x+1 +C.

N3

Kayaobr: arcsin x+1 +C.

V2

2X+3+C.

Kayaob1: arcsin

Kaya6er: In x+g+\/x2 +5x+1/+C.

Kaya6bi: arcsin 2x+1 +C.

J13
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830 [ & HKayadut: In|x+2+x +4x+1]+C.
VX% +4x+1

9.
2X°+3x—-4
(AKayabmi: —In‘2x +3x— 4\+ o|4x3-VaLl +C)
481 4x+3+«/ 1|
02, [—X*0 gy
33X +x+1
1 6x+1
Kayabbr: —In|3x® +x+1 +
5" [+ J_ BT
B[ 2L g
3X°—2x+6
Kayaonr: —In|3x —2x+6| arctggx_1+C
N AN
9.4. j—dx.
2X* +X+5
1 4x +1
Kayaépr: —In(2x*> +x+5 arct +C
y 2"l | N RN
X+5
9.5, [———dx.
J‘x2+x 2
Kayaobl: —In‘x +X— 2‘ —In X~ 1+C.
X+2
9.6. j—3x 2 dx.
5x? —3x+2
3 , 103,
Kayaobl: EIn‘SX —3x+2‘ \/_ \/_

X+4
T [———dx
szz —6x-8
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JKaya6br: —In‘2x —6x— 8‘+—InX;4+C.
X+1
9.8. IL“
7X+1
Kayaowbr: —|n2X2—7X+1‘+ |4X - 1| +C.
4 4\/ 41 \4x 7441
991 5x 2
-5x+2
Kayabbr: —In‘2x —5x+2‘ —In 2)(_4‘+C.
2x-1
9.10. j4x—415dx.
X+
Kayadbr: %In‘4x2 —4x+5‘ +%arctg 21 e
X+1
911, [————
I2x2+x+1
4x+1
Kayao —In 2x% + x+1+ —=arct +C.
aya0bl: ‘ 1‘ \/7 g— 7
9.12. jx—;lgdx.
X
1 [3x=1-4A0]
Kayaoer: —In|3x? —2x—3[+
yabus: in| [+ 3J_ 3x—1+10|
013, [ X8 g4
4x° +6x-13
4x+3- \/_|
Kaya6 —In 4x? +6x-13/ + In
vabur: 5 | 2J_1 ax+3+ 61|
9.14. jZSXT”ldx.
X2 —4x +
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x2\/_|

Kayaob1: —In‘x —4X+1‘+

25 [xC 2+J—|
9.15. [——~——dx
2X° +2X+5
Kayaowbi: —In‘Zx +2x+5‘——arctg2x+1 C.
X-3
9.16. jmdx.
X—4
Kayaobi: —In‘x —5x+4‘——|n +C.
x-1
9.17. jzzx—_ldx.
2X° +8x—6
Kayaowr: —In‘Zx +8x— 6‘ 227
|x+2+J_|
018, [— 2% o
4x° +16x-12
x+2 \/_|
7Kayaobi: ——In 4Ax® +16x 12|+
y ‘ ‘ ZJ_ x+2+J_|
9.19. j%dx.
X
Kayaowr: —|n\3x —6x— 9\+—|nX 3. c
X+1
9.20. jzx—_lzdx.
3+X—2x
Kayaobi: —lln‘2x2—x—3‘+ Lg|2x=3 +C.
2 2X+2
021, [—X=% _gx
3% +x-1
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J[Bx+1- J_|

Kayaobi: —In‘3x +X— 1‘

6\/_ 6x+1+J_|
9.22. j%dx.
KayaobI: —In‘x —4x— 2‘+ IX 2 §|
X—2+
9.23. jX—de.
2x2 +x—4
L1 2 |4x+1 J_|
Kayaobi: 4In‘2x + X 4‘ 4\/_ |4x+1+J_|
2X+3
9.24. jmdx.
. l 2 B 7 3x+1- \/_|
KayaobI: 3In‘3x +2X 7‘+6\/_ 3x+1+\/_|
X—3
9.25. jmdx.
1 4x+1-13
Kayaobr: gln‘4x2+2x—3‘ |4x+1+J_|
9.26. JX+25dX'
+
7KayaoObI: 1In‘3x2—x+5‘ arctg 6x -1
S 5
3x—2
9.27, j#&(ldx.
Kayaobr: —In‘x +5x — 1‘ ZJ_ §§+2 \/\/:I
+5+

X—7

928, |[———M —
'[4x2 +3x-1
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8x -2
8x+8

+C.

Kayaonbi: 1 In‘4x2 +3X —1‘ -5 In
8 40

020, [ 2L g

5x% +2x+10
5x+1

+
Jas

C.

JKayaob: %In ‘sz +2X —10‘ + arctg

3
549
X—4
9.30. J‘mdx.

10x-1

39 arctg +C
54139 J139 '

Kayabbr: L \5x2 —X+ 7\ -
10

10.
2x-13
10.1. | ——dx.
/ J3x? —3x-16
KayaoOb1: %\ISXZ—3X—16—4\/§In X—%+ fxz—x—% +C.
X—3
10.2. | ——dx.
I\/2x2—4x—1
Kayaobi: %\/2X2—4X—1—«/§|n X—1+,/X2—2X—% +C.
x-1
10.3. | ———adx.
'[\/3x2—x+5
1 2 5 1 2 X 5
Kayabpr: —/3x° —x+5-——=In[x- =+ [x* ~=+>|+C.
YRR 3 63 6 33
2X+1
104. | —————dx.
j\/1+x—3x2
2 4 . b6x-1
Kayabpr: ——+1+x—3x> + arcsin +C.
YRR TS NN
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2X+5

10.5. | ———adx.
J.\/4x2+8x+9
JKaya6br: %\/4x2+8x+9+gln X+1+ /x2+2x+% +C.
2x-10
Kayabpr: — 241+ x—x* —9arcsin 21, ¢
J5
2x—8
10.7. j\/i
Kayaobr: 24/1-x—x? —7In x—%+\/x2—x+1 +C.
3x+4
10.8. [ ————=dx.
I\/x2+6x+13
Kayao6br: 3\/x2+6x+13—5ln‘x+3+\/x2+6x+13‘+C.
10.9. dex.
2x% —5x+1
3 2 11 5 2 5 1
Kayabbr: —+/2x° —5x+1+——=In|x——+ /X" —=x+=|+C.
ayalbl 2\/ 2 1 )
5x+2
Kayabbr: 5 x2+3x—4—1—21In x+§+\/x2+3x—4 +C.
X—4
10.11. fﬁdx.
1 — 15 1 X 7
Kayaobr: —2x2 —x+7 ——=In|x—=+,[x* == —=|+C.
ayalbl 2\/ 2 1 >3
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de_
Vx* —3x+4

Kayaobr: 24/x? —3x+4 +2In x—g+\/x2—3x+4 +C.

10.12. |

4x+1

Kayabor: —44/2+ x— x> +3arcsin -1 ¢
5x-3
10.14. | ———dx.
J‘\/2x2+4x—5
JKayadnbr: g\/2x2+4x—5—4\/§m X+1+ /x2+2x—g +C.
3x+2
10.15. jmdx.
Kayaépr: —3 4+ 2x— X +5arcsin XL 4 C.
J5
X—=7
1016, [—————dx
V3x2 —2x+1
11— 20 1 [, 2 1
Kayabpr: —V3x* —2x+1-———=In|x—=+ [x* —=x+=|+C.
WARE 3 33 | 3 373
X+5
Kayabpr: —+/3—6x—x° +2arCSinXT+23+C.
2X+4
JKayadbr: g\/3x2+x—5+£In x+<+ e+ Xodc
yabel: 3 33 R I A
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TX-2

10.19. jmdx.
Kayabbr: 7 x2—5x+1+3?1ln x—g+\/x2—5x+1 +C.
X—8
JKaya6br: l\/4x2+x—5—§ln X+ 1+ fx2+1x—§ +C.
4 16 8 4 4
3x+4
Kayabbr: —3v/2+3x—x? +£arcsin£+c.
2 17
X—6
10.22. jmdx.
Kayaobr: —+/3—2x—x* —7arcsinXT+1+C.
2X+3
Kayaobr: /2x° Cx+6+——Injx-2+ [}~ Xi34c.
22 4 2
10.24. I X—9 dx.
NJa+2x—x?
.ox=1
Kayaobr: —+4+2x— x> —8arcsin—— + C.
v J5
2X+7

Kayaber: 2y/x% +5x—4 +21In x+g+\/x2+5x—4 +C.
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3x-4

10.26. | ————=0dXx.
I\/2x2—6x+1
JKayadbr: §\/ZX"'—6x+1+LIn x—§+ x2—3x+1 +C.
2 22 2 \/ 2
2X+5
10.27. | ———=dx.
'[\/3x2+9x—4
KayaoObr: g\/3x2+9x—4+iln x+§+ x2+3X—ﬂ +C.
3 J3 2y 3
4x+3
10.28. jm
Kayaobl: 242x2 —X+5+2+/21n x—%+,/x2—§+2 +C.
3x—7
Kayabbr: 3 x2—5x+1+%ln x—g+\/x2—5x+1 +C.
7x-1
Kayabpr: — 72— 3x—x° —éarcsin—zx+3+C.
2 J17

7.2-YT mbirapy yarici
AHBIKTaJIMaraH UHTETPAIBI ecentey Kepek (§ 7.2)

3 7x
L J.4x +5
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4x* +5 (2x)2 +(\/§)
8xdx 31

7
rt
8'[4x +5 2J’ g[

3-7x dx B xdx 3 d(2x)
I j T

——In(4x +5) +C. <«

dx
2. jm.

» AifHBIMAIIBI aybICThIpaMbI3: U=2—e>*, Ouma du=3e dx

JKOHC
dx 1.3 ¥dx 1 L
I—egx(z_egx)zg 2_e73X ZEIH‘Z—G 3 +C. «
3, ng —4x

x?+1

» Uurerpan acthiHma Oyphic Oeuiek Typ. AJBIMBIH OeiMiHe
Oemirn, oHBl OYTiH OejiK HEH AyphIC OOIIIEK KOCHIHABICBIHA KENTIpiI
anpIn uHTErpangainmei3 (7.2.3 1. KapaHsi3):

I3X5_4X
X% +1

dx:j(3x —3x— jdx:E x4 — 3 2—Eln(x +1)+C
4 2 2

X% +1

<

Ha3zapuinoizea: 7.2.3 . 1 xoHe 2 MpIcanapsl KapaHbI3.

4. [cos®(7x+2)dx.
»  byn J'sinm X-cos" xdx  Typimmeri  WHTErpaIbIH
m=0, n=3 xarmaiter (§ 7.3., (6)-popmyina, a) MpICAIABI KapaHbI3).
TPUrOHOMETPHUS-TBIK ~ TENe-TeHiKTi:  COS> (7X + 2) =1-sin? (7X + 2)

naijagaHbin, TaOaMbI3:
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[cos®(7x+2) dx = [cos? (7x+2)cos (7x+2) dx =
= j(l—sin2 (7x+ 2))cos (7x+2)dx =

=fcos(7x+ 2)dx—jsin2 (7x+2)cos(7x+2)dx =%sin(7x+ 2)-
—%jsin2 (7x+2)d (sin(7x+ 2)) =
=%(7x+ 2)—2ilsin3 (7x+2)+C. <«

5. [ctg*5xdx.

» ctg’5x= —1 TeHmiriH maimagaHaAMBI3:

sin?5x

1
dx — [ctg? 5xdx =
25x I g

ctg” 5xdx = [ ct 2SX( —1de= ctg? 5x
'[ g I g sin?5x I g sin

1 2 5 1
=—=|ctg°5x| — dx — -1|dx=
5I J ( sin25xj I(sin25x j

:—ictg35x+lctg5x+x+c . <
15 5

6. J'sinzxsin 3 xadx.
2 2
>
jsinzxsin§xdx = lf(cost —cos5x) dx =lsin 2X —isin 5x + C.
2 2 2 4 10

<
Haszapuinwizza: § 7.3 1. COHFBI MBICAJIIbI KAPAHBI3.

I dx
6x° —3X+2
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» byr 7.2.1 m (*) typiameri mHTerpas. OHOarbl MBICaIAa
KOPCETLITeH 9/IiCTi KOJIJaHAMBI3:

J dx 1I dx _
6x>—-3x+2 6 X —1x+1
2 3
21 dx 1 dx B
TSI 1 16 1y (@Y
R PN
4 3 16 4 43
N3 g 4o 2B tg(4x_l)\/§+C. <
Ve r N EREN T
43
J-3X—_62dx
2—-5X—X

» Mysnga 7.2.1 . 6) KepceTiNreH 9icTi KOJIIaHAMBI3:

J 3x—6 ___I_2X+4 5+5dx_
2-5x—x2 2-5x-x2
:_§ —2x—520|)(_igj dx -
2°2-5x—-x 2 "2-5x—x
:—Eln‘2—5x+x2‘+2—7j (ij =—§In‘2—5x+x2‘+
2 2 ( _5) _2_§
2 4
27 dx
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5 33
=—§In‘2—5x+x2‘+ 27 In X_E_T +C=
z 2" 5 15

2 2
=—§In‘2—5x+x2‘+ 9\/_ | 2X=5= \/§|+
2 L |2 5+4/33|
0. J‘L
\J5x? +2x -7

» byran 7.2.1 m (*) xepceTinreH WHTErpajmay omiCiH KoJija-

HaMBI3.
1
dl x+=
1 ( +5)

[ dx _ij dx |
Jsxl+ox=7 57 [, 2 7 b 1 7 1
5° 5 R
5) 5 25
1 [2.2 7
X+ =+, X +=x—=
5 5" 5

10. |

In +C. |

3

2xX—7
X
\1-4x—3x?
» Mynaa 7.2.1 . EckepTyzie KOpCETUIreH 91iC KOJIIaHbIIa Ib:

1J.—6x+21—4+4

2x—7
- _dx=—-|—-—
I\/1—4x—3x2 37 J1-4x-3x2

—6x-4

J\/1 4x—3x2 I\/_ix_x
3 3
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dx =




:—2\/ “ax—3x2 -2

HErs

=—g\/1—4x—3x2 _ 5 arcsin X+§ +C=
3 33 J7

3
:—g\/1—4x—3x2 _ % arcsin 3x+2 +C. <
3 33 J7

7.3-YT
AHBIKTaIIMaFraH WHTETPAIAAPABI TAOBIHBI3

1.
J1-x? g2
1.1. _[ 1-x dx. Kayaobi: %In%+\/l—x2 +C.
X 1-x°+1
2_
12| ‘Xx Lax. Kayabpr: /X “1arccos=+C.
X
[.2 _ 2
1.3. I X +4dx. Kaya6er: \4+x2 +In 2oVA+ X +C.
X 2+4+X°

/ 2 [1_v2)3
1.4.J. 1-x dx. Kayaob1: C—E&.

X4 3 X3
1.5. [J4—xZdx. Kaya6bi: 2arcsing+g 4-x*+C.
[2 2
16, [YX 9 Kayaoer: X219+ X, ¢
X 3+Ux*+9
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1.7. j

VX2 +4
X2

\/4—x2

1.8. J' dx.

(1+ X )3

e

4

1.10.

1L |
X

- I (1+x

113, [

d

=3

114, |

1.15. [x°9-x?dx.

1.16. [—

dx.

(4 —6x2)3

x? -9
dx

X2 (x2 —1)3 |
dx
117. Jﬁ\/z_—l.

|x+\/4+x| \/4—x2
‘x \/4+x ‘

«[4 x?
C———

+C.

KayaoObI: +C.

Kayaobr:

Kayaobr:

\/1+ X

4+x%)°
Kaya6br: C— éu

2 5
o 1ya-x)
20 X°

X 1 X
Kayaob1: —= +C.

\/1+X2 3\/(1+X2>3

Kayabbr: \x? -9 — 3arccos +C.
X

X
x? -1

Kayaobr:

Kayaonr: C -

Kayao: %\/(9 ) - 3\/(9 X2

Kayaobr: C— — -

KayaObI:
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2
118, [YX =9 4y
X

\/x2—9—x‘_ X
, 2
1.19. j Kayadbr: L arccos L+ X 2_1+C.
./X _ 2 X 2X
[ 2 9—x? :
1.20. | 9X_4X . JKayabb: 0—717%.
, 2
1.21. ox . Kayaonr: C— s .
XX +9 9x
1.22. [x*J1-x*dx. IKayaGbI: %arcsmx—%xxll X2 (1 2x2)+C.
1.23. IX3\/1—X2dX. Kayaobr: % 1—X2)5 %X (1—X2)3+C.
4-x2Y 4- x2 ’
1.24. j(—zl)dx. Kayaobi: arcsin)2(+ ; ( )
X
dx X
1.25. . Kayaoni: +C.
I (4+x2)3 4442
[ 2 9+ x? ’
1.26.j XX4+9dX. 7KayaobI: C—%%.
dx 1 X
1.27. . Kayaobr: — +C.
/ (9+x2)3 9J9+x2
2
1.28. j\/% Kayabbi: garcsing—%x\/9—x2+c.
3
129, j“m < Kayaber: C-——
48 {16 — x*

Kayaobi: % In

NG —9+x| X% -9 e
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V16— x?

1.30. j
X

dx.

dx
(x+D)1+x
dx
(x+1)\e -1
dx

(x-Dx2-1

dx

X/1— x2

21|
22|

23. |

24. |

dx
X1+ X2
dx

xx2 -1

25. |

26. |

57 dx
o x\/x2+x+1'
dx
2.8, | —.
Ix\/xz—x+1
29 [
XA/ 1

X2 4+ x—

dx
2.10. | ——.
I xyx?—x-1

X
16 — x>

Kayaosr: C— arcsin% N

2.
h 2
Kayaob1: C—iln ! —1+ 1+x |
20 [x+1 2 \/§(x+l)‘

KayaObI1: ’X—_l +C.
Xx+1

Kayaonr: C— X—+1
x-1
2
Kayaobr: C—In w
X
[ 2
Kayaobr: C—In ﬂ
X

1
Kayao6br: C —arcsin—.
X

1 1 x®+x+1
-+ =+

Kayaopr: C—In
X 2 X

L+Vxi-x+1 1

Kayaopr: C—In .
X 2

Kayaowr: C —arcsin ﬂ

J5x

Kayaopr: C —arcsin iz.

NG

383



dx 1.1, 1T+ x— X2
211, [—2 Kayabor: C—In|=+=+ 27270
J‘x\/1+x—x2 X 2 X
dx 1 . 4—x
212, | —F/—. Kaya6pr: C ———=arcsin——.
jx\/x2+x—2 Y 2 3x
213. | o . Kayabbr: c_ Lt _1, VX® - x+1 ‘
(x+1)Vx® —x+1 Boxe1 2" V3(x+1) ‘
dx 1 3 Jx*-x-1
2.14. . Kaya6pr: C—In -——+ .
dx 1 1 xX+x+1
2.15. . Kayaosr: C—In -——+ .
J.(x+1)\/x2+x+1 x+1 x+1
dx . X+3
2.16. . AKayaopr: C —arcsin———.
I(x+1)\/x2+x—1 VB(x+1)
dx . 3x+1
2.17. . Kayaowbi: arcsin +C.
J(x+1)\/1+x—x2 VB(x+1)
2.18. | dx . Kayadbr: S S S e |
(x=1)Vx® +x+1 3 ‘X_l 2 \B(x- 1)‘
/2
2.19. J o . Kayaop: C-—In 1 +1+ X _X+1|.
(Xx=1)\x2 —x+1 x-1 x-1 ‘
2
2.20. | dx . Hayaom: C—ln|—1 43 WXL
(x=1)Nx* +x-1 x—1 x—-1 ‘
dx . 3-X
2.21. . Kayaoer: C —arcsin
I(x—1)\/x2—x—1 V5 (x-1)
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dx 11, 1+ X —x?
2.22. . Kaya6pr: C—In .
I(x—l)\/1+x—x2 x-1 2 x-1
dx 1 1 1-x-x2
2.23. . JKaya6er: C—In +—+ .
dx . 3x-1
2.24, . Kayaopr: C—arcsin——.
I(x—l)\ll—x—x2 V5(x-1)
dx 1 1 —x—x2
2.25. [————. Kayabor: C—lIn\- =+ .
J‘x\/1—x—x2
2.26. IL Kayaob1: C—iarcsinu.
X\x2 +x-3 J3 X3
dx 1 . X+5
2.27. . Kayaobr: C ——=arcsin———.
I(x+1)«/x2+x—2 2 3(x+1)
dx 1,01 3 Jx*-3x+2
228 [—————.  Kayabpi: C———In|-—=4+3X°2 "2272)
jx\/x2—3x+2 J2 x4 2x
dx 1 (1 1 2x=¥
2.29. . Kayaopr: C—— | +—+ .
dx 1.3, 1-3x-2x°
2.30. [—————. Kayabpi: C—In|-—>4 222728 |
Ix\/1—3x—2x2 x 2 X
3.
3.1. jwd Kaya6br: tgxIn(cosx)+tgx—x+C.
COS” X
3.2. [cos(Inx)dx. Kayabbi: g(sin(lnx)+cos(lnx))+c.
3.3. Ilnx KayaoObI1: C_Inx+1.
X
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3.4. [In(x+2)dx.

3.5. jde.
sin? x
3 .IIn(Inx) N
X
3.7. jlnzxdx.
Inx
3.8. |—=dx.
A
3.9. jxlnl_—xdx.
1+x

Kaya6pr: xIn(x+2)—x+2In(x+2)+C.

Kaya6er: C—ctgxIn(cosx)—x.

Kayader: InxIn(Inx)—Inx+C.
Kaya6er: xIn?x—2xInx+2x+C.
WKayabbr: 2+/XInx—4+/x +C.

2 — _—
Kaya6b1: X—Inl—x—x—llnl—XJrC.
2 1+x 2 1+x

3.10. jln(x+\/1+x2)dx. KayaGpi: xln(x+\/1+x2)—\/1+x2+c.

3.11. [In(x+4)dx.

xln(x+\/1+7)

Kayaobr: xIn(x+4)—x+4In(x+4)+C.

3.12. dx. Kaya6er: 1+ x> In(x+\/1+ X )—X+C.
I V1+ X2
3.13. J.In(.5|2n X)dx. Kayaobi: C—x—ctgx—ctgxIn(sinx).
sin? x

X X x2 ox 1

3.14. IXZ In(x+1)dx. Kayaobi: ?In(x+1)—§+g—§+§ln(x +1)+C.

InxIn(Inx
3.15. j#dx Kayabpi: %Inlen(lnx)—%ln2x+c.
X
3.16. J’In(x2 +1)dx. Kayaobr: xln(x2 +1)—2x+2arctgx+C.
Inx Inx 1
3.17. | ——dx. Kayaopr: C——-——.
Ix3 y 2x2 4x?
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3.18. j«/;Inzxdx. Kayabpi: %x/x_3ln2x—g«/x_3lnx+§\/x_3+c.

3.19. jlnl_—xdx. HKaya6ur: xlnl_—x—ln(x2 -1)+C.
1+x 1+x

3.20. J'(x2 —X +1) In xdx.

3 2 3 2
Kaya6b1: X——X—+x Inx—X—+X——x+C.
3 2 9 4

3.21. j&ln Xax. Kayabbi: %xlxg Inx—g\/x3 +C.
(s

322 n(STX)dx. Kayaobi: tgxIn(sinx)—x+C.
cos’ x

2 2

3.23. jxln(x2+1)dx. )Kayaﬁu:X?In(x2+1)—x?+%ln(x2+l)+c.

2 2 2

3.24. J.X|n2 xdx. Kayaonb1: X?IHZX—X?IHX+XI+C.
) x3 x3

3.25. IX In xdx. Kayaowbi: ?InX—E+C.

3.26. [xIn(x+1)dx. HKa aﬁu-X—Zln(x+1)—x—2+§—lln(x+1)+c

.26. . yaobl: 5 2273 :

3.27. [sin(Inx)dx. Kayadbr: g(sin(lnx)—cos(ln x))+C.
) . 2 . x?—21

3.28. J'(x —4)S|n5xdx. Kayabbr: — xsin5x— cos5x+C.

25

3.29. [In(x+5)dx. Kayaobi: xIn(x+5)—x+5In(x+5)+C.

3.30. jlnﬂdx. Kayaobr: xlnﬁ—zln\4—x2\+c.
2+X 2+ X

4.1. [J1-xarccos+/xdx.
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Kaya6br: éﬁ—%ﬁ—%«/(l— x)” arccos+/x +C.
4.2. [N1-xarcsin Jxdx.

4.3. [xarctg 2xdx.

arcsin X

N

arcsin X

N

arcsin J_
\/_

xarctg x

1+ x?

xarcsin X

N

4.9. [xarctg xdx.

44.

45. |

46. [———

47. | dx.

48. [——

4.10. [xarcctg xdx.

Xarccos 2x

\1-4x2

411, [————

4.12. j arccos 2xdx.

4.13. [arctg xdx.

KayaobI: x—— ——4/1 x ® arcsin+/x +C.
2
X x 1
Kayaopr: —arctg2x ——+—arctg2x+C.
2 4 8
Kayabpr: 2+/x +1arcsin x+ 41— x +C.

Kayaopr: 4+/1+ x —2+/1—xarcsinx +C.
2% — 21— xarcsin~/x +C.

Kayaobr:

Kayabbr: 1+ X2 arctgx—ln‘x+ 1+ x?|+C.

Kayaber: X —+1—x?arcsinx+C.

2

Kayaobr: X? arctg x — g + %arctg x+C.

2
X—arcctgx+§+1arcctgx+c.
2 2 2

KayaobI:
Kayaépr: C— g —%\/1— AX? arccos 2X.

JKayaGbl: arccos2x— %x/l— 4x* +C.

JKaya6bl: xarctgx —%In (1+ X2 ) +C.

388



J arccos \/_ Kayaowbi: C- 2\/; — 24/1— x arccos \/;

4.14.
Xarccosx o
4.15. [——— \/_ JKaya6er: C —X—+/1—x? arccos x.
1-x
4.16. | arclcos X dx. Kayabbt: C — 41+ x — 24/1— xarccosx.
- X
4.17. j arcctg 2xadx. Kaya6n1: xarcctg 2x+%|n(l+ 4x2)+C.
4.18. f%ﬂgzxdx. Kayabpr: 1+ x? arcctgx+|n‘x+ 1+ x*|+C.
1+x
4.19. J'arcsin 2xdx. Kaya6br: xarcsin 2x+%\/1—4x2 +C.
4.20. jxarcsmzx KayabbI: Ex—1\11—4x2 arcsin2x +C.
J1-4x? 2 4
4.21. Ia\r/cchrLsxx dx. Kayabbr: 2+/1+ xarccosx — 41— x +C.

3
4.22. [x’arctgxdx.  JKayabor: X?arctg X — % X2 + % In (x2 +1) +C.

2
1
4.23. [ xarctg 2xdx. Kaya6pi: X?arct§]2x—£+§a\rctg 2x+C.

4.24. [arctg(x+5)dx.

JKayaber: xarctg(x+5) —% In ‘xz +10x + 26‘ +5arctg(x+5)+C.

N& x? 1
4.25. [x?arcctgxdx.  Mayaébl: —arcctgx+——=In(x?+1)+C.
| g y 5 et X+ =2 (x*+1)

4.26. [ xarctg® xdx.

2
Kayao6br: X?arctg2 X + %arctg2 X — Xarctg x +%In (x2 +1) +C.
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4.27. [ X2 cos=dx. HKayaboi: 3x2sin— +18x > —54sin> +C.
3 33 3

4.28. [ xarcctg® xdx,

2
Kayaobi: X?arcctgz X +%arcctg2 X + xarcctg X +%In (x*+1)+cC.

2
4.29. [x*sin2xdx. Kaya6br: gsin 2X — x?cos 2X + %cos 2x +C.

. 1 1 1
4.30. j(x2 +4)e2 dx. KayaGpI: E(XZ + 4)e2X +§xe2X +ZeZX +C.

5.
) X2 . X 1.
5.1. [ x?cos2xdx. Kaya6br: 7sm2x+5cos2x—zsm2x+c.
x? X 1
5.2. [xsin® xdx. Kayabbr: — ——sin2x —=cos2x + C.
4 4 8
5.3. jxsinxcosxdx. Kayaobi: %sian—%cosZXJrC.

5.4. [x?(sin2x—3)dx.
X X 1
JKayaobr: Esian—?0032x+20052x—x3+C.

3
5.5. [x?(sinx+1)dx. KayaOr: 2XSinX—X2COSX+2COSX+§ +C.

5.6. J'(x +x) JKayaobr: C—(x2+3x+3)e"‘
5.7. J'(x2+x) e*dx. JKaya6br: (xz—x+1)eX+C.
5.8. J'(x2 ) JKayaobr: C—(x2+x+2)e‘
5.9. j(xz—x+1) e*dx. JKayaobr: (x3—3x+4)eX+C.

390



2
5.10. [ xctg® xdx. Kayadbr: In|sinx|—xctgx—x?+c.

5.11. [x%e"dx. Kayabbr: C—(x* +2x+2)e”
5.12. | xdx JKayaobr: In|sin x| xctgx+C.
sin?x’
5.13. | X Kaya6bi: Xxtgx+In|cosx|+C.
cos® x
2
5.14. [xtg® xdx. Kayadbr: xtgx+|n|cosx|—x?+c.
5.15. j(x2+2)e‘xdx. JKayaobr: C—(x2+2x+4)e‘X

XS 2

5.16. [x*sin’ xdx. 7KayaGb1: XX sin2x+ X cos2x+ Lsin2x + C.
6 4 4 8

5.17. [x*(cos2x+3)dx.

2
Kayaowr: x° + X?sin 2X + gcos 2X — %sin 2x+C.

5.18. [(x* +2)e"dx. Kayabur: (X° —2x+4)e™ +C.
5.19. (X +3)sin xdx.

Kayadbr: 2xsinx —(x2 +1)cosx +C.)

5.20. j(x2 —3)cosxdx. JKayaobr: (x2 —4)sinx+2xcosx+C.
5.21. [(x* +1)edx. Kayabwr: C—(x*+2x+3)e”
5.22. J.(X2 —1)exdx. Kayaobr: (X—l)zeX+C.
3 2
5.23. [ x*cos’ xdx. ke 2+ X sin2x+ Xcos2x— Lsin2x+ C.
6 4 4 8

5.24. j(x2 + x)sin xdXx.

Kayabbr: (2x+1)sinx —(x2 +X— 2)cosx +C.
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5.25. [(X* + x)cos xdx.

KayabbI: (x2+x—1)sinx+(2x+1)cosx+C.)
5.26. [(x* +1)e*dx.
5.27. [(x°

Kaya6br: (x2 —2x+3)ex +C.

—1)e’xdx. Kayaobi: C— (x+1)2 X

2 2

5.28. [ xsin® xdx. Kaya6br: X X sin2x—Lcos2xC.
4 4 8

5.29. jarcsin Oxdx. Kaya6bi: xarcsin9x+ é\/l— 81x* +C.

2

5.30. [ xarcctg 2xdx.

6.1. [(x+1)e*dx.

6.3. [(x—7)cos2xdx.
6.5. |
6.7. [(x—4

(
(
(
(
6.9. [(x+4)sin2xdx.
J
J

X+ 2)cos 3xdx.
)

sin 2xdx.

6.11. [(x+5)sin xdx.
6.13. )

X+ 9)sin xdx.

6.17. j X —4)cos 2xdx.
6.19. j X+ 4)cos 3xdx.

6.21. j X +6)cos4xdx.

(
(
6.15. [(x+4)sin3xdx.
(
(
(

392

Kayaob1: X? arcctg 2x + % + %arcctg 2x+C.

6.2. [(x—2)edx.
6.4. [(1—x)cos5xdx.
6.6. [(x—2)cos4xdx.
6.8. [(x—3)cosxdx.
6.10. [ xsin3xdx.
6.12. [(x—5)cos xdx.
6.14. [(x+7)sin2xdx.
6.16. [(x+3)sin5xdx.
6.18. [(x—8)sin xdx.
6.20. [(x+8)sin3xdx.

6.22. jx 6)sin— dx.



6.23. j(x+1)cos7xdx.
6.25. jxsingdx.
X
6.27. 1 —dx.
j(x+ )sm3 X

X
6.29. 3)sin—dx.
j(x+ )sm4 X

7.1 [In(x—5)dx.
7.3. [x*e7dx.

75. [x*e™dx.

7.7. [ xcos8xdx.

7.9. [arcsin5xdx.
7.11. [ xarctg xdx.
7.13. [xcos(x+4)dx.
7.15. [xcos(x+3)dx.
7.17. [xe ™ dx.

7.19. [xsin(x+7)dx.
7.21. [xsin(x+4)dx.
7.23. [(x+3)e *dx.
7.25. [(x* -3)e*dx.

7.27. jxcos(x +7)dx.
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X
6.24. 2 —dx.
.[(x+ )sm2 X

X
6.26. 4 —dx.
j(x+ )cos2 X

X
6.28. 2 —dx.
[(x+ )cos4 X

X
6.30. —9)sin—dx.
j(x )sm2 X

7.2. [arctg2xdx.

74, [(x+1)e™¥dx.
7.6. [arctg3xdx.

7.8. [arctg4xdx.
7.10. [(x+1)e™dx.
7.12. [x*e¥dx.

7.14. [xcos(x—2)dx.
7.16. [ xe*?dx.

7.18. [arcsin 2xdx.
7.20. [xcos(x—4)dx.
7.22. [xcos(x+9)dx.
7.24. [arccos xdx.

7.26. [xe™¥dx.

7.28. jxe‘5xdx.



7.29. fxe"”dx. 7.30. _[xcos(2—x)dx.

8.

8.1. [arctg 2xdx. 8.2. [xcos6xdx.
8.3. jarcsin3xdx. 8.4. j arccos 2xdx.
8.5. [arctg8xdx. 8.6. [xsin(x—2)dx.
8.7. jarcsin8xdx. 8.8. Ixsin(x+3)dx.
8.9. jxcos(x+4)dx. 8.10. jarccos?xdx.
8.11. jxcos(x—?)dx. 8.12. jxsin(x—S)dx.
8.13. [(x—4)e*dx. 8.14. [xe ™dx.
8.15. [arctg7xdx. 8.16. [arcsin5xdx.
8.17. jln(x—?)dx. 8.18. jxcos(x+6)dx.
8.19. J'arctggdx. 8.20. [In(x+8)dx.
8.21. farctggdx. 8.22. [In(x+12)dx.
8.23. jarcsingdx. 8.24. jln(2x—1)dx.
8.25. [In(2x+3)dx. 8.26. jarccosédx.
8.27. J'arctgidx. 8.28. jarcsinédx.

4 7
8.29. [arctg6xdx. 8.30. jarccosgdx.
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7.3- YT msirapy yarici
AHBIKTaJIMaraH HHTETPaJIbl TAOBIHBI3

1. sz 16 — x%dx.

X =4sint,dx = 4costdt,

> [x*16-x*dx =

sint =§,t =arcsinZ
4 4

= [16sin’ t\16 —16sin” t4costdt = 256sin® tcos” tdt =
= 64[sin” t2tdt = 32[ (1 cos4t )dt =32t —8sin4t + C =

= 32arcsin§—85in 4(arcsin 5j+C =
4 4
=32arcsin§—§(8—x2)\/16— x> +C. <

dx

2. | ——
J.x\/x2+5x+1
1 1
X=",t==,
S S I S
2
XX +5X+1 dx=—t£2dt, tzi t12+5+1

+C=

t2 +5t+1 I(Hsjz_zl
4

t+g+\/t2+5t+l

1 5 x?2+5x+1
—t =
X 2 X

+C =C-In <




3. j(x—?)sin 5xdx.

U=x-7,du=dx,

» [(x—7)sin5xdx = ) 1 =
dv =sin5xdx,v = —gc055x

—l(x—7)c035x+chosSxdx=—l(x—7)c055x+isin5x+c.
5 5 5 25

|
4. j arccos 4xdx.
u =arccos4x,du = Adx
N )
> jarccos 4xdx = 1-16x"|_ Xarccos4x +

dv=dx,v=x

+4IL = xarccos4x—1\/1—16x2 +C. <«
J1-16x 4
5. jxe”dx.
u=Xx,du=dx,
> fxe”dx = , J|= xe* " — je”dx =
dv=e""dx,v=e"
=xe*"—e""+C. <«
6 Ixarctgx >
1+ X2
xarctg x u=arctgx,du = dxz' dx
j\/_gzdx: < 1+x :\/1+x2arctgx—j\/_2:
1+x _ _ 2 1+x
dv= 5 V=a1+X

1+x

396



+C. <«

=1+ x? arctg x — In‘x+ 1+ X2

7. j(x2 —4x+ 3)e‘2"dx.

u=x’—4x+3,du=(2x—4)dx,

—2X

> j(x2 —4x +3)e‘2xdx =
dv =e2*dx,v = —Ee

U=X-2,du=dx,

1 —2X

1 2 —2X —2X
~2(x2-4x+3 ~2)edx =
(x X + )e +j(x )e #dx dv:e’zxdx,v=—§e

1

1 ——e¥4C. «
4

=—%(x2 —4x+3)e‘2X —E(X—Z)e‘z"

In(In(x+1))In(x+1)

J x+1 o
>
“in(In(x+1)),du=——%
Iln(ln(x+1))ln(x+1)dxz u=in(In(x+1), u_(x+1)ln(x+1)’ _
X dv = Inf():zl)dx,v=%ln2(x+1)
1.In(x+1)

= Inz(;(+1)| n(In(x+1) )__J.ﬁd

UEIHHMERTHRE
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7.4-)KYT
AHBIKTaTMaraH HHTETPAJIILI TAOBIHBI3

1

3x%? +20x+9
x? +4x+3)(x+5)

(Kayaobr: 6In|x+3/—In|x+1-2In|x+5/+C.)

1.1. j(

12dx
(x—2)(x2—2x+3)'
(Kayaowbr: 3|n|x—3|—4|n|x—2|+|n|X+1|+C.)
13, [ SXHOT g
(x—l)(xz—x—lz)

("Kayaowbr: 2|n|X—1|+5|n|x—4|—7|n|x+3|+C.)

12. |

14 I2x4+8x3+9x2—7 y
o (x2+x—2)(x+3)
(Kaya6br: x° +5In|x+3 +In|x+2|+In|x—1 +C.)
8xdx
(x2+6x+5)(x+3)'

(Kayabbr: —5In|x+5/+6In|x+3—In|x+1|+C.)

15. |

L6 j2x“—7x3+7x2—8x
o (x2—5x+6)(x+1)

(Kayadbr: X* +x+2In|x+1+4In|x—2|+3In|x—-3[+C.)

17 sz4+8x3—45x—61dx
o (x—l)(x2+5x+6) '
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(Kayaobr: x° —8In|x—1+5In|x+3|+In|x+2/+C.)

2x* +17x3 +32x2 = 7x
(x2 +4x+3)(x+5)

18. |

(Kayao6wbr:
x* —x—5In|x+5|+3In|x+1—3In|x+3+C.)
6x% +6x—6

L9 J.(x+1)(x2 + x—2) x

(Kayaowbr: 3|n|x+1|+ |n|x—1|+2|n|x+2|+C.)
37x—-85

110 '[(x2 +2x—3)(x—4) X

(Kayaowbr: 4In|x—]4—7In|x+3|+3|n|x—4|+C.)
3x* +3x-24
(xz—x—z)(x—S) "
(Kayaowbr: 2|n|x—2|+3|n|x—3|—2|n|x+1|+C.)

2x* —7x3 +3x+30
1.12.
'[(X—Z)(x2 —2x—3)

111 |

(Kayabbr: x° +x—4In|x—2+3In|x—3+3In|x+1+C.)

3x% -15
1.13. dx.
I(x—l)(x2 +5x+6) X

(Kayaowbr: |n|X+ 2| - |n|x—1|+3|n|x+3|+C.)

2
1.14.]( X I8 gy
X

—1)(x2 +5x+6)
(MKaya6er: 18In|x+3 —In|x—1-16In|x+2/+C.)
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6xdx
SR T

(Kaya6wbr: In|x—1+3In|x+1—4In|x+2|+C.)
4% +32x+52 .
(x2 +6x+5)(x+3)

1.16. |

(Kaya6er: 3In|x+1+2In|x+3|—In|x+5/+C.)
2x% +41x-91 y
(x2+2x—3)(x—4)
("Kayaobr: 4In|x—]1—7In|x+3|+5|n|x—4|+C.)

117. |

2x* +8x3 —17x-5
(x2 +2x—3)(x+2)

1.18. |

(Kayaobi: x° —In|x—1+In|x+2/-2In|x+3+C.)

2x* +17x3 + 40x® +37x+36 dx
(x+1)(x* +8x+15)

(Kayadei: X* —x+3In|x+1+3In|x+3—3In|x+5+C.)

1.19. |

1.20. | o dx.
(x—1)(x2 +3x+ 2)

(Kaya6wr: In|x—1—3In|x+1+8In|x+2|+C.)

6x*
—dx
(x2 —1)(x+2)
(Kayabbr: 3x° —12x+In|x -1 —3In|x+1|+32In|x+2|+C.)
2x> — 26
(x2 +4x+3)(x+5)
(MKaya6br: 2In|x+3/—3In|x+1|+3In|x+5/+C.)

121 |

1.22. |
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2x> +12x -6
(x+1)(x2+8x+15)
(Kayabbr: 6In|x+3|—2In|x+1-2In|x+5/+C.)
x* —5x° —15x° +40x - 70
dx
(x2+2x—3)(x—4)
(Kayadbr: X* —x+4In|x—1—In|x+3|+2In|x—4|+C.)
4 3 2
1.5, I2x —7X° +2X +13dx
(x2—5x+6)(x+1)
(Kayader: X* +x+2In|x+1+In|x—2|+In|x—3+C.)
4 2
1.26. I6x 2—21x +3x+24
(x +x—2)(x+1)
()Kayaﬁm’ 3x* —12x+2In|x—1| -3In|x+1 +10In|x+ 2|+ C.)
-3x*-21x* - 26
(x* —5x+4)(x+3)

1.23. |

124.j2

1.27. j

(Kayabbr: X* +X+4In|x—1+In|x+3—2In|x—4|+C.)
2
128, [— X ATX gy
(x—2)(x2—2x—3)
(Kayaowbr: 2|n|x—2|+3|n|x—3|+2|n|x+1|+C.)
—30x* +30
—dx
(¥ -1)(x+2)
()Kayaﬁm: 3x* —12x+In|x—1 - 3In|x+1 + 2In|x + 2|+ C.)

130, [ ATXA2g
X

1x +5x+6)
( Kayaobr: 20|n|x+3|— |n|x—1|—16|n|x+2| +C.)

1.29. |
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2.

21 ); L ox (FKaya6br: x+l—ln|x|+2In|x—]4+C.)
— X X
2.2. jx _ZX 22X+1dx. (Kayabwbr: x+|n|x|+1—2In|x—JJ+C.)
—X X
3x? +1 2
2.3. J.sz_l)dx ()Kayaﬁblz 2|n|X—1|+—m+|n|X+1I+C.)
24, ’3”2 dx. (HKayabbr: §—3|n|x|+3|n|x—14+c.)
X2
4
95 I4x +8x% —3x— 3d
X2+ 2% + X

(Kayaber:  2x° —3In|x|—In|x +ﬂ—i+C.)
X+1

X+2
x3+x
Ax?
2.7. dx.
I(x2 —2x+1)(x +1) X

26. |

("Kayaob1: |n|X +1| — |n|x|—§+C.)

(Kayaowbr: 3|n|x—ﬂ—%+ln|x +1|+C.)

2.8 Iﬁd (Kayaobr: %—3In|x|+|n|x—1|+C.)
2.9. J‘%dx. ("KayaobI: |n|x|+|n|x—1|+xi_l+c.)
2 10. I4x +8x° —;(—de.

X(x+1)

(Kaya6er: 2x° —2In|x|—2|n|x+]4—i+c.)
X+1
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4 4.3 2
2-11-f2X 4x° +2X 4X+1dx.

x(x-1)°

(Kayadwr: X* +In|x|—In|x—1 +Xil+c.)

2
2.12. J‘gx_—x_zzdx. (Kayaowbr: |n|x+]4—2|n|x|_i+cl)
X(x+1) X+1
2.13. j%dx. (Kayaobr: 2X—In|x|—%—|n|x+]4+c_)
x-3
214 [— X 73 4y
J x—l)(xz—l)

(Kayaowbr: X+ﬁ+2ln|x—1|—ln|x+1|+c.)

2.15. jﬁdx. (Kayaobr: |n|x|+%—ln|x+;q+c_)
X+ 2 3

2.16. Imdx ()I(ayaﬁbl. 2|n|X|—2|n|X—1|—m+C.)

217. J’de.

(x + x)(x +1)

(MKayabbr: 2x° —In|x|—3|n|x+]1—i+c.)
X+1
4xdx

(x —1)(x+l)'

x3+x

—4x% +2x -1

—XZ

2.18. j ("Kayaob1: |n|x—]4—|n|x+l|—%+c.)
J’_

2.19. | (Kaya6br: In|x+]1—|n|x|—1+C.)
X

220, [X dx. (Kayaoe: x—In|x|—=—2In|x—1+C.)
X
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6x—2 1 3
2.21. I%dx (7Kayaﬁl>lz —|n|X|—|n|X—1|—E+C.)

2.22. jzx +2x° +24X+3dx. (KayaGw: 2x+|n|x|_§_|n|x+]4+c_)
X + X X
2.23. j&dx.

(x* -1)(x-1)

(MKaya6wbI: x—In|x—]1—Xi1+2ln|x+]4+C.)

2
2.24. I 3x +22 dx. (Kayafbr: 2|n|x|+|n|x+1|+i+c_)
X(x+1) X+1

X+5 3
2.25. Imdx. (MKaya6br: In|x+]4—|n|x—]j—x—_1+c.)
2.26. I%dx. (Mayaobr: 2|n|x|+|n|x—1|+xi_1+c_)
2.27. .[X+—X+2dx. ("Kayaobr: 2|n|x+1|—|n|x|—§+C.)
X2 + X
2.28. Ixs_xz- (Kayaowr: %—In|x|+|n|x—]4+c.)
2
2.29. I%dx. ("KayaobI: |n|x|—|n|x—1|—%_+C.)
2
2.30. j'2)(+—5)(1dx. (Kayaowbr: 2X+|”|X|+1+2In|x+]4+c,)
X2+ X X
3.
31 -[ 3x+13 ™~

(X—l)(x2 + 2x+5)

(Kayaowbr: 2In|x In‘x +2x+5‘——arctg—x+1+c)
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x*> —6X+8

3.2. |———dx.
J x® +8
X— 1
(Kayao6br: 2In x+2——|nx —2X+4|- arctg
33 [— 270X g

(x+1)(x2 —4x+13)
(Kaya6wbi: In|x+]1—%ln‘x2 —4x +13‘—arctg%2+c.)

2
3-4-I 2X°+2x+20 dx

(x—l)(x2 + 2x+5)

(AKayabbr: 3In|x—]1—%ln‘x2 +2x+5‘—2arcthT+1+C.)

x> +3x—6
3.5. dx.
I(x+1)(x2+6x+13) "

(Kayao6mI: In‘x2 +6Xx +13‘—In|x+]1 += arcth—+3+C )

IX2+3X+2

3.6. 3 dx.
X’ =1
("Kayaowbi: 2In|x H——In‘x +x+1‘+ arctg2X+1+C.)
BYTR

(x+2)(x2 —2x+10)'
(Kayadbr: 2In|x+2|— In‘x2 —2X +10‘+2arcthT_1+C.)

9x-9
3.8. dx.
I(x+1)(x2 —4x+13) X

(KayaowI: %In‘x2 —4x +13‘—In|x +1]+ 2arctg%2+c.)
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39, I7x 10 dx
-1
(Kayaobr: In‘x —2x+4‘ 2In|x+ 2|+ \/garctg\/§ +C.)
3-10-f 4x% +3x+17 dx
(x—l)(x2+2x+5)

(Kayao6br: 3In|x—]j+%ln‘x2 +2x+5‘—garcthT+1+C.)
4x +2

311 [——dx
x4 +4x2
(MKaya6b: In|x|—%—%ln‘x2+4‘—%arctg§+c.)
x? —5x + 40 1
3.12. dx. Kayabwr: |arctg~/x dx.
J.(x+2)(x2—2x+10) (ayadu '([ 9V de)
3.13. J-4xx—12dxl
+8
X— 1
("Kayaowb1: —InX —2X+4|-2In|x + 2| - —=arctg —
| |22l arctg™ s
34, [ IO

(x +1)(x2 —4x +13)

(Kayaber: 3In|x+1 - In‘x2 —4x+13‘—arctg%2+c.)

3.15. j3 My

dx.

(MKayaowbr: In‘x2 + x+1‘—2|n|x—1| —4/3arctg 2X+1+C.)

Ne

3.16. IG 9x
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(Kaya6mI: 2In|x+2|—|n‘x2 +2x+4‘—\/§arctgx—_1+c.)

NE]

4x-10 «
(x+ 2)(x2 —2x+10)

3.17. |

(KayaobI: —In‘x —2x+10‘ In|x+2|——arctg—+C)

318 [— B g

(x +1)(x2 +6X +13)

(Kayader: 3In|x+1— In‘x2 +6x+13‘ —5arcthT+3+C.)

2
349, [ BEATXHT gy

(x—l)(x2 +2x+5)

(Kayaowbr: 2|n|x —1| + garctng-i_1 +C.)

19x - x* —34
3.20. dx.
'[(x +1)(X* —4x+13) ’

("Kayao6br: In‘x2 —4x +13‘—3In|x +1| +3arctg%2+c.)

4x* +38
(x+2)(x* —2x+10)

321 |

(Kayadwr: 3In|x+2|+ —In‘x —2x+10‘——arctg—+C)

322, | Bax .
(x+1)(x2+6x+13)
(KayaobI: In|x+]j—%ln‘x2+6x+13‘ arcth_’L?’JrC)
2
323-] 2X° +4x+20 dx.

(x +1)(x2 —4x +13)
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(KayaGer: In|x +ﬂ+%ln‘x2 —4x+13‘ +3arctg%2+c.)

304, [— X8 gy

(x +1)(x2 +6x+13)

(“Kayader: In|x+1 —%In‘x2 +6X +13‘ +garcthT+3+C.)

3.25. J‘4X+—X+1de_
+8
(MKayaobI: 2In|x+2|+|n‘x2—2x+4‘+\/§arcthT_31+C.)
2

3.26, [ X HTXES gy

(x=1)(X* +2x+5)

(“Kaya6bi: 2In|x - JJ+In‘x +2x+5‘+ arctg;l+C)

32 +2x+1

3.27. —d.

(Kaya6wr: 2In|x—]4+%ln‘x2+x+q+farctg23§1+c.)
3.98. I6xdx

(Kayaobi: 2In|x—]1—|n‘x2+x+1‘+2«/§arctng/;_r1+c.)

2
3-29-I 5X° +17x+36

(x+1)(x* +6x+13)

(KayaobI: 3In|x+]4+|n‘x +6x+13‘——arctg—x+3+C)

330, [ 2XTE2 g

(x+2)(x* —2x+10)

408



(Kayao6br: In|x+2|—%ln‘x2 —2x+10 +garcthT_1+C.)

4,
5xdx
4.1.
Ix“+3x2 4
("Kaya6br: 1In|x—]4+lln|x+]4—lln‘x2+4‘+C.)
2 2 2

2x° —2x+1

4.2. J‘de.

(XKaya6bI: %In|x+]4—x2 —%In|x—]j+%arctgx+c.)

4 3 2
43 Jx +>i1 +2><2 +X+2dx.
X +5x°+4

1 1 5 X
Kayabbr: X+ =arctgx+=In|x? +4{—=arctg= +C.
(Kay Sarctgx+—In|x* +4|—arctg > +C.)

Sxdx
4.4. IW (FKayabbr:

%In|x—]1—aln|x+]4—Earctgg+c.)

45, j%dx. (K: 2In|x|—i—lln‘x2+4‘—larctg§+c.)
X" +4xX 2x 2 4 2

2x3 —2x* +5
4.6. J‘Z—de
(x-1) (x +4)
2 1 1 X
(Kayaodwr: In‘x +4‘——+§arctg—+C.)

X2 + x2 x+3

4

41. |
X —

dx. (K: In|x|———|n|x I +In|x+1+C.)
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nl4
4.8. [ xtg®xdx.
0

.1 et Il 14l s Larctg X
(KayaObr: 2In|x+]1 2In|x ]4+2In‘x +4‘+Zar0t92+c-)
49. I—dx (MKaya6wr:
X
In|x|—;—Eln|x—]1+%ln|x+]4+c.)

2_
410, [ 2 -TXH0 4y

(x—l)(x3 —x? +4x—4)

(AKayabbr: %In‘x2 +4‘ - In|x—]4—xi_1+arctgg+c.)

411, [XF2 gy

x* +4x?
1 1 1 X
Kayaobr: In|x—— —=In|x? +4|—=arctg= +C.
(Kay | | 2X 2 ‘ ‘ 4 92 )

412, j—x)jzdx (Kaya6pI: In|x|+§+|n|x—]4—ln|x+]4+c.)

4.13. dex.

x* +5x° +4
1 2 1 )
(“Kayaowbr: 5In‘x +q+arctgx—gln‘x +4‘+C.)

2x° —2x3 + X2
4.14. deX-

(Kaya6br: %In|x+]j+ln‘x2 +ﬂ—%ln|x—ﬂ—x2 —%arctgx+C.)

4
X" dx 1 8 X
4,15, | —————. (Kayaobr: X+ —arctgx——arctg—+C.
Ix“+5x +4 (Aay 3 g 3 gz )
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4.16. j—2X1+5d

(KayaobI: In|x—]j—%ln|x+]1+%ln‘x2 +ﬂ—garctgx+c.)

X3 +4x-3 3 3 X
4.17. J-de ()I(ayaﬁbl. |n|X|+E+§aI’Cth+C.)
x—-2
418, | ——dx.
j(x—l)(x2+4)

(Kayabbr: In|x—1| —Xil—%ln‘x2 +4‘ —arctg§+c.)

419 J.x +2X2 +4x— 2dx.

x*+3x2 -4

(KayaobI: %In|x—]4 +%In|x+]4 +arctg§+C.)

2
4.20. J'4:(—_X§dx. (Kaya6pr: |n|x—q—§—|n|x+u+c.)

421, jﬁdx.

x*+3x% -4
. 1 1 2 1 X
(MKayaobI: EIn|x+]4—§In|x—]4+ln‘x +4‘+Earctg5+c.)
3x—-8
422, [—————dx.
'[(x—l)z(x2+4)
. 1 1
(AKayadwi: |n|x—ﬂ+x—_1—zln‘x2+4‘+c.)

x2dx

2 X 1
423, | ——. Kayaopl: —arctg— ——arctgx +C.
jx“+5x +4 (Aay 305 T3 )

424, jﬂdx.

x* + 4x2
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4.25.

4.26.

4.27.

4.28.

4.29.

4.30.

51. |

52. [

1 1 X
Kayaor: In|x2 +4)— —— —Zarctg> +C.
(MKayadb1 In‘x +4‘ 2In|x| » 4arcth+C)

X3 —x% +4x
J.4—dX.
X" =1

. 3 3.1, 4 1
(KayaobI: In|x—]j+§ln|x+]1—zln‘x +ﬂ—§arctgx+C.)

I2x3+8x—3x2—27
x* +13x% +36

dx. (Kaya6wbr: In‘x2+9‘—§arctgg+c.)

I5x3—x2+21x—9

dx.
x* +10x2 +9

(Maya6b: gln‘x2 +9‘+ In‘x2 +]4 —arctgx+C.)

2x5—2x3—xd
I—l—x“ X.

1 1 , , 1
(KayaobI: ZIn|x—]1—zln|x+]j—x +In‘x +1‘+Earctgx+C.)
X+ x%+x-1

| v
X" +5X° +4

1 5 X 2
Kayaowsr: —In(x? + 4|+ =arctg= —=arctg x + C.
(Kayaber: ~In|x® +4+ arctg —arcgx+C.)

) 2x+3 dx. (MKaya6br: —i—larctgﬁrc.)
(X—l)(x3—x2+4x—4) x—1 2 2
5.
dx

T (Kayaowbr: 2\/x+3—4ln‘\/x+3+2‘+c_)
2++/x+3
xdx 2 5

: Kayadopr: — - ]
Ix+3 (Kaya6b1 3 (x+3)" —6Jx+3+C.)
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5.3. jjd_x (Kaya6br: é\/(x—3)5—4\/(x—3)3+18«/x—3+C.)
d 2 3
5.4, jﬁ. (HKayabur: §1/(x+4) ~2(x+4)+C.)

x3dx

X+1

55. |

(*Kayao6mI: g\/(x+1)7 _?\/()H_]_)S +9\/(x+1)3 —54x+1+C.)

x+1 1 \/x+ -2
5.6. dx. Kayaodbl: 2X+2+— +C.
'[x\/x+2 (kay \/_ JX+2 \/_ )
5.7. IL (Kaya6wbi: iIn x+4-V8 +C.)
(x+1)+x+4 B |[x+4+43
VX+2 Jx+2-5
dx Kayaobr: 2\/X+2+\/§|n +C.
X—3 (Kay \/x+2+\/§ )
5.9. Kayaobr: 2+/x —6In/x +3+C.
j\/;+3 (Kayaobt \/_ \/_ )
dx 2
510. | ———. Kayaodbl: —arct +C.
I\/§ (x+3) (Kay 3 g\/; )
5.11. I 1+x (Kayaowbr: g\/x_3—x+4«/Z—4|n‘\/;+Zq+C.)
X+\/_ 3
5.12. j\/Xd_X. (Kayabbr: %1/(X—1)3+2\/X—1+C.)
5.13. j*/_dx ORayadu: 295+ 10271 ¢ )
\/§+1
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5.14. 13+JF' (Kaya6er: Zﬁ—Gln‘ﬁ+3‘+C.)
5.15. I1+\/_ (Kayabbr: 2\/E—2|n‘1+\/ﬁ‘+c.)
5.16. | - Jx_ (Kayabbr: 2arctg</x—7+C.)
5.17. jxxildx. (Hayaber: 2/x —1+ 2arctg</x—1+C.)
5.18. | \/Sd_x

(MKayaowbr: g\/(x—Y)7 +§\/(x—7)5 +2\/(x—7)3 +2x=7+C.)
5.19. | jﬂ

(Kaya6bI: g\/(x—4)5 +%\/(x—4)3 +2Jx-4+C.)

5.20. jmdx (Kayabbr: 2+/x+4 —2arctgy/x+4 +C.)
521 | \/:i_xz

(Kayatui: é\/(x+2)7 —%\/(x+2)5 +8)(x+2)’ ~16Jx+2+C.)
5.22. j;/fclbé (Kayadbr: 24/x — 2\/_0arctg\/7 +C.)
5.23. jﬁ. (Kayabwr: n(ﬁi}g)
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524, [——. Kayaoe: 2v/x—2 —2In[1+/x—2|+C.
f1+m (Kayatu prk=2)-c)
X—2
5.25. j - \/_ (Kayabbi: /2 arctg /T+C')
2
5.26. jJﬁ (MKaya6br: g\/(x—Z)s+:—§\/(x—2)3+8«/x—2+c.)
X —1dx X—2
5.27. . Kayaopr: 2+/x—2 —+2arctg,|— +C.
fxm (Kayadbi: 2+/ \/_ g } 5 )
x3dx
5.28. jm.

(MKayadbI: % (x+6)7 +%\/(x+6)5 +8\/(x+6)3 +164/x+6+C.)

5.29. jm. (HKayadbi: 2/x—6-6In|\x—6+3+C.)
5.30. 12 \/_ (JKaya6bi: 2\/x—8—4ln‘\/x—8+2‘+c.)
+
6.
6.1 12vx+l g
(l+\3/x+l)«/x+1
(Kayaobi: 33/x+ —g?[(x+l)2+6\6/x+1—3ln‘\3/x+1+1‘—
—6arctg¥x+1+C.)
6.2. j \/;dx
Ix+1

("KayaosbI: x+%(‘/x_3—2\/§—4<‘/§+In‘&+q+4arctgﬂ§+c.)
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63. [ (+1) +8cH1

Jx+1+Jx+1
(MKayaobI: ge(x+1)7 —(x+1)+§6(x+1)5+c.)
§/;+1 \/§+1
64.j( I )dx. (Kayabei: x+>3x? + 2% +6%%+C.)
g 2
3/y2 6
6.5. J')H\/X——Jr\/;dx. (Hayabpr: §§/x_2+6arctg§/§+C.)
1-35) :
j 2x+1+¥2x+1 dx. (MKayaowbr: 1(2x+1)+§6(2x+1)5+C.)
V2x+1 2 5
Jx—1dx
6.7. [;——— T T
6 7 6 5 3,
(Kayaur: /(x-1) —(x—l)+g§/(x—1) ~(-1° +
+2Jx—1—3§’/x—1+69/x—1—6ln‘9/x—1+1‘+C.)
6.8. j“ —23x
23/x - 1+Jx 1
(Kayawr: x—1—2—;§3/(x—1)5 +123(x—1)° +96%/x—1 -
—384\6/x—1+768ln‘\6/x—1+2‘+C.)
6.9. I N X+ 3dx
Yx+3+8x+3

(Kayadbr: g‘i (x+3)7 —(x+3)+g€/(x+3)5 —%%/(x+3)2 +

+2x+3-3¢x+3+6%x+3-6In[¢x+3+1+C)
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§/x —1dx
Tledx1

. 3 6 6y
()Kayaﬁm.gﬁf(x—l) —20x—1+33x-1-68x-1+ 6In‘\/x 1+1‘+C.)

X+ 3dx

1+3x+3

(K: 9{5/ x+3)’ —gg/(x+3)5 +2x+3-6Yx+3-arctg¥x+3+C.
x +3/x

Jx+8x

("Kayaowbi: x+gﬁ/x_5—gé/x_2—2\/§+3§/;+6§/§—3ln‘§/;+q—

6.10. [;—————

6.11. |

6.12. j dx.

—6arctg §/x + C.)
&/ x + 3dx
IX+3+X+3

("Kaya6br: 23 (x+3)2 —2IXx+3+3Yx+3-6Yx+3+

+6In‘9/ﬁ+1‘+c.)

6.13. j

6.14. Jx+1+4x+1 \/)_

x+1(

3 2
Kayaobr: —3(x+1)" +6arctg$x+1+C
(MKayaobI 24/(+)+ gyx+1+C)

Jx -1
(x+1)Vx

(MKaya6br: gﬁ/x_z—3§/§—69/§+3ln‘§/§+ﬂ +6arctg$/x +C.

6.15. [ ————dx.
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J3x+1+2

X+1+233x+1

6.16. | 7

(Kayaobr: %(3x+1)—g\6/3(x+1)5 +2§/(3x +1)2 —4/3x+1+

+ 123’/3x+1—48§/3x+1+96|n‘§/3x +1+ 2‘+C.)

6.17. | o
3 (2x+1)2 —J2x+1
(Kayao6br: 2{‘/2x+1+3§’/2x+1+3|n‘«6/2x+1—1‘+C.)
6.18. IJ[J\Z_1
("Kayaowbi: 99/7+§9/x_5+§§/x7+4&+9§/;+309/;+
2( 1- f
+—= +24In3x -8x -1 +cC.
o1 2R
6.19. j*/_jf
(Kaya6br: —g(‘/x_5—x—%(‘/x—g—Z\/;—4(‘/;—4ln‘l—(‘/;‘+C.)
620] Y3x+1+1
T Bx+1-3x+1

1 2 4
Kayaobr: —3(3x+1) +—=/3x+1+233x+1+493x+1+
(Kay SABx+1) +2 ¥ ¥
+4n[¥3x+1-1+C.)
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Jxdx §x -2
6.21. . HKayaopr: 24X +24%x + 241In +C.
Swe o el )
3/,2
6.22. J'de. (Kayabe: S3x? +6%/x —6arctg¥x +C.)
x(1+§/§) 2
6 —
6.23. j xdx (Kayabo:: 2\/§+6W+3ln@+c.)
~3/x* Yx+1
6.24. [ ——— /xax (XKayabbi: —\/;— \/;+ \/_arctg\/_x+C)
3x+\/_
6.25. j*/_jf
(Kaya6er: 3In Va1 B GJ_ 2% —6Yx +C.)
§/x +1
X \/_ 15 3
6.26. Kayaobr: —i/x° —x+In|J/x +1+C.
I(1+J_) (MKayaobI 4\/_ Yx ‘\/_1‘ )
J_dx
6.27. f1+[

(Kayaowbr: g(‘/x_s—x+%(‘/x_3—2\/;+4§/;—4ln‘(‘/;+l‘+c.)

6.28. | yIx+1-1 g
Y3x+1++/3x+1
(Kaya6wpr: 3(3x+1)—g\/(3x+1) 2%/(3x+1)2—g 3X+1+
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+23/3x +1 - 43/3x +1+4In‘§/3x+1+]{ +C.)

Jxdx 2%/x - i
6.29. [ . Kayaobi: —J’+ &+—|
Drvar 2 )
6.30. L Y
(\3/x+1+1)\/x+1
(KayabwI: 2«3/(x+1)2 —3\3/x+1—6\/3x+1+3ln‘3 x+1+ﬂ+
+6arctgx+1+C.)
7.
dx tg(x/2)+1
7.1. . Kayadp1: —=arct —+C.
I5+25inx+3cosx (#ayabur: J§ J J3 )
3t 2)-4
72. _ o . (Kayaéwr: iarcth+C.)
5—4sin X+ 2cos X Jg Jg
7.3. _[de. (Kayaowbr: 2tg§+3|n tgz§+J.‘—2X+C.)
1+cosx 2 2
tg(x/2)-4
74 o —. (Kayaobi: EInMJrC.)
5+3cos x —5sin x 3 |tg(x/2)-1
t 2)—2-+/5
7.5. IL ("Kayadopbr: — 1 In| g(X/ ) 5 +C.)
5c0s x +10sin X 5.5 ‘tg(x/z)—2+«/§
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+C.)

C.)

+C.)

+C.)

+C.)

+C.)

+C.)

C)

+C.)

t 2)-1
76. | (Kayabbr: arctgg(x/—)
3+Zcosx sinx’ 2
1 X
17 | ——— Kayaobr: —arctg| 2tg— [+ C.
I5 3cosx (Kayabur 2 g( 92] )
dx tg(x/2)-5 5
7.8. . Kayaoer: In
J.8—4sinx+7c:osx (Aayadu tg(x/2) - 3"
tg(x/2 2
7.9. J'L (KayaoObI: —lln g( )-
3+5c0s X 4 |tg(x/ 2)+2
7.10.j - ox . (Kayaowbi: 1In 2tg§+3
2sinx+3cosx +3 2 2
5t 2)+4
7.11. j—dx_ . (Kayabwr: Earctg—g(x/ )*
5+4sinx 3 3
712, [ (Kayatm: ——arctg 90/2)
T84 4c0sx yabel: 243 J3
tg(x/2 2
713, [—————— o . (KayaobI: —In —g( /2)-Y
3sin x—4cos X 5 tg(x/2)+2
7.14. IL ("Kayaob1: ! In 3tg(x/2)+7
7sin x—3cos X J58 3tg(x/2)+7+«/
715. | dx 1 [te(x2)-4-V21 |
T 24 4sinx+3cosx \/21 tg(x/2)—4+/2 ‘
tg(x/2
7.16. J'L (Kayao6wbr: ——I g( [2)-2
4cos X +3sin X 5 |tg(x/2)-1/2
7.17. _[Z_Slnx+3cosx. (KayabbI: 3X—tg§—|n th§+ +C.)
1+ cosx 2 2
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2tg(x/2)+1
7.18. [— o . (Kayaber: —2—arctg 9(x2)+ +C)
545in X + 3C0S X J15 J15
dx 1
7.19. . Kayaopr: C—————.
I4sinx+3cosx+5 (Rayau tg(x/2)+2)
7.0, [T HOSINX=5COSX o (o; 1219 % + 6In|tg? = +1-5x+C.)
1+ cosx 2 2
2tg(x/2)+1
7.21. ‘[L (KayaobI: iarcth+C.)
3+Cos X +Sin X J7 J7
7.22. I—Gsmx+cosxdxl ("Kayaobr: 6In tgz§+ —tg§+x+C.)
1+cosx 2 2
tg(x/2 3
7.23. IL (Kayabp:: C—= In 9(x/2)-Y
3cosx —4sinx 5 tg(x/2)+3
t 2
7.24. IL (KayaobI: EarCth+C.)
5+3cosx 2 2
705 [ % (Kayaor: — 3002 +2-3) c.)
4sin x —6C0S X 2\/_3 3tg(x/2) +2+\/_‘
dx
7.26. . Kayaonbl: —In5t —+3+C.
I3+55inx+3003x (ayader 5 g2 )
X tg(x/2
7.27. jd— (Kayabb1: 1arcthw.)
cosx —3sinx 3 J3
tg(x/2)-7
7.28. | _ o : (Kayabbr: — nM +C.)
4—4sin X +3c0s X 3 |tg(x/2)-1
tg(x/2)+3-+/10
7.29.[%. (PKayaobi: 1 In 9(%2) +C.)
3sin X —cos X V10 |tg(x/2)+3++10
7.30.[*, (MKaya6br: iI g (x/2)+1- \/_| C.)
2-3cosx +sinx J6 | tg(x/2) +1+\/_‘
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8.1. I — dX_ : (Kayaowr: iIn tgx-2 +C.)
8sin“ x —16sin xcos X 16 tgx
82 [—— dX_ . (Kaya6mbI: Lin 2tgx—l+C_)
16sin“ x —8sin xcos x 8 X
1 tg X
8.3. Kayaobl: —arct —+C.
I1+3003 X (Aay 2 g )
2tgx+3 gx
8.4. [ ——————dx. (Kayaowr: In|tg” x+2 +—arct +C.
Jsin2x+2coszx (Aeay ‘g ‘ g\/_ )
dx 1 2tg x
8.5. . Kayaobrr: —=arctg——+C.
I3coszx+4sin2x (Aay 243 g J3 )
tg X 1 4
8.6. X. 7KayaobI: —Int x—=1+C.
ey (Kay tg* x-1+C.)
1 2
8.7.J‘ — ox - (Kayaobr: In '9- \/_| C)
4sin? x —5c0s% x 4J§ 2tgx+\/_|
dx \/_tg
8.8. . Kayaonbr: arct
I7coszx+25in2x (Hay J1_4 J \/_ <)
8.9. J% ("Kayaob1: arctg(tg2 x)+C.)
sin® x + cos* x
8.10. I# ("Kayaowbi: 12 +|n|tgx|+C.)
cos xsin® x 2tg° x
1
811, | —— WKayabbr: ——arctg(~/2tgx)+C.
I1+sm X (Aeay 2 g( g ) )
8.12.J. — dX. . (Kayaowbr: 1In t9x +C
4sin” x4+ 8sin xcos x 8 |tgx+2
sin2x 1
8.13. [—————. JKaya6wr: —arctg(2tg® x)+C.
I4sin“x+cos“x (kay 2 g( g ) )
8.14. [ dx

sin? x — 4sin xcos X +5c0s% X
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8.15.

8.16.

8.17.

8.18.

8.19.

8.20.

8.21.

8.22.

8.23.

8.24.

8.25.

8.26.

J
J
J
J
J

S acosx
5

oo xs3
32
i s doosTx
Jsasini
v

(MKayaowbI: arctg (tgx—2)+C.)

dx J_tgx
. Kayaobr: arct .
4c0s® X + 3sin? x (Aeay 2J§ J <)
*. (Kayaodwbr: |l+«/_tgx| +C.)
3c0s° X —2 |1 «/_th|
dx 1 tgx+1
. Kayabbpl: —arct +C.
sin? X +sin 2x + 3¢0s? X (Hay J2 J J2 )
o ("Kayaowbr: \/_tgx \/_|
5sin? x —3c0s% X ZJ_ J_tgx+J_|
dx
sin? x + 3sin Xxcos X — cos? X
(Kayaowbr: 1 In 2gx+3- \/_|
\/1_3 2tgx+3+\/_|
sin 2x dx. (Kayaowbr: L tg° X
sin* x+4cos X 2
1 419 x
Kayaopl: —=arctg +C.
7c0s® X +16sin?x (#ay J_ 7 )
J3tgx
7KayaonbI: arct +C.
2cos X+3 (Hay J_ J J_ )
Kayadopl: —arct
—2sin?x’ (#ay J_ g J_ <)
3tgx 1 dx. (Kayao6wbi: §In‘tgzx+4‘——arctgg—+C.)
sin? x+4cos X 2 2 2
("Kayaobr1: L arctg 2\/§tg Xy C.)
5+3S|n X 2410 5
1
JKayaobr: ——arctg(~/2tgx)+C.
1+sin?x (Kay 2 g( g ) )
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dx 2tgx -1

8.27. . Kayaonl: arct +C.
I23in2 X —Sin 2X + C0S? X (#ay g )
dx 1
8.28. | ———— Kayaopl: —arctg(2tgx)+C.
j6 3cos® X (Kay 6 g( g ) )
8.29. j%dx. (Kaya6pr: lln\tg2x+3\+c.)
sin“ X +3c0s” X
=2
830, [ X __dx  (Kayabur: +£ PBgx o
3sin? x — cos? x Btgx+1
9.

9.1. jcos4 3xsin? 3xdx.

(Kaya6bI: Lyt sintoxs—Lsin®6x+C, )
16 144

192
9.2. J\S/Sin4 x cos® xdx. (MKaya6b: g?/sin9 X —%E/Sinlg Xx+C.)
9.3. [cos® xsin® xdx. ("Kayaobr: %sin9 x—l—llsin“x+C.)
4y eind 1 7., 1 5
9.4. Icos Xsin® xdx. (Kayaowbi: ?cos x—gcos x+C.)
3
9.5. J 05 X . (“Kayabpr: C -3 —= —§\3/5in5 X.)
sin* x Jsinx 5

9.6. [Xsin®2x cos® x2xdx. (¥Kaya0r: %ﬂsin"Zx—%{’/sianx +C.)

3
9.7. J%dx. ("KayaobI: 3\3/Sinx—§\3/sin7X+C.)
sin® x
.3
sin® x . 1 33 5
9.8. J‘Q/cos,_“xdx' ("Kayaowb1: 3m+g\/005 x+C.)
9.9. Jssm X dx. ("Kayaob1: 13 —i+C.)
COS™ X COS™ X COSX
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9.10. [sin®xcos® xdx.  (MKayabmr: %cos7 x—%cossx—écosgx+c.)

J sin® x
Ycos® x

55 12 55 2
—A/C0S™“ X ——1/cos” X +C.
12J ZJ )

9.11.

dx. (Kayao6wbi:

9.12. [X/cos? xsin® xdx. (FKaya6br: 1—313/005ll X —%3/0055 X +C.)
9.13. [/sin’ x cos® xdx. (HKayabp: g\%ins X —1—31\3’/sinll x+C.)

9.14. [/cos® 2xsin® 2xdx. (Kayaber: % Jcos™® 2x —%«\E’/cos8 2x +C.)

3
9.15. I cos X dx. ("Kayaob1: gxslsinzx—%\slsinlzx+c.)

Ysin® x

9.16. [sin? 2xcos* 2xdx. (MKayadwr: %x—isin8x+9—165in34x+c.)

128
a3
9.17. j;m_;( dx. ("Kayaob1: %3, Jcos” x —3¥cosx +C.)
cos® X
9.18. [X/cos* xsin® xdx. ("Kayao6br: %5/00319 X —%5/0059 x+C.)
- ) 1 1 . 1 .
9.19. jsm 2XC0s° 2xdx. (MKayaébr: — X———sin8x+—sin”4x+C.)
16 128 96
3
9.20. jde. (Kaya6br: §\3/sin 2X —i\%in7 2x+C.)
sin? 2x 2 14
a3
9.21. jde. (?Kayaobr1: i\?’/Cos7 2X —§\3/cos 2x +C.)
Jcos? 2x 14 2
9.22. J.Sin" xcos® xdx (Kayabbr: %Sin5 X—%Sin7 x+C.)
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9.23. [sin® xcos® xdx.  (MKayamr: %x—isin4x+%sin32x+c.)

64
e 1 1. 1 .
9.24. jsm Xcos“ xdx.  (WKayabbr: — Xx——sin4dx——sin”2x+C.)
16 64 48
9.25. [sin® xcos® xdx. (FKaya6w: 111cosll X—Lcos® x+C. )
3
0.26. [0 X gy (Kayabu: —> 1 ¢
sin® x sinx sin®x

9.27. j\5/cos3 X sin® xdx.

(MKaya6pr: g?/cos18 X —gi/sin8 X —z%\slcos28 x+C.)

9.28. [sin® xcos® xdx.  (MKayaOmr: %sin5 x—%sin7 x+ésin9 x+C.)

9.29. [sin®3xcos® 3xdx.  (WK-pr: ix—isinlzx—isin36x+c.)
16 192 144
a3
9.30. | X gy, (KayaGbr: 3 +§\3/c035x+C.)
/cos* x Ycosx 5

7.4-YT mbirapy yarici

AnviKmanmazan unmezpanovt madviHvl3

Ix—x2 -4
'f(x+1)(x2 —~5x+6)

» Uurerpan acTeIHAArbl AYpbIC O6JIIEKTI €H KapamaidbiM
OeJmeKkTeplliH KOCBIHIBICBIHA JKiKTey Kepek. (6.2.3m.). On yuniH

dx.

Gemuekriy Gomimin keGeiitkimrepre skikreiimisz: (X+1)(x—2)(x—3).
Opnan opi (6.2.311., 1-MbICaIbI KapaHbI3)
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| x-x"-4  Ix=-x’-4 A .. B . C
(x+1)(x2—5x+6) (x+1)(x-2)(x-3) x+1 x-2 x-3

CoHFBI TCHIIKTIH OH JXaFbIH OPTaK OeJyliMre KeNTIpin JKoHE
OONIIICKTEPIiH adbIMIApPBIH ©3apa TEHECTIPIN, KeJeci Teme-TeHMIKTI
aJaMbI3;

7x—x* —4= A(x—2)(x—3)+B(x+1)(x—3)+C(x+1)(x—2).
Mysnnaret A, B,C koadduimeHTTepin aepoec MoHACP 9iCiHEH
(6.2.311., MBICaT) TAOAMBI3:
x=-1 |-12=12A
X=2 6 =-3B,
X=3 8=4C,
byn omicrepnen A=-1,B=-2,C=2 mwragel. TaOburan

KO3 QUITUSHTTEP I OPBIHAAPBIHA KOMBIN, €H KapanaibiM OeJIeKTepAiH
KOCBIHJIBICHIH ajaMbI3. Onap bl HHTETrpaaiiMbI3:

| 2k _f( 2 +X33dez

(x+1)(x —5x+6) X+l Xx-2

*

2
=—In|x+ﬂ—2|n|x—2|+2In|x—3|+C*=In(X_—3)2+C
[x+1(x-2)
C" — uHTerpanmay TypakThichl.
15x —x? -11
] ;
(x—l)(x +x—2)

» Uuterpan acThIHAAFbI JOYpPhIC O6JIIEKTI €H KapamnaibiM

OeJmeKTep/liH KOCHIHIBICHIHA KikTehMmi3 (6.2.3m., 2-mpIcan KoHE
7.2.31m., 2-MbICaNIBI KapaHbI3):

2 2
f 15x —x“ =11 dx:j 15X —x° - _I{ + ¢ dez
x+2) (x— 1)

(x—l)(x2+x—2) (x—l) (
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15x - x? ~11= A(x=1)(x +2)+ B(x+2)+C(x-1)*,

_|x=1 3=3B, B=1, _
x=-2 |—-45=9C, C =-5,
X2 -1=A+C, A=4
:I 4 + 1 - 5 =4In|x—]4—i—5ln|x+2|+c* <
x-1 (x—l) X+2 x—1

3 |(x)—jx4 —8x° +23x% — 43x + 27
' (x—2)(x2—2x+5)

» MyHnna anapiMeH OyphIC OOINIIeKTI anbIMBIH OelniMiHe Oeiry
apKBUIBI OHBI OYTIH %oHE IYphIC O6IIeK KOCHIHBIIAPBIHA KENTIPil
anambi3 (7.2.31., 1-MbpIcaiabl KapaHsi3):

2 5 u2
I(x)=[| x—4+ Z2X 313 1 X s
(x—2)(x2—2x+5) 2

+J~ A N Bx+C dx =
X—-2

x> —2x+5
—2x* +3x-13= A(x* = 2x+5)+ (Bx+C)(x-2),
_|x=2 |-15=5A, A=-3, -
x> |-2=A+B, B=1
x°  |-13=5A-2C, C=-1

2

=X——4X+j( =3 : x-1 jdx:
2 X—=2 X" -2x+5

x? 1., .
:——4x:—3ln|x—2|+—ln‘x —2x+5‘+C . <
2 2

A jzx3—5x2+8x—22dx
' x* +9x% +20 '
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»7.2.3m., 2-mpicanga >koHe 6.2.31., 2-MpIcaiga KepCeTUITeHI
KOJIJaHAMBI3:

J-2x3—5x2+8x—22 _J-Zx —5x° +8x - 22
x* +9x% +20 (x* +4)(x* +5)

I(AX+B Cx+D)d
X“+4 Xx°+5

dx =

2x3—5x2+8x—225(Ax+B)(x2+5)+
+(Cx+D)(x2+4),
“Ix* |2=A+B,
x? |-5=B+D, A=0,B=-2,
X [8=5A+4C, C=2,b=-3
0 |-22=5B+4D,
-2 2x-3 X 3 X x
=[| =—+ dx = —arctg = + In(x* +5)——=arctg—=+C".
'[(x2+4 x2+5j 95+ (X" +5)— garctg
<
5 I x+1
» lHrerpan acrteiHOA 7.2.4 n., | — Ttypinzmeri wuppammoHan
(hyHKIUS TYD.
Xl e sTx=2=t,x-2=t?, (t* +3)tdt
3-x- x =t +2,dx = 2tdt t-3
36 3.,
=—2j£ +3t+12+—jdt——2( t* +=t? +12t + 36In|t - 3|)
t-3 3 2
2 3
—?/(x—z) ~3(x-2)-24Jx=2-72In|[x-2-3+C.
<
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» Mynna 7.2.4 m., l-mbicanma KepceTUITeHIeH alHbIMam
ayBICTBIPYHI Kacasabl:

EE 2

Ix=2+23x-2

_|m=EKE(2,36)=6,x-2=¢°
x =1% +2,dx = 6t°dt

(46 -t)6toat 6] ot
ot tv2

=6| (4t5 —8t* +15t° —30t* + 60t —120 + t240 jdt =
+
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JONIIKIICH ecerTey Kepek.

2 d
X
L]
1 x(1+ X )
» Uuterpan acThIHAArbl palloOHAN OIIICKTI €H KapamaibIM
OeMNImeKTepaiH KOCHIHABICBIHA KiKTe#Mi3 (6.2.3 1.), comaH COH
aHLIKTaJ'IFaH uHTerpanaapra  Heroton-JleiiOuun, — dopMynachiH:

I f(x)dx=F(b)—F(a) xommansim ecenteiimis:

2 dx (A Bx+C x=0 f1=A A=1
.[ 2 :f -t 2 dx = , ,
1x(1+7) 1Ux 0 1 x x> |0=A+B, B=-1
X 0=C, C=0

Zdx 2 xdx 21 a2

{x llerz_ln|x|‘l—zln(l+x )1_

:In2—1In5+1In2:§In2—lln5:§-0,69—3-1,61:0,24. <
2 2 2 2 2 2

e
2. [In? xdx.

1

» benikren naTerpangay auicid (8.1.4 ., (12)-popmyna) exi per
KOJIZAHBII Ta0aMBbI3:
e 2 1
) u=In°x, du=2Inx=dx, , | €
[In? xdx = x |=xIn X -
dv=dx,v=x
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e _ _1
—2jlnxdx= u=Inx, du_xdx, _

1 dv=dx, v=x

e
=elne—-2(xInx—x)| ‘=e—2e+2e-2=0,72. <

4 2
9x° -14x+1
3. dx
IXS—ZXZ —X+2

» Panuonan OesIeKkTI €H KapamnaibiM OeJIeKTep/IiH KOCHIH-
JBICHIHA XKiKTe#Mi3 (6.2.3 1m.):

4 ox? —14x+1 4 —14x+1
[ d=] d
3 X3 —2x* =X +2 3 (x+1)(x-1)(x-2)

s J
= + dx =
3 x+1 x=1 x-2

9x* —14x+1=A(x-1)(x-2)+
=[+B(x+1)(x—2)+C(x+1)(x-1), =

X=-1|24= 6A,
x= 1|-4=-2B, A=4,B=2,C=3
x= 2 9= 3C,

4 4 2 3 4
zl[ n +— jdx:(4In|x+]4+2In|x—]4+3|n|x—2|)‘3:

=4In5+2In3+3In2-4In4-2In2=

4 A2
=In(54-32-2)—ln44zln5 3 2=In11250=3,78. <
4* 256
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1 3
" f x°dx
ovxZ+1
> } XCdx  [VXP+1=t,x* +1=t%, xdx=tdt,|
ovx?+1l | t=1 x=0, t=+2, x=1

nl4 dx

5.

o 4—3c0s? x+5sin’ x’

» Unterpanm acTteiHAa SINX TEH COSX-KE KATBICTBI IKYII
paumonan QyHKOMS TYpFaHAbIKTaH, {=1gX amMmacThIpyblH maiija-

naHaMeI3 (§ 7.3):
nl4 dX

f

o 4—3cos? x+5sin? x

dt 1
t=tgx, dx= , COS% X = ,sin?x= ,
_ J 1+t° t? 1+t°
t=0, x=0,t=1 x==
4
1 1 1
= at = gt = —arctg3t| =
0 3 5t ] 0 9t% + .

(1+t2)[4_1+t2 T
1
=§(arctg3—arctg 0)=0,42. <
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2x-11

J3-2x-x2

dx.

[<2]
O =N |

» Mynna 7.2.1 n. 6) k=1 ymiH KapacThIpbUIFaH MBICAJIIAFbI
9Mic KOJMaHBIIAAbI (COM MYHKTTET1 eCKePTYIi KapaHbI3):

1 1 1
2 _ 2 oy 2
,[ 2x-11 dx=—j 2X—2 dx—13j dx _
04/3-2x—x2 04/3-2x—x? 0 4_(x+1)2
1 1
= 23 2x 2|2 — 13arcsin TP —0.82-11.04+ B~ 342, <
0 2 | 6
10
7 J3- xdx
2 (3x-1)4/3x -1
3

» Mynna +/3Xx—1=t anMacTeIpybIH KOJaHyFa 60JIaIbl:

w0 — g2 Lo _2
TL:\BX L=t, 3x-1=t", x=—(t" +1), dx="td, )
Toon Bt Ly 2 g (10
3 ’ 3 ’ 3
1/, 2
s (P +1)-Ztdt 3.3 3
:I3( 2) 3 _2¢t :tdt:g(t_}j ~0,59. <«
] t’t 91 t ou th

8. MeHIikci3 WHTErpangap/abl ecenTey Kepek HeMece OJap/IbiH
KUHAKCBI3IBIFBIH JIJIENICY KepeK:

a)J.

1 3x2 +2
3 x?

6)j

x +4x+9

457



» MeHITiKCi3 HHTETPaabl EPEKITEIri KalFbI3 HYKTeIe 00IaThIH
MEHIINKCI3 WHTETpaIapAblH KOCHIHIBICBIHA Kkentipemi3z (8.2.3 .,
aHbIKTaMaHbl JkoHe 10, 11 — MBIcammapapl KapaHbI3) )KOHE €CENTEHMI3:

) el e e b

x +4x+9 x +4x+9 N +4x+9

dx dx
= lim j—+llmj—=
a0y x+2) +5 B (x+2) +5

o
= lim arctg

Oo—>—00 ,\/_

+ lim—= arctg

i %

Al 3l

1 0c+2)

2
= lim ( arctg— — —=arctg
e NN

+I|m( arcthJr2 1actgzj
o NN N3

(nj l1n 1 2
arcty———| —— |+— arctg

R

13x2+2 93x%+2 13x2+2
dx= [ [

5 dx +

B 4 2 0 4 2
= I|m j(3x3 +2X 3de+ lim j[3x3+2x 3}dx

a—>0+
9 7 1 9 7 1
= lim (—x3+6x3J + lim [—x3+6x3]
B—>0-( 7 a—0+| 7

dx =

B 1

-1 o
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7 1 7 1
= lim g[33+6B3+g+6 + lim g+6—g(x3—6oc3 =14ﬂ. |
7 7 7 7

p—0- a—0+

8.2-YT
1. BepinreH chBBIKTapMEH MICHENTeH UTypa ayJaHbH (YTipJAeH KeHiHri
€Ki MOHT€ JICHIHT1 IOJIIKIICH) €CeTITeHI3

1.1. p=3,/cos2¢. (Kaya6wr: 9,00.)
1.2. y=x%y=3-2x (?Kaya6wb1: 10,67.)
13. y= JX, y=x3. (PKayaowi: 0,42.)
1.4. x=T7cos’t,y = 7sin’t. (Kaya6mr: 57,70.)
1.5. p=4cos 3. (Kayaowbi: 12,56.)
1.6. p=3c0s2¢. (?Kaya6wb1: 14,13.)
1.7. p=2(1-cos9). (MKayaoni: 18,84.)
1.8. p? = 2sin2¢. (Kaya6wr: 2,00.)
1.9. x=4(t—sint),y = 4(1— cost). (’Kaya6wb1: 150,72.)
1.10. p=2(1+cosy). (?Kaya6wb1: 18,84.)
1.11. p=2sin30p. (’Kaya6wb1: 3,14.)
1.12. p=2+coseo. ("Kayaowbr: 14,13.)
118, y=1/(1+x*), y=x*/2. (Kayaobr: 1,23.)
1.14. y> =x+1, y*=9-x (Kayaowr: 29,87.)
1.15. y*=x3, x=0, y=4. (PKayaonl: 6,05.)
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1.16. p=4sin®¢. (Kaya6nI1: 18,84.)

1.17. x=3cost, y=2sint. (?Kaya6wb1: 18,84.)
1.18. y* =9x,y =3x. (Kaya6mr: 0,50.)
1.19.x=3(cost +tsint), y=3(sint—tcost),

y=0 (0<t<m). (MKayaowi: 29,25.)
1.20. y* =4x, x?=4y. (Kaya6mr: 5,33.)
1.21. y* =%, x=2. (Kaya6wr: 4,51.)
1.22. y=x?, y=2-x2 (Kaya6br: 2,67.)
1.23. y? :(4—X)3, x =0. (MKayaowr: 25,60.)
1.24. p=3sin4q. (Kaya6wbi: 14,13.)
1.25. y=x3, y=1, x=0. (Kaya6br: 0,75.)
1.26. xy=6, x+y—-7=0. (Kayaowi: 6,76.)
1.27. y=2%, y=2x—-x?, x=0, x=2. (Kaya6br: 3,02.)
1.28. x% =4y, y:8/(x2+4). (Kaya6wr: 4,95.)
1.29. y=x+1, y=cosx, y=0. ("Kaya6wi: 1,50.)
1.30. x=2cos’t, y=2sin’t. (Kaya6mr: 4,71.)

2. bepinreH ChI3BIK TOFACHIHBIH Y3BIHIBIFBIH (YTIpJeH KEHiHT1 €Ki MOHTe
JIEHIHT1 IONAIKIIEH) ecenTeHi3

2.1. x=2cos’t, y=2sin’t. (Kaya6b1: 12,00.)
2.2. x=2(cost+tsint), y=2(sint—tcost) (0<t<n).

(Kayaonl: 9,86.)
2.3. p=sin3((p/3) (0<<mn/2). ("Kayaowb1: 0,14.)
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2.4. p=2sin*(¢/3) (0<o<n/2). (Kayaéwr: 0,27.)

2.5. 3 + 3y = 3. (Kaya6er: 18,00.)
2.6. X*B 4y =42 (Kaya6er: 24,00.)

2.7. y* = (X +1)3 CBI3BIFBIHBIH X =4 TY3yiMEH KUBbUIFaH OeJiri
(Kayao6wbi: 24,81.)

2.8. y=1-Incosx (0<x<m/6). (Kayaowi: 0,55.)
2.9. p=6cos®(¢/3) (0<@<n/2). (Kayaéw1: 8,60.)
2.10. x=4cos’t, y=4sin’t. (?Kaya6wb1: 24,00.)
211, y* =(x-1)°, A(10), B(6,4125). (Kayadwr: 12,41.)

2.12. y2 =X° CBHI3BIFBIHBIH X =5 TY3yiMEH KHBLUFaH 0eJIiri
("Kayaowb1: 24,81.)

2.13. p=3cos¢. ("Kayaowb1: 9,42.)
2.14. p=3(1-cosg). (“Kaya6wb1: 24,00.)
2.15. p=2cos’(/3). (Kayaobr: 9,42.)
2.16.x=5c0s’t, y=5sin’t (0<t<n/2). (Kaya6wr: 7,05.)
2.17. 9y* = 4(3 - X)3 ChI3BIFBIHBIH Oy 6CiMeH KUBLIBICY HYKTEIIEPiHIH

apacsl (’Kaya6wb1: 9,33.)
2.18. p=3sine. ("Kayaowbi: 9,42.)
2.19. y=Insinx.  (n/3<x<n/2). (Kayaowr: 0,55.)

2.20.x=9(t —Sint), y= 9(1—cost) (0<t<2m). (“Kaya6wb1: 72,00.)
2.21. p=2(1-cosg). (Kaya6er: 16,00.)

2.22. y2 :(X—l)3 CBI3BIFBIHBIH A(2,—l) HYKTEICH B(5,—8) HYKTETe
JeiiHri Oetiri. (“Kayaow1: 7,63.)
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2.23.x=7(t-sint),y=7(1-cost) (2n<t<4m).  (Kayaobr: 24,00.)

2.24. y=e"?+e'? (0<x<2). (Kaya6pr: 2,35.)
2.25. x=4cos’t,y =4sin’t. (Kaya6m1: 24,00.)
2.26. x=+/3t2, y=t—t°. (“Kaya6br: 4,00.)
2.27. p=>5sineo. (?Kaya6wb1: 15,70.)
2.28. p=4cos. (?Kaya6wb1: 12,56.)
2.29. p=5(1+cos9). (MKayaowi: 40,00.)
2.30. y*=x°, A(0,0), B(4,8). (Kayadwr: 9,07.)

3. ®—urypachiHbIH KOPCETITeH KOOPMHAT OCIH afHATybIHAH aJIbIHFaH
NEHEeHiH KoJIeMiH (YTip/ieH KeHiHri eKi MoHTe AeHiHT1 TONIIKITeH)

ecenTeHi3
3.1. ®:y*=4-x,x=0,0y. (Kaya6wr: 107,17.)
32. ®:/x+.Jy=+2, x=0, y=0,0x (Kaya6wr: 1,68.)
3.3. ®:x?/9+y*/4=1,0y. (Kaya6mr: 150,72.)
34. @:y*=x?,y=10x (?Kaya6wb1: 3,59.)
3.5. ®:x=6(t—sint),y=6(1—cost),Ox. ("Kayaowi: 1064,88.)

3.6.@:x=3cos’t,y =4sin’t (0<t<n/2),0y. (Kaya6mI: 37,68.)

3.7. @:y* =x,x" = y,0x. (MKaya6wi: 0,94.)
38. ®:y?=(x-1)",x=2,0x (Kayaber: 0,78.)
3.9. ®:x=41-Y?, yz,/gx, y =0, Ox. (Kaya6mr: 1,24.)
3.10. ®:y=sinx,y=0,(0<x<m),Ox. (Kayaowr: 4,93.)
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3.11.
3.12.

3.13.
3.14.
3.15.
3.16.
3.17.
3.18.
3.19.

3.20.
3.21.
3.22.
3.23.
3.24.
3.25.
3.26.
3.27.
3.28.
3.29.
3.30.

g & & & & & B8 & & & & & & B & B & & & B

1 y? =4x, x? =4y, Ox.
:X=2cost, y =5sint, Oy.

Yy =x2,8x=y?, Oy.
cy=e*,x=0,y=0,x=1 0Ox.
:y? =4x/3,x=3, Oy.
ry=2x-x2,y=0,0x.
:p=2(1+coso),
:x=7c0s’t, y =7sin’t, Oy.
:x? /16 + y*/1=1, Ox.

1% =(y-1)°,x=0,y=0,0x.
Xy =4,2x+y-6=0,0x.

. X =+/3cost, y =2sint, Oy.
cy=2-x2,y=x%0x

'y =—x?+8,y=x%0Ox.

:y? =(x+4)3, x =0, OX.
cy=x3,x=0, y=8,Oy.

:x =cos’t, y =sin®t, Ox.

2y =x?,2x+2y—3=0, Ox.
:y=x—x2,y=0,0x.
y=2-x%12,x+y=2,0y.
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(Kayaowsr: 60,29.)
(Kayaowbi: 83,73.)

(Kaya6wbi: 15,07.)
(Kayaow1: 10,05.)
(?Kaya6wb1: 90,43.)
("Kayaowi: 3,35.)
(PKayaowbi: 66,99.)
(Kayao6wbi: 328,23.)
(Kayaowbr: 16,75.)
(PKayaonl: 6,44.)
(Kayaowbi: 4,19.)
(“Kaya6wbi: 25,12.)
(Kayaowbr: 16,75.)
("Kayaowi: 535,89.)
(Kayaowni: 200,96.)
(PKayaowni: 60,29.)
("Kayaowi: 0,96.)
("Kaya6wbr: 57,10.)
(Kayaowr: 0,10.)
(Kaya6wbi: 4,17.)



4. L —KWCHIK HOFACBIHBIH KOPCETUITCH KOOPAWHAT OCIH alfHAITYy1aH
aJIbIHFaH OeTTiH ayJaHbIH (YTIpACH KEHiHT1 eKi MOHTe JeHiHT1
TIOJTIKTICH) €CETITEHI3

4.1 L:y=x*/3 (-1/2<x<1/2),0x. (Kaya6br: 4,25.)

4.2. L:p=2c0S@p, momusp eci. ("Kayaowb1: 12,57.)
4.3. L:x=10(t-sint), y=10(1-cost) (0<t<2m),Ox.

(Kayaowb1: 6698,67.)

44. L:y=x*/2 ceibrbiabE Y =3/2 Tysyimen Kubliran Geiri; Oy .

(?Kaya6wb1: 14,65.)

45. L:3y=x> (0<x<2),0y. (Kaya6wr: 24,09.)

46. Liy=+x, y=x0x (MKayaobr: 5,34.)

4.7.L:x=2(t-sint),y=2(1-cost) (0<t<2m),Ox.
(Kayaowb1: 267,95.)

4.8. L:x=cost, y=3+sint, Ox. (Kayao6wbi: 118,32.)
4.9. L:3x=y® (0<y<2),0y. (Kaya6nr: 24,09.)
4.10. L:y=x"/3 (-1<x<1),0x. (Kayadbr: 1,27
4.11. L:x=cost, y=1+sint, Ox. (Kayaowbi: 32,28.)

4.12. L:x* =44y CcobBbIFBIHBIH Y =2 Ty3yiMeH kubutran Geiri; OY.
(PKayaowbi: 64,89.)

4.13. L:x=3(t—sint),y =3(1-cost) (0<t<2m), Ox.
(Kayaowbi: 602,88.)

4.14. L:x=cos’t, y =sin’t, Ox. (Kaya6nr: 7,54.)
4.15. L:p=./c0os2¢p, mosp eci. (?Kayao6wbr: 14,82.)

4.16. L: y2 =4+ X CBHI3BIFBIHBIH X =2 TYy3yiMeH KubLUIFaH Oemiri; OX.
(PKayaowbi: 64,89.)
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4.17. L:y? =2X ChbI3BIFBIHBIH 2X =3 Ty3yiMeH KubLIFaH Geiri; OX.
(?Kaya6wb1: 16,65.)
4.18. L:3y=x> (0<x<1),0x. (Kaya6mr: 0,63.)
4.19. L:p® =4c0s2¢, momsp eci. ("Kaya6wbi: 14,80.)
4.20. L:p=6sin, mosp eci. ("Kayaowb1: 354,96.)
4.21. L:x=t-sint,y=1-cost (0<t<2m),Ox.  (¥ayadsI: 66,99.)
4.22. L:p=2sin¢, nosp eci. ("Kayaowi: 39,44.)
4.23. L:p:gCOS(p, OJISP Oci. ("Kayaowi: 7,07.)
4.24. L:x=3cos’t, y =3sin’t, Ox. (Kaya6mI: 67,82.)
4.25. L:x=2cost, y =3+2sint, Ox. (Kayaobi: 236,64.)
4.26. L:p* =9c0s2¢, momsp eci . ("Kaya6wbi: 2-16,38.)
4.27. L:y=x* ch3bIFbIHBIN X =+2/3 Ty3y/epiHiH apachiHIars]
oemiri; OX. (“Kayaowr: 0,84.)
4.28. L:x=2cos’t,y =2sin’t, Ox. (Kaya6wr: 30,14.)
4.29. L:x=cost,y=2+sint,Ox. ("Kayaowi: 77,88.)
4.30. L:p=4sin@, momusp eci. ("Kayaow1: 157,76.)
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8.2-YT mibirapy yurici
1. y=Inx sxome y=IN?X CHI3BIKTApBIMEH MICHENTEH (HUTypa-

HBIH (81-cypeT) ayaaHbIH YTip/ieH KEHiHT1 eKi MOHTe NeHiHT1 ANIiK-TIeH

Taly Kepex.
» KUCBIKTapAbIH KUBLIBICY HYKTENEPiH Ta0aMblI3:
y=Inx,
, Inx=In?x, Inx(Inx-1)=0,
y=In“x,

Inx=0,
X =1y, =In1=0, x,=¢€; y,=Ine=1

Inx-1=0,
/szx

F~—y=Inx

yA

=]

81-cyper
CoHBIMEH KHUBUIBICY HYKTEJepi: Ml(l,O), Mz(e,l). Eum 7.3.2

1., (3)-hopMynaHbl naiiaTaHeI TAOaAMBI3:

S =T(Inx— In? x)dx,
1

u=In%x,du=2In xldx,
X

jlnzxdx= =x|n2x—2jlnxdx,

dv=dx,v=x

u:lnx,du:ldx,
X

jlnxdx: :xlnx—jdx:xlnx—x+C.

dv=dx,v=x
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—(xlnzx—2xlnx+2x)i

S =j|nxdx—f|n2xdx=(xlnx—x)j
1 1

=e|ne—e+1—(e|n2e—2e|ne+2e)+2=3—ez0,28. |

2. BepinreH CBI3BIKTBIH Y3BIHIBIFBIH YTIpACH KEHiHIT €Ki MoHre
JNEHIHrT  JONJIKIEH  ecemnTey  Kepek: X = (t2 - 2)Sint + 2t cost,
y=(2—t*)cost+2tsint (0<t<n)

dx

, dy
)= a=t,
& v'(t) a=t

> 8.3.1m., (7) dopmynacsin ¢'(t)= "

b =t, apkpuibI Oenriien anbn naiganaHameI3:

W& (3

X . .
% =2tsint +(t2 - 2)cost +2cost —2tsint =t2 cost,

%=—2tcost—(2—t2)sint+25int+2tcost=t23int,
2 2
(%j J{d_yj =t cos’t +t*sin’t =t°.
dt dt
. 3 2
TRl

3. y=3-x* xome Yy=x’+1 mnapaGonagapbIMeH MICHENTCH
ka3blK (urypansiH abcipicca ©CiH alWHalyblHAH INBIKKAH JICHEHIH
KOJIEMIiH YTIpJCH KeWiH €Ki MOHre AeHIHT1 ToNIIKIIeH Ta0y Kepek.

»  IlapaGonanmapAblH  KHBUIBICY  HYKTEJepiH  Tabambl3:
M;(-12), M,(1,2). Bepinren neHenin kememin V; xoHe V,
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KeJIEMJIEPiHIH albIppIMbl peTiHae anambl3. An V, >xoHe V, Kenemuepi

8.3.3 i, (6) bopmyna OoiibHIIA TAOAMBI3:

szn}(B—xz)dx, sznjl'(x2+l)dx.
a

ConbimeH (82-cyper);
V=, V=] (35 a1 1) ax=n (367 - (1) o=
2 ) A

=16n(1— Ej ~ 33,50.
-1 3

:n}(S—SXZ)dx=8n[X—X§j 1

-1

p=10sing

82-cyper 83-cyper

4. p=10Sin@ mencepinin Ol noTAPIBIK OCTi alHANYHIHAH
anplHFaH OeTTiH aynaHelH (YTIpAGH KEWiHrl €Ki MoHTe JeiiHri
TOJTIKIIEH) ecenTey Kepek (83-cyper).

» [lonspnblk KOOpIMHATTap JKyHeciHZe >Ka3bUlFaH Keseci
(hopMynaHsl naiinagaHaMbI3:
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P2
S =27:j y«/p;}z +p’de, Mynma y=psing.
o

Ecenreiimis:

p, =10cos o, y=psing=10sin’¢, ¢, =0, @,=m,

S =2x[10sin? (p\/1000052 ¢+100sin® ¢ do =200x[sin’ ¢ de =
0 0

~ 200 C"SZ‘Pol 9=100m(p—Jsin29)| ~985,96.
0

8.3-YT
1. P pesepByapblHaH CYAbl COPBIN MIbIFApyFa KETETiH >KYMBICTHI

. K
ecentey Kepek. CyabiH MeHunikri canmarsl 9,81 —-, w=314.
M

(HotmxkeHi OyTiH OeiKke ACHIH JOHTCICKTEY KePEK).

1.1 P: Taban KaObIpFackl 2 M JKOHE OWIKTINI 5 M JIyphIC
TopTOYpHIITEH upamuaa. (Mayaowr: 254 kJIx.)
1.2. P: Tebeci TeMeH KaparaH JYpPHIC TOPTOYPHIIITHI IMHPaAMHUJIA.
[MupamugansiH TabaH KaObIprackl 2 M, OUIKTITI 6 M.
(Kayaowbr: 118 xJIx.)
1.3. P: OwmikTiri 1,5 M xoHe pamumycel 1 M cdepanblk cerMeHT
(hopmaceiHIars! Ka3aH. (AKayaodbi: 22 xJx.)
1.4. P: Taban paanychl 1 M, Y3BIHIBIFEL 5 M XKapThUIai AIHHIP.
(Kayaowbr: 33 k/Ix.)
1.5. P: xoraprel Ta0aH panuycsl | M, ToMeHri TabaH paanuycel 2 M,
owmikTiri 3 M kusIk kKoHyc. (MKayaowi: 393 kJIk.)
1.6. P: neprieHAMKYJISIp KUMAChI rapabojia 0oyaTeiH (5ke100) Kaya.
OHBIH Y3BIHABIFBI 5 M, eHi 4 M, Teperiri 4 m.(ZKayaobr: 837 kJx.)
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1.7. P: Taban paguycsl | M, Y3bIHABIFB SM, HWIMHAPIIK HUCTEPHA.
("Kayaowbi:154 kJx.)
1.8. P: TaGaHbpl 2 M jKoHE OMWIKTIF 5 M IypbIC YIIOYPBHIIITHI
nupamuza. (AKayaowr: 106 x/Ix.)
1.9. P: Tebeci ToMeH KaparaH, TabaH KaOBIpFacel 4 M, OUIKTIri 6 M
JypBIC YIIOYPBIITH Typbic mupamuna. (MKayaowr: 204 k/[x.)
1.10. P: tebeci ToeMeH KaparaH TabaH pajnychl 3 M, OWIKTITI 5 M
konyc. (Kayaowr: 578 xJ[x.)
1.11. P: >xoraprbl TabaH pamuycel 3 M, TOMEHI1 TabaH paglyChl
1 ™, 6uikTiri 3 M KubIK KoHyC. (Kayaobr: 416 kJ[x.)
1.12. P: Taban paauychl 2 M jK9HE OMIKTIr1 5 M KOHYC.
(Kayaowbr: 770 xJIx.)
1.13. P: xoraprel TabaH KaOBIpFackl 8 M, TOMeHr1 TabaH KaOBIp-
racel 4 M, OmikTITI 2 M KUBIK KoHyc. (MKayaobl: 576 xJIK.)
1.14. P: tabaH paguycsl 2 M, TepeHAiri 4 M aifHaIy mapaOoIOHIbL.
(Kayaowr: 329 x/Ix.)
1.15. P: Taban paguycel 1 M, TepeHiri 2 M aifHaIy »KapThl SJUIATII-
counsl. (Kayaowi: 31 kJ[x.)
1.16. P: >xoraprbl TabaH KaOBIpFackl 2 M, TOMEHTICI 4 M, OMIKTIri
1 M. mypeic TepTOYpHITH upamusa. (AKayaodbr: 56 xkJx.)
1.17. taban kaObiprackl 1 M *oHE OMIKTIIT 2 M JYpbIC anThIOy-
peiTh THpamuaa. (MKayaodsi: 26 kJ[x.)
1.18. P: tebeci ToMeH KaparaH, TabaH KaOBIpFachl 2 M, OHMIKTIri
6 M, nypbIc anTeIOYpeIITH upaMuaa. (AKayaodwi: 306 k/Ix.)
1.19. P: tabaH paguychl 1 M xoHe OMIKTITi 3 M IMIHHID.
(Kayaowr: 139 x/Ix.)
1.20. JKoraprel TabaH KaObIprachkl 1 M, TeMeHrici 2 M, OMIKTiri
2 M ypbIC KUBIK aNThIOYpeiTel upamuna. (AKayaodwr: 144 x/Ix.)
1.21. P: mepnieHAUKYNSp KAUMACBIHAA Paguychl | M TEH XKapTbl
meHOep OonatbiH (3kes100) Kaya. OHBIH Y3bIHABIFE 10 M.
(Kayaowbr: 65 kJIx.)
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1.22. P: xorapsl TabaH KaObIpFackl 2 M, TOMEHIiCI 1 M, OMIKTIr
2 M IypbIC KUBIK alThIOYphIThl Hpamua. (AKayaodwr: 93 k/Ix.)
1.23. P: pamuycel 2 M xkapthl chepa. (Kayaodwi: 123 k/[x.)

Keneci ecenrtepne aypIpimblK caiaMmarel Y TeH KaHmaima Oip
MarepuaniaH KypamaTblH Q KypBUIBICTHI caly Ke3iHAeri aybIpIIbIK
CaIMaKThl TOKTAaTyFa KYMcalaThbIH KYMBICTBI ecenTey Kepek (HOTHXKeHi
OyTiH OeIiKKe IeiiH NOHTeNeKTey KEPEK).

1.24. Q: >xoraprbl TabaH KaObIpFacel 2 M, TOMEHTICi 4 M, OHIKTIri 2
M JIYpPBIC KUBIK TOPTOYPHIIITEI MUpaMuaa; y = 24 g .

M
(Kayaowbr: 352 xJIx.)
1.25. Q: Ttaban xaObIprachl 1 M J>KoHE OWIKTITi 2 M IyphIC

kH
R (Kayaowbr: 21 x/Ix.)

AITBIOYPHIITH THpaMua; v = 24
1.26. Q: Taban KaObIprackl 2 M, OWIKTITi 4 M IYpBIC TOPTOYPHIIITHI
nupamuaa; y =24 g . (Kayaowbr: 128 kJIx.)
M
1.27. Q: »xoraprsl TabaH KaOBIpFackl 1 M, TOMEHrici 2 M, OHIKTITi
kH
2 M JlyphIC aNThIOYPBIITHI IyPhIC TUPaMUa; Y =24 —-.
M

(Kayaowbr: 229 xJIx.)
1.28. Q: Ttaban KaObIprachl 3 M JKoHE OWIKTIIi 6 M JypbIC

YIIOYpheIITH upamuia; vy =20 g . (Kaya6wbr: 234 k/Ix.)
M

H
1.29. Q: Taban paauycsl 2 M, GuikTiri 3 M konyc; y = 20 K—3 :
M

(Kayaowbr: 188 x]Ix.)
1.30. Q: >xoraprbl TabaH paguycsl 1 M, TemeHrici 2 M, OHIKTIri 2

H
M KHCBIK KOHYyC; Yy =21 K—3 . (Kayaobr: 88 xJ[x.)
M
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2. Cyra BepTUKadb OaThIPbUIFAH IIACTHHAFra TYCETIH CYIbIH
xH

KbICBIM KYLIIH ecenrtey Kepek. CyzablH MeHWIkTI canmarbl 9,81 —

(Hotmxeni Oytin Oemikke AeiiH meHrenektey kepek). [lmacTuHaHBIH
(hopmacsl, enmemMzaepi )koHE OpHAACYHI CYpeTTe KOPCETINTEH.

Mol
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Tik OypbIITH YIIOYPHIIIT Tik OypBIITH YIIOYPHIII
104-cyper 105-cyper

[Tapabomna [Tapannenorpamm
106-cyper 107-cyper
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108-cyper

Tix OypBIITH YIIOYPHITIT
110-cyper

Kﬁégx_paT
112-cyper

2.1. 84-cyper
2.2. 85-cyper
2.3. 86-cyper
2.4. 87-cyper
2.5. 88-cyper
2.6. 89-cyper
2.7. 90-cyper
2.8.91-cyper
2.9. 92-cyper
2.10. 93-cyper

109-cypet

111-cyper

[Tapabona
113-cyper

("Kayaowr: 98 kH.)
("Kayaowbi: 85 xkH.)
(Kayaowi: 248 xH.)
("Kayaowr: 105 xH.)
("Kayaowi: 167 xH.)
("Kayaowbr: 26 xkH.)
("Kayaowsr: 131 xH.)
("Kayaowbr: 23 xH.)
("Kayaowr: 523 xH.)
(Kayaowb1: 33 kH.)
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2.11.
2.12.
2.13.
2.14.
2.15.
2.16.
2.17.
2.18.
2.19.
2.20.
2.21.
2.22.
2.23.
2.24.
2.25.
2.26.
2.27.
2.28.
2.29.
2.30.

94-cyper

95-cyper

96-cyper

97-cyper

98-cyper

99-cyper

100-cyper
101-cyper
102-cypet
103-cyper
104-cyper
105-cyper
106-cyper
107-cyper
108-cyper
109-cyper
110-cyper
111-cyper
112-cyper
113-cyper

("KayaobI:
(Kayao6wbr:
("Kayaowbi:
("Kayaowbi:
(Kayao6wbr:
(Kayao6wbr:
("Kayaowbi:
("Kayaowbi:
(Kayao6wbr:
("Kayaowbr:
("Kayaowbr:
("Kayaowbi:
("Kayaowbi:
("Kayaowbr:
("Kayaowbr:
("Kayaowbi:
("Kayaowbi:
("Kayaowbr:
("Kayaowbr:
("Kayaowbr:

31 xH.)
62 xH.)
24 xH.)
22 xkH.)
239 kH.)
123 xH.)
78 kH.)
13 xkH.)
52 xkH.)
3 kH.)
23 xH.)
16 xH.)
251 kH.)
31 xH.)
13 kH.)
6 kH.)

6 kH.)
39 kH.)
20 xH.)
272 xH.)

3. Kerneci ecentep/ie *a3bIKTHIKTaFbI L OipTekTi

KHMCBIKTBIH Macca EHTPIHIH KOOPAUHATTAPBIH Ta0y Kepek.

3.1. L: Ox ecimen xorapsl opHatackan X+ Yy?=R? — xaprsl

menbep. (Kayaobi: x, =0, Y,

2R
=),
T

3.2. L: X=a(t—Sint), y=a(l—COSt), 0<t<2rn muKIOUIAHBIH

ipinmi apkacel. (Kayalbl: X, =74, Y, = %a )
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2 2 2
3.3. L: yminmi xkBagpanrrarel  X° +Yy3 =a® acrpounaHbin
noracel. (FKayaowr: X, =y, =-0,4a).
3.4. L: paguycel R TeH meHOepAiH o IEHTPIIK OYPBIIIBIH KEPETiH
JIOFa. (Kayaobr: Macca IIEeHTpi IIEHTPITIK OYPBIIITHIH
.o
SIn—
OmcceKkTpucachH/Ia, IIEHTPICH JR—2 KAIIBIKTHIKTA).
o

35. L y= ach(x - a) , —a<x<a, UbBHXBIP CHI3bIFLIHBIH
a 2+sh2 )

4 shl

36.L: p= a(1+ COS(p) , 0< <1, xapauoua TOFACHL.

noracel. (Mayabbr: X, =0, y, =

4
(Kayaodbl: X, =Y, = ta )

T .
3.7.L: p=ae’, 2 <@ <m, norapuMaiK COHPab TOFACHI.
a 28’ +e" a e’ —2e"
(Kayabpr: X, =—— —— |y, =— —— )
x 5 L
5e™ —e? e" —e?

3.8. L: X:3(t—sint), y=3(1—COSt) IUKJIOUACHIHBIH  Oip

apkacel. (WKayaébl: x, =37, y, =4.)
. 3t .3l .
3.9. L: x=2cos Z , y=2sin Z ACTPOUIACKHIHBIH OipiHII KBaJI-

)

paHTTaps! goracel. (MKayadbi: X, =Y, =

[N

3.10. L: x=e'sint, y=e'cost, Ostsg KHCBIK JIOFACHI.
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(Kayaodwbi: X=M Y. = e -2

Y= )
s(e2 —1} s(e2 —1]

311 L: p= 2(1+ COS(p) KapIuOU1achI.
(Kayaobbr: x, =1,6; y,=0.)

3.12. L: p=2sine xuceirsiHbH (0,0) HYKTEnCH (\/E, %j HYKTere

N

-)
3.13. L: x=a(cost+tsint), y=a(sint—tcost), O<t<m

‘ 2(n* +4) 6a
meHOepIi YHFBI JoFackl. (Mayabbl: X, = B Y, = — )

oo 2 T—
neiiinri qoracel.  (Kayabbr: X, =—
T

VYo =

ﬁ ‘

314.L: p= 2«/§COS(p, 0<op< % , KHCBIK JIOFacCBhI.

2
(Kayaobi: X, :M’ y :&_
T '

3.15. L: X=\/§t2, y=t—t3, 0<t <1 KUCBIFEI.

73 1
Kayadbr: X, =——, Y. =—.
("Kay TR 4)

Keneci ecentepme OepiireH KHCBIKTapMEH INEHEITeH Ka3bIK
oipTekti @ (UrypachlHbIH Macca IEHTPiHIH Ta0y Kepek.
3.16. @ — kaOwipramapel X+y=a, Xx=0, y=0 Ty3ynepinae

)

kaTkaH ymoypsim. (Kayaodbr: X, =Y, =

w| o
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2 2
3.17. ® ¢urypacs ¥+b_2 =1 — 3UIHIICIMEH XoHE KOOPIUHAT

ectepimen (x>0, y>0) wenenren. (MKayabr: X, = ﬁ, Yy, = 4b )
3n 3n
318. & - x= a(t —Sint) ES a(l— cost) IIUKJIONTACHIHBIH
OipiHII apkaceiMeH jkaHe OX 6CIMEH IICHETeH.
5a

(MKayadbb1: X, =ma, Y, = ry )

319.d— y=x% y= Ix - KHCBIKTapbIMEH IICHENTeH.
9
Kayaopr: X. =Yy, =—.
(Kay e )

3.20. ® — y=sinx cunycouaacel MeH OX OCiHIH KeCiHIICIMEH

)

meHenred. (ZKayaobr: X, =g, Y, =

b
g
3.21. ® — y=+R?*—x* xaprel menGepimen sxone OX ociMen

menenreH. (Kaya6or: X, =0, y, = i—R )
T

3.22. ® — y=b\/g, (a>0, b>0) napabona jgorackiMeH, OX
a

3b ab®

eciMeH )xoHe X =D Ty3yimen menenren.(7K: X, =€, Y, = 502 )

3.23. © - yzb\/g, a>0, b>0 - mapaGomna noraceimen, Oy

eciMeH xaHe Y =bh Ty3syimeH menenres. (ZKayabbr: X, =i—g, A :37&?)

3.24. ® —1yiibik Yy =ax® — X" ChI3bIFBIMEH IIIEHEIITEH.
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(KayabbI: X, :5§a, y.=0.)

3.25. ® — KoopAMHAT OCTEpIMEH OHE AaCTPOMIAHBIH OipiHIII
256a
o= )
3157
3.26. ® — pagmycel R uentpnik Oypblmbl 28 TEH AEOHIENEK
CEKTOPBI.

KBaJIPaHTTArbl IOFachIMEH 1eHenreH. (AKayaobr: X, =Y

(Kayadbl: Mmacca EHTPi CHMMETpHS OCIHIIE IOHTeJIeK IICHTPIHEeH

2 _sina
—R—— KammbIKTBIKTA KaThIp.)
o

327.0—-p= a(1+ Ccos (p) — KapIMOUJIaChIMEH IIEHEJITeH.

3a 3b
Kayabpl: X, =—, Yy =—.
("Kayadn 2 =10 Ve 4)

3.28. ® — p®=a’c0s2¢p — BepHyIUIH ICMHHCKATACHIHBIH, OipiHLIi

\2ma

Ty3arbIMeH HieHenred. (AKayaobr: X, = B y. =0.)

3.29. ® — KoopaMHAT ©cTepiMEeH >KoHE \/§+\/§ =a napabo-
naceIMeH meHenreH. (AKayalbi: X, =Y, = % )

3.30. ® — ay’=x® — xaprhutaii KyOTHIH TapabonaMeH KOHe

X=a, a>0 ty3yimen meHenrex. (JKayaldbi: X, = 57—a, Y. =0.)
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8.3-YT mibirapy yurici

1. Byifipinae aTKaH JOHTelleK MWIAHIP TOpi3Nec pe3epByapablH
y3uIHABIFEl L =5 M sxoHe Taban paauycsl R=1 wm (114-cypet). OHbIH

YKOFapbl/la OpPHAJIACKAH TECIr1 apKBUIBI IMIIHAETI CYABl COPBIT MIBIFapyFa
KYMcanaTblH A JKYMBICTHI aHBIKTay KepeK. CyIbIH MEHIIIKTI caiMarbl

K D . ..
y=9,81 R (Hotmxeni OyTiH OeJikke neiiH JOHTeNneKTey KepeK).

» BuikTiri Z TeH xepae Kabatel dZ TeH cy/pl anambi3. OHBIH

Keremi dV =2|0,B|Ldz = 2L\|R? —(R—z)’dz =2L.[2(2R—2)dz.
Ocbl kabatr cymsl H =2R—z Owuikririne KeTepy Kepek.

dz—xabar cyapl WIbIFapyFa >KYMCaJaTbIH JJIEMEHTap JKYMBIC Kemneci

dopmynamen anbikranags:  dA=HydV =2yL(2R-z)/z(2R - z)dz.

z meciK
L
dz4R
y4
0 y
X
114-cyper

Bapinbik cynpl mbFapyra xKyMcajaaThlH KYMBIC OapIIbIK 2JIEMEHTap
YKYMBICTap/IbIH KOCHIH/IBICBIHA TEH

2R 2R 2R 1 3

A=[dA= [ 2yL(2R-2)\[z(2R-2)dz=2/L | 22 (2R~ 2)2dz. (1)

AJIBIHFaH HHTErpaisl ecenrey yurin 2R —z =U?z aiinsivan

2R 1 3

ayBICTBIPYBIH KacaiiMbiz: A= 2yL J. 22(2R-z)2dz =
0
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2R -z =u%z,
dz = —4Ru(u2 +1)72 du,
© 4
- ;- 2R _ R

= , Z
u?+1 0(u2+1)
ecep z=0,0H0a U =0,

eeep z=2R, ouga u =0

WHTerpan acTeIHAAFEI AYPHIC PALMOHAT OOJIIEKTI €H KaparaibiM
OeNIIeKTepaiH KOCHIHABICEIHA JKikTelMi3. ComaH COH aiblHFaH opOip
uHTerpan 7.2.2 m. (6) Typinae OoJFaHIBIKTaH, conl MyHKTTEri (7)-
peKypeHTTi pOopMyITaHbI MaigaIaHaMbI3:

Tu“duz]‘f 12 1
0(u2+1)4 0 (u2+1)2 (u2+1)3 (u2+1)4
_m_,3n . 53n_1
T4 T 44 644 32
32YLR%n

ConbiMeH A= = TWLRs. Erep L=5 M, R=1 m, onyia

32
A=314-9,81-5-1=154 x]Ix. <

2. Cyra BepTHKaJIb OaTBIPBUIFaH IUIACTHHAFa TYCETIH CYJIbIH

.. xkH
KBICEIMBIH ecenTey KepeK. CyablH MEHIIKTI CalMaFbl 9,81—3.
M

[InactunanbiH (opmMacel, emmemuaepi koHe opHamacyel 115-cyperre
KOPCETINTEeH.

P [lracTuHAMEH CambICTBIPFaHIaFbl KOOPAUHATTAp KYHeciH 9.57-
CypeTTe KepceTinreHae etin tagaaiMei3. OHja mapadosa TeHaeyi

x? =—2py Gonaxsrl. [Tapabona A[%,_lj HYKTECIHEH OTETIH/[IKTeH
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X — TepewjikTe eHi OX >koHE aynaHbl dS=(1—|y|)dX 00JIaThIH

TOPU30HTAJb KOJMAKTHI 06 anampi3. CyIbIH OV )KOIAKKA KBICHIMBI

AP =yx(1-]y|)dx = yx(1—4x2)dx :

Onpa cyneiH OapIiIblK TACTUHAFA KHICHIMBI

Py x(1-ax)d—y| X5 oxt ||y B e
_yix( —4x ) X=1v 7—x 0= 5 - .
1 1) 981

P=9,81=-—|=""~0,61 kH. <
8 16) 16

H =— ™ xoHe y=9,81g YIIiH:
2 M

3. y=x* xoHe Y=+/X KHCHIKTAPHIMCH IICHEITeH OipTeKTi

(urypaHbIH Macca IEHTPiHIH KOOPAHMHATTAPhIH Ta0y KepeK.
» 116-cyperte KepceTinreH (UrypaHbIH Macca IIeHTPIHIH
KOOpAWHATTapbIH Ta0yFa Keneci popMynanapasl HaiaaaaHaMbl3:
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\ v y=X
‘\
B
\
\ 1 y=\x
\
A Ye;
ALY
\\
of x. 1 X
116-cyper

Mynma  f(x)=x%, f,(x)=+/x, al KHCBHIKTapJbIH KHBUIBICY

nykrenepi O(0,0) sxome B(11) Gomrammeikran, a=0, b=1.

E . 1 ) 2.5 X1
CENTEUMI3: '([(yz_yl)dx:-([(\/;_x )dx: §)( _? 0:5,
; i 27 x*)_3
!x(yz—yl)dx=£x(\/§—x2)dx—£gx2—TJ é:z—o,
1% 11 . (x> x°), 3
§£(y2+y1)(yz—yl)dX=§£(X—X )dX=§[3—gj =g
an Oynan x. =y, :% ajambl3. <
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Bbakpuiay xKyMBICHIHA APHAJIFAH ecenTep
@OyHKUUSAHBIH 11eri, y3iaiceizairi
Nel 6akbl1ay JKYMBICHI.

1. OyHKUUSHBIH HIETiH Ta0y KEepeK.

2. y= f(X) dynxuuscel xoHe X apryMeHTTiH €Ki MoHi OepiiareH.
1) OyHKUMSHBI X-TiH OCBI MOHIEPIH/E Y3UTICCI3MIKKE 3epTTEy KEPEeK;
2) OyHKUUSHBIH X; M€H X, HYKTENepiHiH MaHabIHIAaFbl CXEMAabIK
CBI30AChIH cally KepekK.

3. Kypakranem Gepimren Yy = f (X) (YHKIVSICBIHBIH ~ Y31JTiC

HYKTeJepiH Taly Kepek jKoHe CXeMaJIbIK ChI30achlH caly Kepek.

1
5 4.4
l.a)"mw;
x>0 3x° —2x -1
2% —11x+5 _2x?-11x+5
0) |Im2—; |Im2—;
x=2 X° —7x+10 x=5 X -7x+10
Vbx+4-3 . arctg3x . sin2x
B) ImMm—; nlim———; np lim ——;
x—1 A/2x =1 1 x—=0  4X X—>—72'X(7Z'+X)
3
¢) lim (5+2x) +2; lim(5+2x)*
X—>—2 x—0

X+4, X<-1
.y=9x"+2, -1<x<1
2X, x>1
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) 7x3 —4x%2 +6
1. a) lim 3 5 ;
X—0 3~ +10X“ +5x
X2 _13x—7 . 2x% —13x-7
6) lim=" """ |im&ZZ "7,

x—>2 x2 —9x +14 Y x2 —9x+14 ,

B) lim

X—2 . . T
_ lim 2x - ctg5x; lim| =—x tgx;
Xx—>2+J4X+1 -3 ) x—0 g A (2 jg

T
X—>
2

2 —3X 2 —3X
e) lim X Ax+l C qiml XX+
x| X2 +4x -1 1 x>l x% +4x-1 '

2. y=In(x-8), x =7,x, =8.

COS X, X <0,
3. y=491-%x, 0<x<2,
NG X>2.
3
x* —3x% 42

1. a) lim 2 :
X—0 5x™ —3x -2

3x2 —40x+128 . 3x2 —40x+128

6) lim li
X—>2 X—8 x—8 X—8
sin x—g
. A1+2x -3 . 1-cos3x . 6
B) Im———; nplim———; p) lim—%;
x—4 \/__2 x—0 4)(2 MR
—— —COSX
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10x=3* . (10x-3)>*
e) lim :lim
x—oo\ 10X +1 x—1\ 10x +1
1
2. y=eX?2,x,=2,%, =1.

—X, x<0,
3. y= —(x—l)z, 0<x<2,
X—3, X>2.
4
3 42
1. a) lim X" —4X°+6
x—0 2x3 +10x2 +5x
5 lim 22 -Xx-1 Iirn2x—x1
x>13x% + X~ 4 x—>——3x +Xx-4
8) IIm\/1+ 3. 5 Iimarcsme; o lim sinx :
x—>8 2— \/_ x>0  3X x—>7 72 — X2
7X Sx
o) lim(dx-11)""; lim(4x-11)""
X—3 x—4
X—4
2. Yy=—— % =4, X, =-5.
x% +x-20 ! 2
sin X, x<0,
3. y=1x%%, 0<x<2,
0, X> 2.
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3 a2
1. a) ||mw
x>% 5x4 +8x—6
. B5x2-51x+10 . 5x?>—51x+10_
o Iim——; Iim—;
x—0 x—10 x—10 x—10
Y 2 cos™
B)“m_ligjé; )|m§£;£§; n lim :
x>0 x2 4+ x x>0 sin3x x—11—/x
N 1
e lim (2x+3)"";  lim(2x+3)*"
x—-1 x—0

1
2. y:511‘X,X1=11, X2:3.

X+2, x< -1,
3. y=4x*+1, ~1<x<1,
—X+3, x>1.
6
6x° —3x2 +1
a) Ilm—
x—0 3%° —2X +3
5) Im2x2 -5x-3 Iim2x2 —5x—3;
x>2 X2 —5X+6  *x>3 X? —5X+6
B) Iim—'x__z; r lim arcthx; 1) I|m tg3x.
Xx—>5+/2x—-1-3 x=>0  2X 7 tgx
2
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2 1-x 2 1-x
.| 3x°—-6x+7 ) .| 3X° —6Xx+7
x> 3 +20x -1 x—1 3x“ +20x -1

2. y:arctg(i}, X1 =-9, X, =-8.
X+9

—x? x<0
3. T
=<togx, 0 <—,
y X <X 2
2, x>£.
4
7
3 442
L a) lim— 4X2+6 ;
X—0 3%~ +10X“ + 4X
. 3x?-14x-5 . 3x®-14x-5
6) |Im2—; |Im2—;
X5 X°—6X+5 x>l X —6X+5
3y _ _
B) lim M; r) Iimw; m lim tg 7 _x tg2x;
x—>-2 x34+8 x>0  Xtg2X 7\ 4

X—>
4

3+ 2 T 13k 42
e) lim ; lim .
x—s\ 13X —15 x—>1 13x —15

2. y=In(x-7), % =7,x, =5.

X+1, X<0,
3. y= (x+1)2, 0<x<2,
—X+4, X> 2.
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3_ —
1. a) IimXB;"XZZ;
X—0 5x° +3x° -1
_2x2-7x+3 . 2x2—Tx+3
0) |Im2—, |Im2—,
x—>%5X -16x+3 x—>35x° -16x+3
8) lim \/2x+3—3; 0 “ml—c_ost; 0 lim SilnizX :
x->3 Jx—-2-1 x=0  XSinX x—18IN37%
5 4x+1 2 4x+1
.| 5x°+8x-2 .| 5X“+8x -2
e) ||m 2— ) ||m 2— .
x—0o| 5X° +3x+3 x=1 5x° +3x+3
2. y:x+§—+3, X =-3, %X, =0.
X< +3X
X, x <0,

3. y={x"+1, 0<x<1,
3-X, x=>1.

9
3 3
1wy tim XD 3+(X_1) :
X—00 X~ +1
_ 3x?+5x-2 . 3x% +5x-2
6) lim — lim ——
x=052x° +3x—2 x>-22X° +3x—2
. 1-+/2x+1 . tgx—sinx . COSX
B) Iim———; p) lim——; lim ;
x—0 X x—>0  x3 7T —2X
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4x-2

 lim(2x+3) .
x—1

4x-2
x-1

e) IxILrl] (3x-2)

1
2. =arctg——, X, =3, X, = 2.
y 93_X 1 2

—sinx, x <0,
3. y=1:%x, 0<x<1,
2X, x>1.

10
. 3x4 -2
lim

1. a) o .
X—0 [\8 L3y 14

3 3
6)IimX 8; lim > 8;
x=>22X—4 x-02Xx—4

V2x+3-1 0 lim arctgsx :

B) lim ——; —
x>-154+x -2 x—0 arcsin4x

2y —1 x/2 2y —1 x/2
e) lim ;o lim ] .
x—o\ 5X + 4 x>\ 5X + 4

1
2. y=ex5 % =-5Xx, =1

X+1 X <=2,
3. y={-x*+2, -2<x<1,
2+ X, x>1.
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11
(Bx—4)x+1)

1. a) lim ;
x>o x3 4+ x2 42
_ 4x%—8x+3 _ 4x%-8x+3
o) lIm———; lim ——;

x-32x2 —7x+3 x5052x2 —7x+3

s,in25 1—sin1
\/x2+3+2x_ 2 2

B) lim——=; ) lim ;oo lim——%;
Xx—>—1 x+1 x—0  x2 x>z 7T—X
x5 4x+5
o lim2-x)""; lim2-x)"" .
x—-1 x—0
X+2
2. Yy=———, X =5X,=-5.
x% - 25 ! ?
X—1, X<-1,
3. y=:<-2, -1<x<0,
COS X, x>0.
12
2 2
1.y lim 2 —(x=2)"
X—>00 X+2
_ 5x2-2x-39 . 5x*-2x-39
o) lim—m—; lIm————

x5 _ x2 —2x+15’ x—3 — x2 —2x+15’

2 —
B) Iim—“1+X+X1; r) lim3xctg9x; 1) Iim(x—2)ctgﬁ;
xX—2 2

x—0 X x—0

. (GX—YTX_G . 6x—7]3x_6
e) lim ; lim .
x—o| 6X+5 x—2\ 6X+5

2. y=In(x+7), x, =7, X, =-10.
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2X, X <1,
3. y:(x—na 1<x<3
22X, X=>3.
13
2
1. a) IimM;
X—0 2X< —3X+5
X% 4x-12 X2 4x-12
o) lim—————; R ——
x=>1 3x-9 x—>3 3Xx-9

. . 1- 7 . inx—
B) lim ;1) lim cosx; n) mnsmx tgx..

x—3
w»S/XZ__5__2 x>0 3x2 x>0 sind x ’
e) lim x(In(2x -1)—In(2x+1)); limx(In(2x—1)—In(2x +1)).
X—»00 x—1

2—2X
2. Yy=——"— X% =1X,=0.
3 x4t 2
—x x<-Z,
4
3. y =< tgx, T ox<Z,
T
X, X >,
4
14
2 2
. (x=3) =(x
1w lim X X3
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x3+8_

3

. X" +8 .
6) lim ; lim 5
x—>2X2_4 X—>-2X° -4

) lim X—2 )”marcsin23x_ ) lim
B ——F——, T Y |
x>2J4x+1-3" x50 tg?8x x—>0  sin25x
X

x—1

C0S4X —COS6X

e) Iim(4—3x)ﬁ; lim(4 - 3x)

x—1 x—0

X+2

2. Y=X+—, X =-2,X =1.
x2 -4 '
X—4, X <=1

3. y=4x% ~1<x<1,

X+4, x>1.

15

. 7x2—3x
1. a) lim —
X—00 2X“ +6X -1
x3—1_ . x3—1_

6) lim ; lim ;
x>13X—3 x—»>23Xx—-3
3

. A/Xx=5-1 . Sinbx—sin3x . COSX—cos® X
B) lim———; pplim——; o) lim —;
x—6 36— x2 x—0  sinx Xx—0  XSin2x

x+5 X+5

o lim(7x-6)""; lim(7x-6)""

X—2

1
2. y=ext xy=-1%,=0.
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sin x, X < -7,
3. y=<CO0SX, - <X,
1 X 2>

4
. X
1. a) lim _x? ;
x| x2 42

. 2x% 4 x-1 _2x%+x-1
0) |Im2—; lim -

X7 X5 —6X—=7  x>-1x°—6x-7

. AX—=3-2 . \1-cosx?
B) lim———; o lim———;

x—>7 x2 _49 x—>0 1-cosx
1) lim(1—cos5x)- ctg23x;;

x—0

2x 2X

. X2—4 . X2—4
e) lim(3x-5)" ; lim(3x-5)

X—2 x—3

2
2. =——, X% =2, X, =1.
y 5 1 2

—-x-1, x <0,
3. y= (x+5)2, 0<x<3
1-x, X=3.
17
_2x% - 3x+1
1. a) ||m2—,
x—%© 3X° +X+4
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X2 +x-12 x2+x—12_

) im—————; lim

x>2x2 42x-8  x>-4x242x—8

N1- . 1-cos4x

lim ——— lim
») X—>-8 2+§/_ )x_>o 2xtg2x

. x2+3x+1 ([ x%+3x+1 "
e) lim —— | ; lim ——
x—0 XT —X—2 =3 XT—-x-2

1
2. y:%, X =2, Xy =0.

4, X< —TT,
3. y=4C0SX, - <x<0,
0, x>0.
18
3_
1. a) lim Eif____gzijll
x>0 2X% +X—3
5) lim X2 xE-BX 42
x—>2 X-=2 x>l  X—2
2
V1- . r 4
)I|m1 r) lim arctg”4x.

x=0 ] — 3\/1+ x—>01—c0s3x

6X+2

6x+2

o lim5-2x)""; lim(5-2x)""

x—0

2. Y=—,X =2, Xy =-2.
x2 —4 ! 2
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—X+3, X <=2,

3. y=4x-1, —2<x<]
2—4x, x>1.
19
2
X—> X +4x+1
G)me —5x+6; mnx —5x+6;
x—>2 X2 —x—2  x-3 X% _x-2
. Ax+4-1 1-cos8x
B) lim ——=: p) lim ———=
x—>-3 X+3 x—01—cos4x’
4x 4x
- E . X—2
e) lim(3-x)" " ; lim(3-x)
X—2 x—1

1
2. =arctg——, X, =2, %X, =3
y 9 % 2

-1, xs-f,
4
3.
=< 1gx, ——<X<—,
y g 4 2
x? x>,
4

20
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x3—2x+1

1. a) lim
x—20 2X* + X +5
. x24+3x-10 . x?>+3x-10
o) lim————; lim ————
Xx—>2 X -=25 Xx—>-5 x© -25
B) lim \/xz—l—\/x+x2—3_ o lim sin3x
X—2 N ’ x=0 /X +2 -2

X
. 1-—+/cosx . X2 +2x-1 [ x%+2x-1 "
n lim ———; ¢ lim | ; lim| ————=| .
2 X2 —3x—2

x—>0 x X—00 x—3 x2 _3x—2

2. y=X4—J:(3 X, =3, X, =0.
—4x, X< -1,

3. y= —(x—l)z, -1<x<1,
4x, x>1.

21

2 lim (5x — 4)(2x+2)
x>0 5X+2x% +2

— 2_
6 lim 2x° 3x+1; Iim2x 3x+1;

x—>-1 x2_-1 x—>1  x2 -1
B) lim Vx+3-2 2 r) lim thx ) Iim(l—x)tgﬁ,
x—>11 N2 x—>0 SIN5X x—1 2

2 2 X
. X +2x—1 .| xf+2x-1
ellm 2— ; ||m 2— .
Xx—>o| X —2X+2 XU X° —2x+2
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X+1

2. y=—-—=,%=-1X%,=0.
x2+x3 ?
1+, X< -1,
3. y=4x*, —1<x<0,
sin x, x>0.
22
X2 —3x+4
1 oa) lim———;
x— 2x +5x —1
5) jim 2T i X227
X—3 X2—9 X—>-3 x2_9
p) lim VX923 VX+9-3 o lim COSX — cosSx N V1+x-1
x50 1I—x -1 x50  x2 x—0 sm(;r(x +2))’
2X 2X
. X2—4 . )(2_4
e) lim(3x-5)" ; lim(3x-5)
X—2 x—3
X
2. y= 7 X1 =1x=0
X — X
2X+4, X <1,
3. y=43%%, 1<x<3,
X—2, X=>3.
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4 4.3
N )“m4x 4x° -2

x—0 5x3 +3x% —1
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2x% —7x+3 . 2x? —7X+3

o) lim ——; lim————M—;
x—0,5 X—3 x—3 X—3
X+1 : 5x _arctg(x +2)
B) lim —; o limxctg—; m lim ———=;
X—>— 1\/x+ -2 x—0 2 x>-2 X% _4
8
e) lim(3x— 8) . lim(3x-8)"
X—3 X—4
x—-1 1
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X+3, X< -7,
3. y=4sinx, - <x<0,
0, x=0.
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X° —4x% +1
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X% +3X+2 . X% +3x+2
6) lim —; lim —;
x>-12x% +10X+12 x>-22x° +10x+12
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X2 Jx—1-1 N I Y osecx—1
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2 —X 2 X
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e) lim —— : lim - .
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X—3, x<0,
3. y=4x"-1, 0<x<1,

X+ 6, Xx=1.
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6x° —4x* +1
a) lim—= "2 2.
x>0 3X° —X+3
2y 2 o
5 lim XX 56; lim Xt X 56
x>7 x2-49  x>-7 x2_49
o) lim 1= Y1-X 5 lim 1-cosx o lim arcsm(l—Zx);

x502_3/8_x  x01-cosVX | x505 4x2 _1

. x2+5x+4 . x2+5x+4
e) lim ———— | lim —— | -
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1+ext
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B) lim S Y/ X “7+X; r lim 1_COSX; 1) limctgx?(1 - cosx);
Xx—2 X-—=2 X—0 thZ X—>0
X2 X2
o lim(2x—=3)""; lim(2x-3)"".
X—2 X—3
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o) lim—r——; lim—;
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2—X, X< ——,
4
3. 7T
y =4 tgx, ——<XZ0,
4
0 x>0
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3 3
1wy fim S 1)
X—00 X7 +1
2 2
. — . X —-bx+6
0) “mx—5x+6; I|m—+;
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5-x E
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X—>-2 x—0
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_2x% —x-1 2x% —x—1
0) |Im2—; lim —;
x>13x%2 4 Xx—4 x>053x% +x—4
. AL+ X —=A1-X . sin7x . 2X ]
B) lim ; 1) lim ; o) lim ;
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x-1 x=1
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0, X< ——,
3. y =< COS X —%SX<7Z',
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. X°—=4x°+6
1. a) lim ;
x—x X3 — 4x4 + 4x
X2 4+4x-21 . x> +4x-21
) Im ———; lIm————;
X——7 X+7 X—3 X+7
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3

2. y= , X =2, X5 =0.
x% —2x ! 2
X+ 2, x <0,
3. y=<-x*+1, 0<x<1,
X+5, x>1.

(I)yHKIII/IﬂJ'Iap)IbIH TYBIHABICBIHA apHAJIFaH €CeNTeyJaep

Ne 2 fakbL1ay KYMBICHI
1. ®yHKIUATAPABIH TYBIHIBICHIH Ta0y KEPEK.
2. OyHKIUSHBIH JIOKATB/II IKCTPEMYMIIEPIH XKOHE MOHOTOH/IBI
apalbIKTapblH Ta0y Kepek.
3. OYHKIUSIHBIH HiJTy HYKTEJIEPiH KOHE OHBIC-TOHEC apallbIKTapblH Taly

KepeK.
4. OyHKIMs chI30aCHIHBIH aCUMIITOTANAPEIH Ta0y Kepek.
1.
1.
2 y=xisinx+—C9X . 6) y=In(< +x)+arctg(2Vx)  ») (19X)"
5(x-1)
/x
2. y:3§/X_2—4. 3. y= 2X . 4 y=5 .
X —4 X—2
2
1.
a) 6)
' )
:X4.2X+arCS|nX; _1_ 1—X2_ B
’ 3X Y=—2 ' (cosx)*.

X
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2. y= .3 = 4. y=3Ix*-x>.
x* I y
3
1.
— 2y
a_) y:4x3|ogzx+eix; 0) y_(2X+l)|n X; B) y:(%)lnx.
3 2
2. y=x-2Inx. 3. y:XZBX. 4, = X" =3I
X -1 X

1
g yzﬁ‘&tgx; 6) y = (sinx+4)"; 5 y=(Inx)

COs X

4

2. y=Inx-2arcsinx. 3. y= 3X .
x° -1
4. 'y =3x+arctg5x.
5
a) 0) B)
2 1.1 1 _ x2
y= X + xarcsinx; y:—lnLX+—arctgx; y =(ctgx)” .
1+ cosx 4 1-x 2
- x° In(x +1)
2. =x-e 2. 3 =——. 4 = + 2X.
y Y ax—1y? R
6
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a)

X
y= Earccos X—

a)
y=Jx-3+

3+

arcctgx .

0) B)
2
Looy=Fer s y=aedy
X X
_(X*-5)° 4 y = Sinx
125 A
7
) y=e cos's; P y =(Inx)™"
4

3x-2"'
1
2. y=1-3§(x-4)>. 3.y=2x 4 y=x|n(e+1).
X

1.

e
a) y =43/x®-arccos x + o7
e —

2. Yy =xy1-X.

a)

y = X°-arctgx — ———
X“+1

3.

8

X

6) y =302 B)y= (ctgx)™.

1
2 —
e? . 4. y=xex

y
B) y — Xarccosx.

6) y= cos“(sing);
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2 i
2. y:1+X—+X2. 3.y=xe". 4 yzle X,
1-x+X X
10
1.
a) X B) Yy = X2,
2 6) y =,[arcctg—; )Y
— 9y3 e 3X° 2
y =2x’sinx — ;
Xx-1
< 1 2
2.y=xe 2. 3.y=—-——. 4 y=xarctgx.
x* X
11
1.
6) B)
= 3. N
a)y:x4arccosx+|nx; y = (3x+c0s2x)*-arctgdx; y=x"*,
ctgx
2. y=e?*. 3 y:In—X. 4. y=3x(x-1)2.
X

12
1.

3 2 — arctgx
a) y:2xlogzx+—zxex; 6) y=\1-e*: B Y= (COsX)TE.
+

X3 X
2.y = x(x—1)%. 3.y:X4_l. 4. y=—

13

508



1.
a)y=3x-sinx+ 3 .9 ®)
y arccosx’  y=arctgyx’-1;  y= (l)ctgx_
X

X
2. y=x—=2Jx. 3. y=x"+7x+1. 4, y= .
y Jx y Y= 1y
14
1.
a) 6) B)

. X —arctgx _ 2 — 1
y:|nx.s|nx+Tg; y = 1-x°arcsinx; y:(th)X.
1-x+x° . ) 2x°

2. =, 3. = X" —6Xx". 4. =
1+x—x2 y y x?—4
15
1.
3x X
a) y:x4arctgx+|nTX; 6 y=2m: B Y=+ X*)e,
X

2. y=arctgl_—x. 3. y=xe* +1. 4. y:5x+|n_x_
1+x X

16
1.
a) 0) B) Yy = (sin x)*,
y=€/)(—Alt(‘:])“rarccosx_ y = 4o

X
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4

2.y=xy1-x*. 3. y=§(x-4)°+2. 4 y= X

X2 -1
17
. O y=-G myy=)”
y:X4ex_ g ’ X
arcsin x
1 2 2 2 3 2 X3_4X2+3X
2.y=="x(x*-3)". 3 y=Ix"-2Xx. 4 y=—s——
4 X +1
18
a) 0) B)
Y=x2§/§Inx+—35inx ; y = xarcsinln x; y:(i/;)ﬁ-
1-cosx’
_x-1 _ 2 _ 4, SiNX
2. y—X2+1. 3. y=In(x+4/x*+1). 4. y=3x -
19
a) 0) B)
y:smanx—am?x; y:___Tl__T; y:@mxﬂ?
2 (2tg"4x—23)

1 1
= . 3. y= + .
2-x° y Ix+1 ¥Yx-1

X
4. y= ot arcctgx.

510



20
1.

23[x [x*—1 B y=(tgx)>.
a) y = x’arcctgx — : =Inz :
)y -7 9 In VL

2. y:%x3(x2—5). 3. y=xe™+2. 4 y=2x-+arctg7x.

21

1.
? 1 x2sinx . = i X.
a) y:xlnx—2X 1; 0) y:2\/3—, B) y = (arcsinx)

2 2

x* X X
2. y= : 3. y=xe 2. 4, y= .
y X3+1 y y X2+1
22
1.
X - ctgx
a) y:xsarccosx+—5e1; 0) y:\/arctg\/;; B) y = (Inx)™"
X_
1 1
2. y=\/exz—1. 3. y=2x 4, y=(x-2)e *.
23
1.
2
a) y:4<‘/x_35inx+|nzx%3; 6) Y =4x—1—arctg\/4x—1;

1
B) Y = (arccosx)”.
511



2.y:2x—3i‘/x_2. 3.y:|n—x. 4, y=
X

X
24
1.
—_ —X =X\« —_ arctgx
a) y:xzsinx+tg—x; 0) y=In(e™+xe™); B) y=x"""
X
X’ -4 : x® —2x
2.y= : 3. y=(x-1)3 4.y= .
y X* +4 y=0-=1) x*—2
25
1.
tgx 0) B)

a) Y = XCOSX+—; arctgx
2+ 3ctgXx y =+/arcsin?3x —1; y = (Inx)*9,

2 A ,
2 :w- 3. y=(x+2)°+3x-1 4. y:4X+—3;X+1.
X+ X+1 X
26
1.
a) y = 3 Xex+arCCtgzx; 5) yzsinzictgz; B) yz(\/;)arccosx.
1+x 3772
— 2 3 2 _ 3 2
2. y=(x —2x)|nx—§x +4X. 3. y=x*+2x2%

4. y=3x>+3x%

512



27

) y‘coszl_\/;' » 2
2 ) = : )
X" +1 1+x y = (arctgx)*.
1

2. y=«3/(x+1)2—§/x_2+1. 3. y=x+|n—x. 4. y =g,
X

1.

a) y = x’logx —

28
1.
a) y=(x*—2x+3)e* + aresINX. 6y y = InV1+x%; B) o
arccos X y = X9,
1
2x -1 x3-2
2y = ext-ax3 3. y=—-2 _—, 4. y= .
Y y (x-1)° Y 3x
29
1.
a) y =—xarctgx + X_l; 6) y =eln®e.  B)Y = (Sinx)™.
log,x
X 1
2, Y=o 3. y = X — 2arctgx. 4. y=e*—X.
30
1.
a) 0) B)
2X 1— — (t X)arctgx.
=x’Inx+ ————; — Areci x, Yy=(g
d sin X + CoS X y=aresm,

513



2 3
2. y=—xX*x2+2. 3.y:w. 4 y=—2= >
X 3(x-1)

HNuTerpanasbik ecenreysiep

Ne3 fakbLIay JKYMBICHI
Wnrterpanngapasl Taby Kepek.

1

1. J'(—) dx; 2. I(ex+1)3dx; 3. Iarccostdx; 4. f%.
2

- j(l X) P '[(4xd4):1)3i 3. IxcosSxdx 4. j COSInde.
3

1. J'(\/;+1)(x—\/§)dx; 2. J.:Xxixs; 3. Ix3ln xdx;

4 J‘G dx
T4 Bx-2
4
I —4x 2xdx In xdx _ ne e*dx
1, dex, 2.jx4+1, 3. | R jmﬁ'

514



3.2 2.3 dx
1| === dx; 2. ;
I 2" J.arcsinZX\/l— x°

3. I(xz —x+1)Inxdx; 4, J.Oze‘?X sin4xdx.

6
1+ cos’X arctg *xdx , . z
1. | ———dx; 2. |—==—; 3. |x*sin3xdx; 4. | 2cos’xdx.
I1+c052x -[ 1+ x? I IO cos
7
2 X . Yinx ) 22X - 1 x*dx
1. _[2003 2dx, 2. dex, 3. jx e 'dx; 4. J.01+x6'

8

I(1+2X )dx 2. Ix\/4 x2dx; 3. Ix3exdx 4. dx

X2 (1+x%) 04x% +4x+5

9

(1+x)? i 3% . i3
Ix(1+x )dx 2. .[\/4—3xdx, 3. Jxe dx; 4. jos|n xdx.

10
2
1.jd—xzdx; 2J' (2X S)dx . 3. In_2X X
C0S2X +sinx 2 —3x+1 X
4 Izzx_ldx
Joox+1
11

1. IX;)(de; 2. j de 3. Ixzxdx; 4, jlleogzxdx.

515



12
1. Il+x3 dx; 2. IM 3. Iarcth_dx 4, J'xsmxdx

X+1 X —5x+3
13
1+2X, xdx e dx
1. dx; 2. | -——=; 3. |xarctgxdx; 5 | ——.
I( X ) J‘«3/x4+1 I J 1 xJ1+Inx
14
2 1 ) 1
1. dx; 2. x%dx; 3. Inx)dx; 4. | xe *dx.
J.x ") X; je X jsm(nx) X .[O
15
x'dx 2%dx 1xdx
'[X L J- 3. .[Xcos xdx; 4. j Tox

16

1'IX3;2dX; ) J‘ZX Jarcsin x
\J1-x?

dx; 3. Ixsin X COS XdX;

4. Lm\/x — 2dx.

17
) cos>xdx
L [3(1+2x"-37)dx; 2. [ S
sin
18
_ 2
L IZ cosX dx: 2. jx(l )i)dx; 3. jx“lnxdx;
cos X 1+x

516



1 dx
4, | ———.
J.O 4%* +4Xx+5

19
J‘d_x; 2. J‘ dx 3. jx sinxdx; 4. _[—dX
X“+9 1 X(1+In%)
20
(1++/x)%dx . e" U 12 S
1, IT 2. -[(Z—ex)3 dx; 3. J.7dx, 4. jo cos xdx.
21

arctg X
1+ x°

. X X2 1.
1.J'(S|n—+cosz) dx; 2.[ dx; 3. IxcosBxdx

In8
Lna \/e—+

22
x? « 1
1. IXZ _gdx; 2. Ix(5x—1)19dx; 3. J.xz -e¥dx; 4. joxarctgxdx.

23

I( X+1 2. J.idx; 3. j(l—x)ln xdx;

e’ +1

Larcsin x

I dx.

0 J1+x

517



24

dx =13 Xdx
1 [tgixdx; 2. [————: 3. [ePdx; 4 .
J.g J.X ,1_4|n2x J. J-;zlﬁ COSZX
25
2 2
1. J'X 1dx; 2, ILA 3, Ixzsin2xdx; 4. jl Xd)é.
X+1 cosxtg X 01+ X
26
2
1. J'(3x+«/§—sinx)dx; 2. j@dx; 3. jezxcosxdx;
1 Xdx
o
27
X xdx 2 Xqure
1. Ism de, 2. J.m 3. I(x +2x+1)-e*dx;
b Oy
01+X

=

=

28

x?+2 x%dx . 1 dx
. dx; 2. : 3. |x%-sin2xdx; 4. .
J.x2+1 -[1+x3 I JO e*+1

29

arccos xdx

V1-x?

: Iezx(e‘zx+e‘x)dx; 2. I ;3. J.xz -e¥dx; 4. Lemzxdx.

518



30
J- x*dx
1+x%’

1. I(5c03x+x3—£)dx; 2. 3. jxcostdx;4.
X

zld .
J.O sin 2xdx.

519



~

MAWJTAJTAHBLIF AH 9 IEBUETTEP

Byrpo A.C. DnemeHTsl JHMHEHHOH anreOpsl W aHANUTHYECKON
reomerpun.— M.: Hayxka, 1980.

Byrpos A.C. JduddepeHunanpHoe W WHTETPATbHOE HCUYHCIECHUE.
— M.: Hayxka, 1980.

Temipranues H. MaremaTukanbik aHanu3, 1-2 GemiMaep. AJIMaThL
Mekxkren, 1987.

K.K.Haypriz6aeB, M.E.Bepikxanoa. JKorapel = Maremaruka
ecenrtepi. — Anmatsl: Kaszak yHuBepcuterti, 1-goamrep. 2000.

Afinoc E.OK. JKoraper marematmka (KpickKama Kypc), «Umb-Tex-
Kiram», 2003.

A.ILPsOymko wu nap. VHmuBuAyanbHbIE 3aJaHUs 110 BBICIICH
mareMmatuke, U.1, U.2., Munck «Beimmitmias mkosay, 2002

Aiinoc E.JK., bamsikbaes T.O. MaremaTuka I10HI OOMBIHIIA
KOFapbl OKy OpBIHIApbIHA TYCYLIUIEpPre apHalfaH OKY KYpaubl,
JKIIC PIIBK «oayip», 459 6., Ammartsr 2006.

Kazaxkmra-opeiciia, OppICIIa-Ka3akiia TEPMHHONOTHSIIBIK —CO3MIK:
Marematuka, — «Payan» 6acnacel, Anmater 1999.

520



MA3MYHBI

AJIFBI CO3 ... 3
4. MATEMATHUKAJIBIK AHAJIM3I'E KIPICIIE....................... 6
§ 4.1. /KubiHIap MeH MaTeMATUKAJIBIK JOTHKA

JIEMEHTTEPi. APATBIKTAP. ...occvvereeiiinieiinreree e seeseesnennes 6
4.1.1. MareMaryrka 1moHi. TypaKThl )kKoHE

AHBIMAT ITAMATIAD +.vvvevveerresseeasseesseesseessessssesssessesssesssesssessens 6
4.1.2. XXupHap jkoHE oylapra KOJIAaHbUIAThIH KeHOip amangap ...... 6
4.1.3. Keiibip MaTeMaTHKAJIBIK JIOTHKA CUMBOJIAAPDL. . ..vveivveerveeveenns 11
4.1.4. Kecinai, nHTEpBAN (APAIBIK), IICHEITCH KUBIH ...vvievvee e 13
Kenetimineen canoap ecinoezi HyKMeHiH & MAHAUDBL .................. 15
LUleneneen srcubit. KUbIHHBIY WUEKEPANAPDL .......ccooveeeeeeeeereenne 18
§4.2. DYHKIIHI ......coovieiieiiieiiiesiiesteesteesteesteesseesaeesbessbeesaeesneesnsesneas 21
4.2.1. OyHKIHS KOHE OHBIH OCPLTY TOCUIICPT ..vvvvververveereererieareeenns 21
4.2.2. DNEMEHTAP QYHKITHISIIIAD -.vveerveerueesiresnresnreeseesseesseessneesneeneeees 25
§ 4.3. Canpap Ti30eTiHIH T ...........ocooooirieiie e 30
4.3.1. HakTbl caHziap Ti30€T1 HKOHE OHBIH IIETT .veevveevrrrireriveareeareesns 30
4.3.2. 1lleri 6ap Ti30EKTEPHIH KACHETTEPI . vevveanreerreerieenieesieeanneeseene 35
Haxmul weei 6bap mizbexmepee sxrcacanramovin
APUDMEMUKATOIK AMATOAD ..o 36
4.3.3. AKBIPCBHI3 KIIlIKEHE JKOHE aKbIPCHI3 YIIKCH

TITAMATTAD + e vveeseeeteesteeseeeseeessbeanbeebeesbeeabeessseanneesbeesbeesseesnnesnnes 37
4.3.4. AHBIKTAIMAFAH OPHEKTED. ... everveerrerrersresresseasnesresseensesseesnenseses 39
4.3.5. MOHOTOH/IBI TI30€KTEP. € CAHBL. .....erveveeresreanresiesseereseeannennenns 40
4.3.6. Ti30eKTiH KUHAKTATYBIHBIH KON KPUTEPHHI .....ovveeevenneee 45
4.3.7. Imrizoek. JKoFaprbl )KOHE TOMEHTT HIEKTED ...eveevvererveareennns. 46
§ 4.4. OYHKUMAHBIH HYKTEMETT IHET .....oovvvivieiieiicnie e 48
4.4.1. AHBIKTAMAJIAP MEH TYCIHIKTEP ...vvervverureanreereesieesieesineeneeneee s 48
QyuKyuAHbIH HyKmeoe2l WeiHiH HCANNbL AHLIKMAMACHL ............ 54
4.4.2. eri 6ap QyHKIUASITAPIBIH KACHETTEP] .vvvververvearieierieeneenenns 60
4.4.3. AKBIPCHI3 KillIKiHE JKOHE aKbIPCHI3 YIKEH QYHKLIUSIAD ......... 63
§ 4.5. OyHKUUAIAPABIH Y3WTICCI3MITT......ovvvi 67
§ 4.6. TAMAIIIA IIEKTEP......ccueeviriiniiriieiieienieeie st ee e 71



§ 4.7. AKBIpCHI3 KillIkeHe JKIHe aKbIPChI3 YJIKEH

IAMATAPABI CATTBICTBIPY ...ooovvierieiieirieieenrenreesreesreesree e 77
§ 4.8. Y3inic HyKTeJiepi :KaHe 0JaPABIH TYPIAEPI .....oovvvvvvrvraninen, 81
§ 4.9. Kecinaine y3inicciz pyHKIus1apAbIH KACHETTEPI. ............. 85
4-tapay. CypakTap MEH TATICHIPMATIAD «...ceverveererreesresresseesresseesnensenes 89
5. BIP AMHBIMAJIJIbI ®YHKIASJIAPIBIH,
JUOPEPEHHUAJABIK ECENITEYJIEPL............cooooviiinn 94
§ 5.1, TYBIHABL. .....ccuviiiiiiiieiiieee ettt bbb s ne e 94
5.1.1. AHBIKTaManap MEH aJFAIIKBl TYCIHIKTED «..vvoverrerreerrerreaeennens 94
5.1.2. TysIHABIHBIH MEXaHUKAIBIK )KOHE T€OMETPHSIIBIK

MAFBTHAITADBL ...ttt sieesstesibeesbeesseesteesssessseabeesbeesseesnnesnnesnnes 96

Kocvimuia Mamepuan .................cccooeivcviiiiniiiiiciiinn 100
5.1.3. TybIHABIHBI OHBIH AHBIKTAMACHI APKBUTBI €CETITEY ...eovvvervrnnne. 103
5.1.4. InddepeHINATTAY EPEIKEITCPT -.vververrrrrrirrrieerieesieesieesieesireannes 105
5.1.5. T'unepbonanbik GpyHKIHATIAP JKOHE ONapIBIH

TYBIHABITAPBL ..veeveeareiretsereeneesreesseesiee e s eneesneesnessnneeneennee e 108
5.1.6. Kepi QYHKIHS TYBIHIBICHI ... veeveeteesireaieeaneesseesieesieesaeesnnesnnes 111

TYBIHOBLIAD KECHECT «...vveveeii et 114

5.1.7. ITapameTp apKbUTbI OepisireH QYHKIUS KOHE OHBIH
TYBIHABICHL. AWKBIH eMec TypAe OepiireH

(OYHKIUSTHBIH TYBIHIIBICHI .....vveeuviestiesteesueesieesinesnnesseesseesseessnens 114
§ 5.2. OyHKUHSA THPDEPEHIHMATIBE ... 116
§ 5.3. Korap¥bl peTTi TybIHABLIAP MeH TuddepeHuHATAAD ...... 119
5.3.1. JKOFapFbI PETTI TYBIHABLIAD ....ccvveveeirinireaneenteesieesieesinesnnesnnes 119
5.3.2. AprymenTi Tayenci3 QyHKIUSIapABIH KOFAPFbI
PETTI TADQDEPEHIIHATIBI .....cevveeevereeeteesresieeseesteseesresseenesseennesnesneennesees 121
§ 5.4. TybiHABLIAPHI 0ap PyHKOHUAIAP TYpajbl TeopeMajap.....123
Kpumuxaneix nyxkmenepoeai (hyHKYUAHBIY CURAMBL .........cueenee.n. 132
§ 5.5. JIOMUTATD €PEIKECH. ........ooviiiieiieiriiiie e 134
§ 5.6. TeHT0P POPMYTACDI.......ocvvivirriiieiriiieeeresee e 138

§ 5.7. Herisri 3sieMenTap pyHKUMSIIAPABIH
MaKJIOPEH QPOPMYJIACBI ......cooivviiiriiiriienrie e 143



CypakTap MCH TATICBIPMAIIAD ...vveerureresererssreesieeesseeesseesnseeensns 145
6. DYHKIHUSAJIAPAbI TYBIHABIJIAP APKbLJIbI

BEPTTEY ..ot 147

§ 6.1. @yHKUUIAPABIH JOKAJBAIK (TOHIPEKTIK)

IKCTPEMYMACPH ... 147
OYHKIUSHBIH KECIHIACTI €H YIIKSH KOHE €H Killli MOHAEPI ...... 152
§ 6.2. @ynkuusiHbIH A6HecTiri. Uity HyKTeJIepi. ......c.cccoovenennee. 152
§ 6.3. @ynkuust rpapuUriHiH ACHMITOTATAPDI ......c.vvrvveieiieniennenn, 157
§ 6.4. DyHKUUSHBI 3ePTTEY KIHE OHBIH IPAQUIiH caly.............. 160
CYpaKTap MEH TATICBIPMATIAD -....c..veeureesreesseessrsannesseesseesseesseesnnessnesnnes 163
7. AHBIKTAJIMAFAH UHTETPAJLIAP ..o 164
§ 7.1. AubiKkTaamaran unTerpai. Uarerpangap kecreci............. 164
§ 7.2. THTErpamaay ICTePI.......coovverrieiiiiiiiiiie et 170
7.2.1. AFIHBIMAT QYBICTBIPY OMICI..eeuvervrareererreeeesresieesresseenreseessnennesns 170
7.2.2. BOMIKTEN MHTETPATTAY OJIICT .vevverreererreeeerresiesresieereseeesnennenns 174
7.2.3. PariioHaI OOMIMIEKTEP I MHTETPATIIAY . ...vveerveerreereeeseeeseresnresnnes 179
7.2.4. Keitbip uppanroHal QyHKIAIAPIBI HHTETPATAAY ......ovvene.. 182
§ 7.3. TpuronoMeTpusabIK GYHKIUAIAPALI HHTETPANIAY ......... 185
7-tapay. CypakTap MEH TATICHIPMATIAD «...ee.verreerreresneesresreesressessnennenes 190
8. AHBIKTAJIFAH UHTEIPAJL..........ccccooiiiiie e 192
§ 8.1. AHBIKTaJIFAH HHTETPaJI YFbIMbIHA JKeJIETiH ecenTep.

AHBIKTAJIFAH HHTETPAJ KdHE OHBIH KACHETTEPI................ 192
8.1.1. 'eoMeTpHUSIBIK XKoHE (DU3MKAIIBIK ECEITEeP.

AHBIKTAIIFAaH HHTETPATT AHBIKTAMACHI ...vveevveeenveeaireesireeeseneenens 192
8.1.2. AHBIKTAIIFaH WHTETPAILAAPABIH KACHETTEP. ecuveeveereverirerirennes 198
8.1.3. MHTerpanipiH )KOFapFhl MIETi apKbLTBI

TYBIHIBL QITY .vtuveesveesseesieesiressnessseesseesseessesasneasneesreesseessnesnnesnns 205
8.1.4. Hrroron-JleiiOHu1 GopMyIachbHbIH aHBIKTaFaH

MHTETpAIAAp/bl ECENTEYTe KOMTAHBUIYBL. ....ccuvieviereeerieeneneane 209

§ 8.2. MeHuikci3 uHTErpanaap, KacueTTepi ;koHe

523



SKMHAKTBITBIK O€ITIIEPI .....oovvvieiiiiiiiic e 215
8.2.1. bipinmi »oHe eKiHII TeKTI MEHIIIKCI3 HHTETPATIAP. .«........... 215
8.2.2. MeHIIIKCi3 HHTerpaIiapablH KUHAKTHLIBIK OCIT1IEDI . .......... 220
8.2.3. MeHIIIiKCi3 HHTErpaaaapAblH KUHAKThUIBIFBIHBIH

Hupuxine 6enrici. Epexmienikrepi OipHele HyKTene

0O0JATBIH MEHIIIKCI3 HHTETPAIITAD . vevverereerresresseesnesseesnennenns 225
§ 8.3. AHBIKTAJFaH MHTETPAJABIH KOMAAHBIIYBL........ccvevveeniennenn. 229
8.3.1. KHCBIK JOFACHIHBIH Y3BIHIBIFBL. . veeveeitreireaseesseesieesseessnessesnees 229
8.3.2. XKa3bIK QUTYPA AYTTAHBL ......eeeuvereeereenrenreeeesreseesresreenesresseennees 236
8.3.3. AWHATY MEHECTHIH KOMEMI ...euvevieienieneeanientesiiesiesieeieseeeseeneenes 240

CypakTap MEH TATICHIPMATIAP ...cvveervveeerreerereeesreesseenenens 242

@OyHKIUAHBIH 1Ieri, y3iaiceizairi

AA-YT o 245
4.1-Y'T WIBIFAPY YIITICT..ceivieveeterieeeete et 256
A.2-YT e 259
4.2- YT IIBIFAPY YIITICH . eevviiuiiaieestiesieesieesine st e reesteesbeestee e esneeneee e 266
TybIHABI
D - Y T 268
5.1-YT WIBFAPY YITICH c.eveeveiireiieeieeiieeieetesiee e siee e 283
O.2-YT o 288
5.2- YT HIBIFAPY YIITICT +euvveveiririieieiiresiesiesieeiesre e nne e 300
0. 3-Y T 302
5.3- YT HIBIFAPY YITICT «eevvvieiiaiiieiie it 311
DyHKUMSHBI TYBIHABI APKbLIBI 3€PTTEY
B. 1= T o 315
6.1- YT IIBIFAPY YITICI..cveeiuviiiiiiitietiesiee sttt et 323
AHBIKTAJIMaFaH HHTErpajijiap
T LY T 330
7.1-Y T-IIBIFAPY YIITIIEPI «eevveirirnreenreeieesteestee e eteesseeseeesieesenesnnesnnas 345
T 2-Y T e e 349
7.2-YT WIBIFAPY YITIIEPT «uvevieviirieiiesiesieeiesieeiestesee et e see e 375
7. 3-Y T e 380
7.3-YT IIBIFAPY YITIIEPT «ovveveeeiireiieesrisieeresne e nne e 395
TA-YT e e 398
7.4-YT IIBIFAPY YITUIEPI.cc.veiveeeiireeieesresreeresreeeesresee e eneenne e 427



AHBIKTAJIFaH HHTerpagsgap

B LY T ittt re e 433
8.1-YT IIBIFAPY YITIIEPI «uvevrerviriaiiesiesieeiesieeeesieseesiesseeieseesseenee e 454
B 2-Y T e 459
8.2-YT HIBIFAPY YITIIEPT «ouveveerriirieiresiesieeresneeresresee s snee e nne e 466
B 3-Y T et re e 469
8.3-YT IIBIFAPY YITIIEPI «.vveviervivirieesiesieeiesieeeestesee e stee i e s e 481
Bakbliay AKYMBICBIHA APHAJFAH €CEITEP ...cocvvvrvrrirereireeneeness 485
QYHKIUAHBIH TIeT1, Y3UTICCI3Airi. 1 6aKpUIay KYMBICHL.................... 485
QOYHKIHSHBIH TYBIHABICHL. 2 OAKBITAY JKYMBICHI ....ccvvveeeireaneeeeeenes 505
WnTterpangpik ecenteynep. 3 0AKBUIAY HKYMBICHI .....ccveeerrerrereenees 514
[NafAaanaHbUIFAH QMEOMETTED ..veccveereereerreareesersresseessesseesseesseessnes 520

525



Epxkapa Koaabi0aiiy/ib
Alpgoc

KOT'APbI
MATEMATHUKA-II

ISBN (x.2)
ISBN

Bacyra 2015 >xp1161 KOJT KOMBIIIBL.
Dopmarst 60x84 1/16. Kenewmi 33 6acna Tabak.
Times rapuurypacsl. OdcerTik 6achuTbiM.
Tanceipeic Ne . Tupaxsr — 1000 nana.

«bacray» Gacmacer
Mewmunekertik sunensus — Ne 0000036
KP binimM >koHE FBUIBIM MHUHUCTPIIITI.

KP ¥aTTBIK MEMIIEKETTIK KITall ITajJaTachIHbIH
XaJIBIKApaJbIK KoJ Oepy Typansr Nel55 —
978-601-281 ceptudukaTs.

Kasakcran PeciyGnukace!l ¥ ITTBIK OM3HEC-pPEHTHHTIHIH
«JTunmep otpaciu — 2015» YATTHIK cepTH(UKATHI.
Anmatsl Kanackl, Ceitdymmn naarbuibl, 458/460-95.
Ten.: 279 49 53,279 97 32.

«[TomurpadcepBucy bacmaxanaceiHaa 6ackuns (Ten.: 233 32 53).
Aunmarsl Kanacel, 050050, 3enenas kemeci, 13-a.

526



527



