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Preface

Problems worthy of attack,
prove their worth by hitting back.

Piet Hein,
Danish inventor (1905-1996)

Learning how to approach and solve problems is a basic part of any
physics course. It is a highly useful skill in itself, but it is also important
because the process helps bring understanding of the physics.

This book is intended as a complement to any standard calculus-based
general physics course for undergraduate science and engineering majors.
It is not just a collection of problems. Neither it is a kind of a textbook.
The purpose of this book is to show you how to do physics problems. It
will show you how to work the most typical problems and explain why
they are being done the way they are.

The book covers the material that is traditionally called “modern”
physics in English-speaking community—the topics centered on relativity
and quantum physics. These topics usually constitute closing chapters of
most general physics courses. It hardly seems possible to underestimate
these topics in view of their importance for today’s technology and, more
critically, for understanding contemporary world. Many of the ideas of
modern physics are not mathematically difficult. However, they can be
nonintuitive, and we think it is important that students begin to develop
intuition about this material as early as possible.

Each chapter begins with a concise theoretical introduction intended
to remind fundamental concepts and the relevant formulae to the reader.
(By no means this brief discussion of basic ideas is substitute of a regular
text!) Theory is been interwoven with concrete worked Examples. The
Examples follow the development of the theory. They address the needs
of any student who has ever felt that they “understand the concept but
cannot do the problems.” The Examples help students to see how to begin
with a seemingly complex situation, identify the relevant physical concepts,
decide what tools are needed to solve the problem, carry out the solution,
and then evaluate whether the result makes sense.
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The Problems are separated into two categories. The first group of
Problems is organized by section. Section implies a specific topic. Within
each section Problems are arranged in the order of increasing difficulty.
First come Problems that are rather simple, single-concept, designed to
give students confidence. Then follow problems providing more of a chal-
lenge and often the combination of two different concepts, and the most
complex, typically demanding significant synthesis of concepts in the text.
The second group, called General Problems, resembles the situations that
are met in real-life science and engineering. They also help to develop the
student’s appreciation of the links that exist throughout physics as well
as how to approach problems for which the clues may be more obscure.
General Problems also have gradation in difficulty and most difficult of
them are intended to challenge the strongest students.

A few words about uncertainty of physical quantities and significant fig-
ures. No measurement is absolutely precise. There is an uncertainty asso-
ciated with every measurement. Uncertainty arises from different sources.
Among the most important, other than blunders, are the limited accuracy
of every measuring instrument and the inability to read an instrument
beyond some fraction of the smallest division shown. Physical data are
reported with the associated precision, or estimated uncertainty. For ex-
ample, the width of a board might be written as 8.8 £0.1 cm. The 0.1
cm represents the estimated uncertainty in the measurement, so that the
actual width most likely lies between 8.7 and 8.9 cm.

Often the uncertainty in a measured value is not specified explicitly. In
such cases, the uncertainty is generally assumed to be one unit in the last
digit specified. For example if a length is given as 8.8 cm, the uncertainty
is assumed to be about 0.1 cm.

The number of reliably known digits in a number is called the number
of significant figures. Thus there are four significant figures in the number
23.21 c¢cm and two in the number 0.062 cm (the zeros in the latter are
merely place holders that show where the decimal point goes). The number
of significant figures may not always be clear. Take, for example, the
number 80. Are there one or two significant figures? If we say it is about
80 km between two cities, there is only one significant figure (the 8) since
the zero is merely a place holder. If it is exactly 80 km, within an accuracy

7



Preface

of £1 km, then the 80 has two significant figures.! If it is precisely 80 km,
to within £0. 1 km, then we write 80.0 km.

When making measurements, or when doing calculations, you should
avoid the temptation to keep more digits in the final answer than is jus-
tified. For example, to calculate the area of a rectangle 11.3 cm by 6.8
cm, the result of multiplication would be 76.84 cm?. But this answer is
clearly not accurate to £0.01 cm?, since (using the outer limits of the
assumed uncertainty for each measurement) the result could be between
11.2x6.7 = 75.04 cm? and 11.4x6.9 = 78.66 cm?. At best, we can quote
the answer as 77 cm?, which implies an uncertainty of about 1 cm?. The
other two digits (8 and 4 in the number 76. 84 cm?) must be dropped since
they are not significant. As a rough general rule, (i.e., in the absence of a
detailed consideration of uncertainties), we can say that: the final result of
a multiplication or division should have only as many digits as the number
with the least number of significant figures used in the calculation. In our
example, 6.8 cm has the least number of significant figures, namely two.
Thus the result 76.84 cm? needs to be rounded off to 77 cm?.

When adding or subtracting numbers, it is the location of the decimal
point that matters, not the number of significant figures. For example,
the result of adding 123.62 to 8.9 is 132.5 (and not 132.52). Although
123. 62 has an uncertainty of about 0.01, 8.9 has an uncertainty of about
0.1. So their sum has an uncertainty of about 0.1 and should be written
as 132.5.

Sometimes, quantities are assumed to be known exactly, i.e. with an
infinite number of significant figures. For instance, the numbers as 100
centimeters in 1 meter, or 60 minutes in 1 hour are exact quantities by
virtue of their definition. Another examples are mathematical constants
like m = 3.1415926535 ... and e = 2. 718281828 . ... Such quantities do not
affect the accuracy of your calculations that is determined by the quantities
with finite number of significant figures.

Keep in mind when you use a calculator that all the digits it produces
may not be significant. When you divide 2.0 by 3.0, the proper answer is
0.67, and not some such thing as 0. 66666666. Digits should not be quoted

LIf the 80 has two significant figures, some people prefer to write it 80., with a
decimal point. This is not always (or even usually) done, so the number of significant
figures in 80 can be ambiguous unless something is said about it, such as “about” or
“precisely”.
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(or written down) in a result, unless they are truly significant figures.
However, to obtain the most accurate result, you should normally keep
an extra significant figure or two throughout a calculation, and round off
only in the final result. Note also that calculators sometimes give too few
significant figures. For example, when you multiply 2.5 x 3. 2, a calculator
may give the answer as simply 8. But the answer is good to two significant
figures, so the proper answer is 8. 0.

We commonly write numbers in “powers-of-ten,” or “scientific” nota-
tion —for instance 36900 as 3.69 x 10%, or 0.0021 as 2.1 x 1073. One
advantage of scientific notation is that it allows the number of significant
figures to be clearly expressed. For example, it is not clear whether 36 900
has three, four, or five significant figures. With powers of ten notation the
ambiguity can be avoided: if the number is known to an accuracy of three
significant figures, we write 3.69 x 104, but if it is known to four, we write
3.690 x 10%.

We are sometimes interested only in an approximate value for a quan-
tity. This might be because an accurate calculation would take more time
than it is worth or would require additional data that are not available.
In other cases, we may want to make a rough estimate in order to check
an accurate calculation made on a calculator, to make sure that no blun-
ders were made when entering the numbers. A rough estimate is made
by rounding off all numbers to one significant figure and its power of 10,
and after the calculation is made, again, only one significant figure is kept.
Such an estimate is called an order-of-magnitude estimate and can be ac-
curate within a factor of 10, and often better. In fact, the phrase “order
of magnitude” is sometimes used to refer simply to the power of 10.

It is the sincere desire of the author that this book help you to better
understand physical concepts and work the associated problems. Com-
ments and corrections are welcome.

A. Mustafin.



1 Special Theory of Relativity

1.1 Review

An inertial reference frame is one in which Newton’s law of inertia
holds. Inertial reference frames can move at constant velocity relative to
one another; accelerating reference frames are noninertial.

The special theory of relativity is based on two principles: the relativity
principle, which states that the laws of physics are the same in all inertial
reference frames, and the principle of the constancy of the speed of light,
which states that the speed of light in empty space has the same value in
all inertial reference frames.

One consequence of relativity theory is that two events that are si-
multaneous in one reference frame may not be simultaneous in another.
Other effects are time dilation: moving clocks are measured to run slow;
and length contraction: the length of a moving object is measured to be
shorter (in its direction of motion) than when it is at rest. Quantitatively,

i. (1.1)
N
L = Lopy1—v2/c%, (1.2)

where At and L are the time interval and length of objects (or events)
observed as they move by at the speed v, Aty and L are the proper time
and proper length—that is, the same quantities as measured in the rest
frame of the objects or events.

The quantities v/c and 1/4/1 —v2?/¢? in Egs. 1.1 and 1.2 appear so
often in relativity that they are given their own symbols # and - respec-
tively:

At =

1
Ly

In terms of these symbols, we can express Egs. 1.1 and 1.2 as

(1.3)

L
At =~vAty and L= =0
0

10



1.1 Review

Example 1-1. (a) What will be the mean lifetime of a muon as mea-
sured in the laboratory if it is traveling at v = 0.60 ¢ = 1.8 x 108 m/s with
respect to the laboratory? Its mean lifetime at rest is 2.2x107% s. (b) How
far does a muon travel in the laboratory, on average, before decaying?

SOLUTION. (a) If an observer were to move along with the muon (the
muon would be at rest with this observer), the muon would have a mean
life of 2.2 x 107% 5. To an observer in the lab, the muon lives longer
because of the time dilation. From Eq. 1.1 with v = 0. 60 ¢, we have

2.2x10%s  2.2x107°%s
v1—1(0.36¢2)/c? V0.64

(b) At a speed of 1.8 x 108 m/s, classical physics would tell us that
with a men life of 2.2 us, an average muon would travel d = vt = (1.8 X
108 m/s)(2.2x107¢ s) = 400 m. But relativity predicts an average distance
of d = vt = (1.8 x 10® m/s)(2.8 x 1076 s) = 500 m, and it is this longer
distance that is measured experimentally.

Example 1-2. Let’s check time dilation for everyday speeds. A car
traveling 100 km/h covers a certain distance in 10.0 s according to the
driver’s watch. What does an observer on Earth measure for the time
interval?

SOLUTION. The car’s speed relative to Earth is 100 km/h = (1.00 x
10° m/s)(3600 s) = 27.8 m/s. We set Atg = 10.00 s in the time-dilation
formula (the driver is at rest in the reference frame of the car), and then
At is

At = yAty = =2.8x1075s.

10.00 s
V1= (27.8 m/s)2/(3.00 x 108 m/s)2
10.00 s
V1—8.59x 10-15

At = ’}/Ato =

If you put these numbers into a calculator, you will obtain At = 10.00 s,
since the denominator differs from 1 by such a tiny amount. Indeed, the
time measured by an observer on Earth would be no different from that
measured by the driver, even with the best of today’s instruments. A
computer that could calculate to a large number of decimal places could
reveal a difference between At and Atg. But we can estimate the difference

11



1 Special Relativity

quite easily using the binomial expansion,

(I1+z)" = 1+£na,
valid for x < 1. In our time-dilation formula, we have factor (1 — 52) —1/2,
Thus

At

Aty (1- %)% ~ At (1 + 162)

1 27.8m/s \’
10. 14 (2boem/s
(OOOS)< +2(3.00><108m/s>>

10.00 s +4 x 10~ .

Q

So the difference between At and Atg is predicted to be 4 x 10715 s, an
extremely small amount.

Example 1-3. A rectangular painting measures 1.00 m tall and
1.50 m wide. It is hung on the side wall of a spaceship which is mov-
ing past the Earth at a speed of 0.90¢. (a) What are the dimensions of
the picture according to the captain of the spaceship? (b) What are the
dimensions as seen by an observer on the Earth?

SoLUTION. (a) The painting (as well as everything else in the space-
ship) looks perfectly normal to everyone on the spaceship, so the captain
sees a 1.00 m by 1.50 m painting.

(b) Only the dimension in the direction of motion is shortened, so the
height is unchanged at 1.00 m. The length, however, is contracted to

L
L==2=(1.50 m)y/1— (0.90)2 = 0.65 m.
gl

So the picture has dimensions 1.00 m x 0. 65 m.

Consider two reference frames S and S’ which are each characterized
by a set of coordinate axes, Fig. 1.1. The axes x and y (z is not shown)
refer to S and z’ and ' to S’. Now consider an event that occurs at point
P represented by the coordinates z’, ¥, 2’ in reference frame S’ at the time
t’. Since time is assumed to be absolute in Galilean—Newtonian physics,
clocks in the two frames agree with each other and the coordinates of P
in S are given by the Galilean transformation equations:

x=a+vt' y=y

Z:Z/ t:t/ (1.4)

12



1.1 Review

vt X

(@] x O X'

Figure 1.1. Inertial reference frame S’ moves to the right at speed v with respect
to reference frame S.

Now suppose the point P in Fig. 1.1 is moving. Let the components of
its velocity vector in " be u;, = da'/dt’', uj, = dy' /dt', v}, = dz'/dt'. The
velocity of P as seen from S will obey the Galilean velocity transformation

equations:

I ! !/
Up = Uy U Uy =Uy Uy = U, (1.5)

We see that the y and z components are unchanged, but the x components
differ by v.

In the theory of relativity, the Lorentz transformations relate the posi-
tions and times of events in one inertial reference frame to their positions
and times in a second inertial reference frame.

=y +out') y=y

!/
z=2 t:fy(t/_va;). (1.6)
c



1 Special Relativity

Velocity addition also must be done in a special way:

ul, +v
Uy = ——
14+ vul,/c?
u/
S M— 1.7
uy v (1+ vug/c?) D
u/
Uy =

v (1 +wvul,/c?)

Note that even though the relative velocity v is in the x direction, the
transformation of all the components of a particle’s velocity are affected
by v and the x component of the particle’s velocity; this was not true for
the Galilean transformation, Eqs. 1.5.

All these relativistic effects are significant only at high speeds, close to
the speed of light, which itself is the ultimate speed in the universe.

Example 1-4. Derive the length contraction formula, Eq. 1.2, from
the Lorentz transformation equations.

SOLUTION. Let an object of length L be at rest on the x axis in S. The
coordinates of its two end points are 1 and x9, so that o — x1 = Lg. At
any instant in S’ the end points will be at 2} and % as given by the Lorentz
transformation equations. The length measured in S” is L = x4 — x}. An
observer in S’ measures this length by measuring =5, and z} at the same
time (in the S’ reference frame), so t5, = ¢}. Then, from the first of Egs. 1.6,

Lo =29 — 11 =y (24 + vty — x) —vt]).

Since t5 = t, we have
Lo = (23 — 1) =1L,

or
L =
~

which is Eq. 1.2.

Example 1-5. Derive the time-dilation formula, Eq. 1.1, using the
Lorentz transformation equations.

SOLUTION. The time Aty between two events that occur at the same
place (x, = 2}) in S’ is measured to be Aty = t, —¢}. Since z}, = x}, then

14



1.1 Review

from the last of Eqgs. 1.6, the time At between the events as measured in

S is
At = to—t =7 (th+ozh/c® —t] — v /c?)
= 7ty —1y) =7 Ao,

which is Eq. 1.1. Notice that we chose S’ to be the frame in which the two
events occur at the same place, so that } = 2, and the terms containing
x} and z§, cancel out.

Example 1-6. Rocket 1 has speed v = 0.60 ¢ with respect to Earth.
Rocket 2 is fired from rocket 1 with speed u’ = 0.60c. The velocities are
along the same straight line. What is the speed of rocket 2 with respect
to the Earth?

SOLUTION. We take the direction of motion of the two rockets to be
the  (and ') axis. We need use only the first of Egs. 1.7. Then the speed
of rocket 2 with respect to Earth is

u'+v  0.60c+0.60c 1.20c

- - - —0.88c.
1t ow/2 1+ (0.60)2 1.36 ¢

u

(The Galilean transformation would have given u =1.20c¢.)

The theory of relativity has changed our notions of space and time, and
of momentum, energy, and mass. Space and time are seen to be intimately
connected, with time being the fourth dimension in addition to the three
dimensions of space.

The momentum of an object is given by

mv

Y

This formula can be interpreted as a mass increase, where the relativis-
tic mass is

ymv. (1.8)

Myrel = YM (1.9)

and m is the rest mass of the object (v =0).
Mass and energy are interconvertible. The equation

E =mc? (1.10)

15



1 Special Relativity

tells how much energy E' is needed to create a mass m, or vice versa. Said
another way, E = mc? is the amount of energy an object has because of its
mass m. The law of conservation of energy must include mass as a form
of energy.

The kinetic energy K of an object moving at speed v is given by

m02

_ 2 __
K=0=Ume =155

2 (1.11)

— mc

where m is the rest mass of the object. The total energy E is
E =K+ mc® = ymc®. (1.12)

The momentum p of an object is related to its total energy E (assuming
no potential energy) by

E? = p*c? + m?ct. (1.13)

Since the rest mass m of a given particle is the same in any reference
frame, the quantity E? — p%c® must also be the same in any reference
frame. We say that the quantity E? — p?c? is invariant under a Lorentz
transformation.

Example 1-7. A 7% meson (m = 2.4 x 10728 kg) travels at a speed
v =0.80c = 2.4 x 108 m/s. What is its kinetic energy? Compare to a
classical calculation.

SOLUTION. We substitute values into Eq. 1.11

K= (y—-1mc

where 1 1
= = == ].. 67.
Ly 1 —(0.80)2

Then
K = (1.67—1)(2.4 x 107 kg)(3.00 x 10® m/s)? = 1.4 x 107! J.

Notice that the units of mc? are kg - m?/s?, which is the joule. A classical
calculation would give

K = imv? = (2.4 x 10728 kg)(2.4 x 108 m/s)? = 6.9 x 1072 J,

16



1.1 Review

about half as much, but this is not a correct result.

Example 1-8. The energy required or released in nuclear reactions
and decays comes from a change in mass between the initial and final
particles. In one type of radioactive decay, an atom of uranium (m =
232.03714 u) decays to an atom of thorium (m = 228.02873 u) an atom
of helium (m = 4.00260 u) where the masses (always rest masses) given
are in atomic mass units (1 u = 1.6605 x 10727 kg). Calculate the energy
released in this decay.

SOLUTION. The initial mass is 232.03714 u, and after the decay it
is 228.02873 u + 4.00260 u = 232.03133 u, so there is a decrease in
mass of 0.00581 u. This mass decrease, which equals (0. 00581 u)(1.66 x
10727 kg) = 9.64 x 10730 kg, is changed into kinetic energy. Thus

E=Amc* = (9.64 x 107% kg)(3.0 x 10° m/s)? = 8.68 x 107 J.

Since 1 MeV = 1.60 x 10713 J, the energy released is 5.4 MeV.
Example 1-9. When two moles of hydrogen and one mole of oxygen
react to form two moles of water, the energy released is 484 kJ. How much
does the mass decrease in this reaction?
SoLuTION. Using Eq. 1.10 we have for the change in mass Am:

AFE —484 x 103 J

Am=— = = —5.38 x 1072 kg.
e (3.00 x 108 m/s)? 8 &

The initial mass of the system is 0.002 kg + 0.016 kg = 0.018 kg. Thus
the change in mass is relatively very tiny and can normally be neglected.
Conservation of mass is usually a reasonable principle to apply to chemical
reactions.

It is known from the classical theory of waves that the frequency and
wavelength of sound are altered if the source of the sound and the observer
are moving toward or away from each other. There are four different
equations for the Doppler shift depending on the direction of the relative
motion and whether the source or the observer is moving. The Doppler
effect occurs also for light; but the shifted frequency or wavelength is given
by slightly different equations, and there are only two of them, because for
light—according to special relativity—we can make no distinction between
motion of the source and motion of the observer. Recall that sound travels
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in a medium such as air, whereas light does not—there is no evidence for
an ether!

Suppose a source at rest emits light waves of frequency fy and wave-
length \g = ¢/ fo. If the source and the observer move toward each other
with a relative speed v, the observer sees the wavelength A being somewhat
less than Ag:

c—-v 1-p source and observer moving
= oy =0y = ( ). (L4
Vetw N1+p toward each other (1.14)
For relative motion away from each other we have
_ jct+v 1+ source and observer moving
= o c—v Ao \/ 1-p (away from each other ) - (1.15)

In the latter case, visible light will have its wavelength lengthened toward
the red end of the visible spectrum, an effect called a redshift.

1.2 Simultaneity. Time dilation. Length contraction

1-1. Lengths and time interval depend on the factor y/1 — 32 accord-
ing to the theory of relativity (Egs. 1.1 and 1.2). Evaluate this factor
for speeds of: (a) 20000 m/s (typical speed of a satellite); (b) 0.0100¢;
(¢) 0.100¢; (d) 0.900¢; 0.990 ¢; 0.999 c.

SOLUTION.

(

(b) \/1—52 \/1— 0 0100)2 = 0. 99995;
(c) V/1— 2= /1—(0.100)2 = 0.995;
(
(
(

d) /1—p%=,/1—(0.900)2 = 0.436;
e) \/1—B2=1/1-(0.990)2 = 0.141;
f) /1—B2=/1—(0.999)2 = 0.0447.

1-2. A spaceship passes you at a speed of 0.750 ¢c. You measure its
length to be 28.2 m. How long would it be when at rest?

18



1.2 Simultaneity

SOLUTION. You measure the contracted length. We find the rest length
from
Lo

L = —;
Y

28.2m = Lgy/1— (0.750)2,

which gives Lo = 42.6 m.

1-3. A certain type of elementary particle travels at a speed of 2. 70 x
10® m/s. At this speed, the average lifetime is measured to be 4. 76 x 10~6
s. What is the particle’s lifetime at rest?

SoLuTION. We find the lifetime at rest from

At = Y Ato;

4.76x 10705 = Ato ,

\/1 —((2.70 x 108 m/s)/(3.00 x 108 m/s))*

which gives Aty = 2.07 x 1076 s.
1-4. If you were travel to a star 100 light-years from Earth at a speed
of 2.50 x 108 m/s, what would you measure this distance to be?
SOLUTION. You measure the contracted length:

Ly 2.50 x 10® m/s 2
L=20—(1001y)y/1— (22220 WS 5531y,
5 (100 Y)\/ <3.00>< 108 m/s 55.3 ly

1-5. What is the speed of a pion if its average lifetime is measured to
be 4.10 x 1078 s? At rest, its mean lifetime is 2.60 x 1078 s.
SOLUTION. We determine the speed from the time dilation:

At = At

-8
410x 108 = (260x1077s)

-

which gives v = 0.773c.
1-6. Suppose you decide to travel to a star 75 light-years away. How
fast would you have to travel so the distance would be only 25 light-years?
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SOLUTION. We determine the speed from the length contraction:

Lo

v

251y = (751y)v/1— 52,

which gives v = 0.94 c.

1-7. At what speed do the relativistic formulas for length and time
intervals differ from classical values by 1.00 percent? (This is a reasonable
way to estimate when to do relativistic calculations rather than classical.)

SoLUTION. For a 1.00 per cent change, the factor in the expressions
for time dilation and length contraction must equal 1 — 0.0100 = 0. 9900:

L =

1 — 32 = 0.9900,

which gives v = 0. 141 c.

1-8. Suppose a news report stated that starship Enterprise! had just
returned from a 5-year voyage while traveling at 0.84c. (a) If the report
meant 5.0 years of Farth time, how much time elapsed on the ship? (b) If
the report meant 5.0 years of ship time, how much time passed on Earth?

SOLUTION. In the Earth frame, the clock on the Enterprise will run
slower.

(a) We find the elapsed time on the ship from

At = Yy Ato;
Aty

/1 —(0.84)2

5.0yr =

which gives Aty = 2.7 yr.
(b) We find the elapsed time on the Earth from

(5.0 yr)

At =~y Aty = — 22
TR T (0.84)°

=9.2 yr.

1-9. A certain star is 95.0 light-years away. How long would it take
a spacecraft traveling 0.960 ¢ to reach that star from Earth, as measured

LA fictional starship in the Star Trek, a famous science fiction television series of the
late 1960s, that later achieved iconic status as a worldwide television phenomenon.
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by observers: (a) on Earth, (b) on the spacecraft? (c¢) What is the dis-
tance traveled according to observers on the spacecraft? (d) What will the
spacecraft occupants compute their speed to be from the results of (b) and
(c)?

SOLUTION. (a) To an observer on Earth, 95.0 ly is the rest length, so
the time will be

lEarth = % = 859201}3 =99.0 yr.
(b) We find the dilated time on the spacecraft from
At = Aty
99.0 yr = Ato

/1 —(0.960)2
which gives Aty = 27.7 yr.
(¢) To the spacecraft observer, the distance to the star is contracted:

L
L= "% =(95.01y) /T~ (0.960)° =26.6 1y

(d) To the spacecraft observer, the speed of the spacecraft is

L (26.6 ly)
v = A @77 y) =0.960c,

as expected.

1-10. A friend of yours travels by you in her fast sports car at a speed
of 0.660c. It is measured in your frame to be 4.80 m long and 1.25 m
high. (a) What will be its length and height at rest? (b) How many
seconds would you say elapsed on your friend’s watch when 20.0 s passed
on yours? (c¢) How fast did you appear to be traveling according to your
friend? (d) How many seconds would she say elapsed on your watch when
she saw 20.0 s pass on hers?

SOLUTION. (a) You measure the contracted length. We find the rest
length from

4.80m = Lo\/1—(0.660)2,
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which gives Ly = 6.39 m.

Distances perpendicular to the motion do not change, so the rest height
is 1.25 m.

(b) We find the dilated time in the sports vehicle from

At = ’yAto;
Aty

/1 —(0.660)%

20.0s

which gives Aty = 15.0 s.

(¢c) To your friend, you moved at the same relative speed: 0.660 c.

(d) She would measure the same time dilation: 15.0 s.

1-11. How fast must an average pion be moving to travel 15 m before
it decays? The average lifetime, at rest, is 2.6 x 1078 s.

SOLUTION. In the Earth frame, the average lifetime of the pion will be
dilated:

The speed as a fraction of the speed of light is

5 d dJT—3%

cAt c Aty

g - (15 m)y/1 — 32

(3.00 x 108 m/s)(2.6 x 10~8 s)’

which gives v =0.89¢ = 2.7 x 10® m/s.

1.3 Galilean and Lorentz transformations

1-12. Suppose in Fig. 1.1 that the origins of S and S’ overlap at
t =t = 0 and that S’ moves at speed v = 30 m/s with respect to S.
In S’, a person is resting at a point whose coordinates are =’ = 25 m,
y' =20 m, and 2z’ = 0. Calculate this person’s coordinates in S (z, y, 2)
at (a) t =2.5s, (b) t =10.0 s. Use the Galilean transformation.

SOLUTION. With the standard orientation of the reference frames, the
Galilean transformation is

z=x+vt, y=vy, z=7\.
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a) For the given data we have
g
r=25m+ (30 m/s)(2.58) =100 m; y=20m; =z=0.

Thus the coordinates of the person are (100 m, 20 m, 0).
(b) For the given data we have

r=25m+ (30 m/s)(10.0s) =325 m; y=20m; z=0.

Thus the coordinates of the person are (325 m, 20 m, 0).

1-13. Repeat Problem 1-12 using the Lorentz transformation and a
relative speed v = 1.80 x 10% m/s, but choose the time to be (a) 2.5 us
and (b) 10.0 us.

SoLUTION. With the standard orientation of the reference frames, the
Lorentz transformation is

!

=~z —vt), y=vy', z=2
with
_ 1
7 V1—02/c?
1

_ =1.25.
\/1 — ((1.80 x 108 m/s)/(3.00 x 108 m/s))?

(a) For the given data we have
25 m = (1.25) (z — (1.80 x 10% m/s)(2.5 x 107¢ 5))

which gives x = 470 m; y = 20 m; z = 0. Thus the coordinates of the
person are (470 m, 20 m, 0).
(b) For the given data we have

25 m = (1.25) (z — (1.80 x 10% m/s)(10.0 x 107° s)) ,

which gives = 1820 m; y = 20 m; z = 0. Thus the coordinates of the
person are (1820 m, 20 m, 0).

1-14. A person on a rocket traveling at 0.50c¢ (with respect to the
Earth) observes a meteor come from behind and pass her at a speed she
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measures as 0.50c. How fast is the meteor moving with respect to the
Earth?

SoLUTION. We choose the Earth for the S frame and the rocket for the
S’ frame. The speed of the meteor in the S’ frame is 0.50 c. We find the
speed of the meteor in the Earth frame from the velocity transformation:

u'+v  0.50¢+0.50c

= = - 0. 80 .
L+vw//c2 1+ (0.50)2 ¢

u

1-15. Two spaceships leave Earth in opposite directions, each with a
speed of 0.50 ¢ with respect to Earth. (a) What is the velocity of spaceship
1 relative to spaceship 27 (b) What is the velocity of spaceship 2 relative
to spaceship 1?7

SOLUTION. (a) We choose the Earth for the S frame and spaceship
2 for the S’ frame, so v = —0.50¢. The speed of spaceship 1 in the S
frame is 0.50 c. We find the speed of spaceship 1 in S’ from the velocity
transformation:

, u—v  0.50c—(-0.50c¢)

ey R gy g (005 R

u

(b) We could redefine our reference frames, but we know that the ve-
locity of spaceship 2 relative to spaceship 1 must be —0.80 c.

1-16. A spaceship leaves Earth traveling at 0. 71 ¢. A second spaceship
leaves the first at a speed of 0. 87 ¢ with respect to the first. Calculate the
speed of the second ship with respect to Earth if it is fired (a) in the
same direction the first spaceship is already moving, (b) directly backward
toward Earth.

SoLUTION. We take the positive direction in the direction of the first
spaceship.

(a) In the reference frame of the Earth, the first spaceship is moving
at +0.71 ¢, and the second spaceship is moving at +0. 87 ¢ relative to the
first. Thus the speed of the second spaceship relative to the Earth is

u'+v  40.87c+0.7lc

= = :0.98 .
11 ouw/2 1+ (0.71)(0.87) ¢

u

(b) In the reference frame of the Earth, the first spaceship is moving
at 4+0.71 ¢, and the second spaceship is moving at —0. 87 ¢ relative to the
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first. Thus the speed of the second spaceship relative to the Earth is

o +v —=0.87c+0.7lc 0.42
Tlrud/E  1x 070087 ¢

1-17. In Problem 1-12, suppose that the person moves with a velocity
whose components are u, = u, = 25.0 m/s. What will be her velocity
with respect to S? (Give magnitude and direction.)

SoLuTION. With the standard orientation of the reference frames, the

Galilean velocity transformation is

u

U, = u'

/ /
Uy = Uy +V, Uy =U o

y?
For the given data we have
uy =25.0m/s+30 m/s =55 m/s; wu, =25.0m/s; wu,=0.

The magnitude of the velocity is

u=jui+ul= V(55 m/s)2 + (25.0 m/s)2 = 60 m/s.

We find the angle the velocity makes with the z-axis from

_uy 25 m/s
tan = uy  5H m/s

= 0. 455,

so 6 = 24°.

1-18. In Problem 1-13, suppose that the person moves with a velocity
(with a rocket) whose components are u), = u, = 2.0 x 10® m/s. What
will be her velocity (magnitude and direction) with respect to S?

SoLuTION. With the standard orientation of the reference frames, the
Lorentz velocity transformation is

! / /
Uy +V Uy, U,

Uy = Uy = 7(1 T ng/ic2).

TN Yy = v (14 vul/c?)’

For the given data we have

(2.0 x 10°® m/s + 1.80 x 10® m/s)

o (14 (2:0X10° m/s)(1.80 x 10° m/s) !
(3.00 x 10° m/s)?

2.71 x 10® m/s;

Ug
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1.80 x 108 m/s\ >
— (2.0x10° o (XD m/s
ty (2.0 10 m/S)\/ <3.00><108 m/s>

o (1 (2:0X10° m/s)(1.80 x 10° m/5) !
(3.00 x 108 m/s)?
1.14 x 10® m/s;

u, = 0.
The magnitude of the velocity is

u o= \Jul+ud=+/(2.71x 108 m/s)2 + (1.14 x 108 m/s)2

= 2.9x10% m/s.

We find the angle the velocity makes with the z-axis from

Cuy  1.14x10°m/s
= T x10F mys A2
so 6 = 23°.

1-19. A spaceship traveling at 0. 66 ¢ away from Earth fires a module
with a speed of 0.82c¢ at right angles to its own direction of travel (as
seen by the spaceship). What is the speed of the module, and its direction
of travel (relative to the spaceship’s direction), as seen by an observer on
Earth?

SOLUTION. We choose the Earth for the S frame and the spaceship for
the S’ frame. The velocity components of the module in the S’ frame are
uy, = 0, u, = 0.82¢c. We find the velocity components of the module in
the Earth frame from the velocity transformation:

u, +v  04+0.66¢

. = = =0.66¢;
" 1+oul/c? 140 ¢
. 0.82 1—(0.66)2
uy = Ly _ (0829 (0-660° _ o g16c.
v (14 vul/c?) 140

The magnitude of the velocity is

u=y/u2 +u2=1/(0.66c)2 + (0.616c)2 =0.90c = 2.7 x 10® m/s.
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We find the angle the velocity makes with the z-axis from

U 0.616¢
tanf = 2 = =0.
an w 0,660 0. 933,

so 0 = 43°.

1-20. If a particle moves in the zy plane of system S (Fig. 1.1) with
speed u in a direction that makes an angle 6 with the = axis, show that it
makes an angle 6’ in S’ given by

sin 0
tan = —————.
v (cos @ —v/u)

SOLUTION. The velocity components of the particle in the S frame are
Uy = ucos b, u, = usinf. We find the velocity components of the particle
in the S” frame from the velocity transformation:

, Uy — V , Uy

e = 17’011,3;/62; uyzv(l—vuz/CQ)'

We find the angle the velocity makes with the z’-axis from

£

/ . .
, v Uy usin 0 sin 0
tan@’ = —* = = =

L y(ug —v)  y(ucos®—wv)  y(cosf —v/u)

1-21. A stick of length Ly, at rest in reference frame S, makes an
angle 6 with the z axis. In reference frame S’, which moves to the right
with velocity v = vi with respect to S, determine (a) the length L of the
stick, and (b) the angle €’ it makes with the 2’ axis.

SOLUTION. (a) In the frame S’, the z-component of the stick will be
contracted:

L, - Lg cos 0.
v
The y-component is unchanged:
Ly = Lopsing.

The magnitude of the length in S’ is

L = \JL2+12=/(Locos0)? (1 —B2)+ (Losinf)?

Lov/(cos0)2 (1 — 32) 4 (sin )2 = Lg\/1 — B2(cos 6)2.
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(b) We find the angle that the stick makes with the a’-axis from

L ~vLgsin 6
tanf = “¥L = " = ytané.
an L, Lgcost yian
Thus we have
¢ = arctan (v tan6) .

1-22. The scene of action is legendary American Wild West. A mar-
shal riding on a train traveling 50 m/s sees a duel between two men
standing on the FEarth 50 m apart parallel to the train. The marshal’s
instruments indicate that in his reference frame the two men fired simul-
taneously. (a) Which of the two men, the first one the train passes (A) or
the second one (B) should be arrested for firing the first shot? That is, in
the gunfighter’s frame of reference, who fired first? (b) How much earlier
did he fire? (c) Who was struck first?

SOLUTION. (a) We choose the train as frame S’ and the Earth as frame
S. Thus for the two firings we have

Ar=xp—24=50m, and At =tp—1t),=0.
We find the separation of the two firings in the S’ frame from
Az =y(Az’ + v At') = y(Az’ +0),

or

Az’ = —,
Y

which is the contraction of the length.
We find the time interval between firings in the S frame from

v Az’ v Az’ vAzx vAx
Atzv(At’+ > >=7<0+ > >=702 =5

Because Az > 0, we see that At > 0, so B fires after A in the S frame; A
fires first.
(b) The time difference between firings in the Earth frame is
v Az (50 m/s)(50 m)

At = = =2.8x 107" s.
c? (3.00 x 108 m/s)? % >
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(¢) If w is the speed of a bullet in the Earth frame and T represents
the time at which a gunfighter is struck, we have

A A
Ta=221tp and Tp =22 41,
u u

or
Tg — Ty =t4 —tp = —At.

Thus we see that AT < 0, or B is struck first in the Earth frame, as
expected, because A fired first.
In frame S’ we have

vAx v Az
AT/:7<AT— =2 ):7<—At— 2 >

Because At > 0, and Az > 0, we see that AT’ < 0, so B is hit first in the
S’ frame also.

1-23. A farm boy studying physics believes that he can fit a 13.0-m
long pole into a 10. 0-m long barn if he runs fast enough, carrying the pole.
Can he do it? Explain in detail. How does this fit with the idea that when
he is running the barn looks even shorter than 10.0 m?

SOLUTION. To an observer in the barn reference frame, if the boy runs
fast enough, the measured contracted length of the pole will be less than
13.0 m, so the observer can say that the two ends of the pole were inside
the barn simultaneously. We find the necessary speed for the contracted
pole to fit inside the barn from

I Ly pole |
pole ~y )

(13.0 m)\/1 — 32,

10.0 m

which gives v = 0.64 c.
To the boy, the barn is moving and thus the length of the barn, as he
would measure it, is less than the length of the pole:

Liarn = Lobarn /1 — 82 = (10.0 m)/1 — (0.64)2 = 7.7 m.

However, simultaneity is relative. Thus when the two ends are simulta-
neously inside the barn to the barn observer, those two events are not
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simultaneous to the boy. Thus he would claim that the observer in the
barn determined that the ends of the pole were inside the barn at different
times, which is also what the boy would say. It is not possible in the boy’s
frame to have both ends of the pole inside the barn simultaneously.

1.4 Relativistic momentum and mass

1-24. What is the momentum of a proton traveling at v = 0.85¢?

SOLUTION. The momentum of the proton is
(1.67 x 10727 kg)(0.85)(3.00 x 10® m/s)

1 —(0.85)2

p = Ymv=
= 8.1x107" kg-m/s.

1-25. At what speed will an object’s relativistic mass be twice its rest
mass?
SorLuTION. We find the speed from

Mrel = Yy
m
2m = —

V1-=p2
which gives v = 0. 866 c.
1-26. A particle of rest mass m travels at a speed v = 0.20¢. At what
speed will its momentum be doubled?
SOLUTION. For the momentum to be doubled we have

P2 = 2p1;
Yamus = 1(2m)vy;
or
B3 47 4(0.20)?

1-82 1-p¢ 1-(0.20)%

which gives vy = 0.38c.

1-27. (a) A particle travels at v = 0.10¢. By what percentage will
a calculation of its momentum be wrong if you use the classical formula?
(b) Repeat for v = 0.50c.
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SOLUTION. The two expressions for the momentum are

Prel = YMVU,  Pcl = M.

Thus the error is

Prel — Pcl — mv(1752)71/27mv:1—\/1_52

Drel muv (]. — ﬁ2)71/2

(a) For the given speed we have
% =1-1-p2=1-+/1—(0.10)2 = 0.005 = 0.5%.
rel
(b) For the given speed we have
Prel — Pel o 9 _ 5 _ o
Tfl—\/l—ﬂ =1-+4/1-(0.50)2 =0.13 = 13%.
rel

1-28. What is the percent change in momentum of a proton that
accelerates (a) from 0.45¢ to 0.90¢, (b) from 0.90 ¢ to 0.98 ¢?
SOLUTION. The fractional change in momentum is

prop e (L=83) "m0 w1

P1 muy (1 — 32)" 12 Cu/1- 53

(a) For the given speeds we have

— .90¢y/1 — (0.45)2
p2—p1_ 0.90¢ (0.4) ~1=3.1=310%.
p1 0.45¢,/1 — (0.90)2

Note that this is about 3x what use of the classical expression would give.
(b) For the given speeds we have

_ .98 ¢+/T — (0.90)2
p2—p _ 098¢ (0-900 ) _ 14— 140%,
) 0.90¢y/1 — (0.98)2

Note that this is about 1.5x what use of the classical expression would
give.
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1.5 Energy and mass

1-29. A certain chemical reaction requires 4.82 x 10* J of energy
input for it to go. What is the increase in mass of the products over the
reactants?

SoLUTION. We find the increase in mass from

AFE 4.82 % 10%J

Am="—" = =5.36 x 10713 kg.
T2 T (3,00 x 10° m/s)? % &

Note that this is so small, most chemical reactions are considered to have
mass conserved.

1-30. When a uranium nucleus at rest breaks apart in the process
known as fission in a nuclear reactor, the resulting fragments have a total
kinetic energy of about 200 MeV. How much mass was lost in the process?

SoLuTION. We find the loss in mass from

AE (200 MeV)(1.60 x 10~13 J/MeV)
Am=— =
c? (3.00 x 108 m/s)?

=3.56 x 1072 kg.

1-31. Calculate the rest energy of an electron in joules and in MeV
(1 MeV = 1.60 x 10713 J).
SOLUTION. The rest energy of the electron is

E = mc®=(9.109 x 107* kg)(2.998 x 10® m/s)?

8.187 x 1071 J
8.187 x 1071 J = =0.511 MeV.
% 1.602 x 10-13 J/MeV ¢

1-32. Calculate the rest mass of a proton in MeV/c?.
SOLUTION. The mass of the proton is

AE _ mc®  (1.67 x 107°7 kg)(3.00 x 10° m/s)?
2 2 (1.60 x 10-13 J/MeV)c2
939 MeV/c?.

m =

1-33. In 2008, total worldwide energy consumption was about 4. 74 x
102° J. How much mass would have to be converted to energy to fuel this
need?
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SoLUTION. We find the necessary mass conversion from

AFE 4.74 x 10%0 J
Am = — = =5.27 x 10% kg.
" c? (3.00 x 108 m/s)2 x &

1-34. How much energy can be obtained from conversion a 1.0 gram
of mass? How much mass could this energy raise to a height of 100 m?
SOLUTION. We find the energy equivalent of the mass from

E=mc*=(1.0x 107 kg)(3.00 x 10® m/s)? = 9.0 x 10" J.
If this energy increases the gravitational energy, we have

E = Mgh;
9.0x 10 J = M(9.80 m/s°)(100 m),
which gives M = 9.2 x 100 kg.
1-35. Show that when the kinetic energy of a particle equals its rest

energy, the speed of the particle is about 0.866 c.
SoLuTION. If the kinetic energy is equal to the rest energy, we have

K =ymc* — mc? = mc?,

or

1
:7:2
v ﬁ—ﬁz )

which gives v = 0. 866 c.

1-36. At what speed will an object’s kinetic energy be 25 percent of
its rest energy?

SoLUTION. If the kinetic energy is 25% of the rest energy, we have

K =ymc? — mc® = 0.25mc?,

or

which gives v = 0. 60 c.
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1-37. (a) How much work is required to accelerate a proton from
rest up to a speed of 0.997¢? (b) What would be the momentum of this
proton?

SOLUTION. (a) We find the work required from

w

AK =mc* (y—1) = (939 MeV) (1 1)

V1—(0.997)2

= 11.2x10° MeV =11.2 GeV = 1.79 x 1077 J.
(b) The momentum of the proton is

muv (1.67 x 10727 kg)(0.997)(3.00 x 108 m/s)

b= e 1 (0.997)2

= 6.45 x 107 *® kg - m/s.

1-38. Calculate the kinetic energy and momentum of a proton travel-
ing 2.60 x 10% m/s.
SOLUTION. The speed of the proton is

2,60 x 10° m/s

YT 300 105 mfs T
The kinetic energy is
9 1
K = mcef(y—1)=(939 MeV) | ————= -1
1—(0.867)2

= 943 MeV = 1.51 x 1071% J.
The momentum of the proton is

(1.67 x 10727 kg)(2.60 x 10° m/s)
1—(0.867)2
= 8.70x 107" kg-m/s.

p = ymv=

1-39. What is the momentum of a 750-MeV proton (that is, its kinetic
energy is 750 MeV)?
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1.5 Energy and mass

SOLUTION. The total energy of the proton is
E = K +mc® = 750 MeV + 939 MeV = 1689 MeV.
The relation between the momentum and energy is
p262 — E2 _ (ch)Q;
p*(3.00 x 10° m/s)* = ((1689 MeV)* — (939 MeV)?)
x (1.60 x 1071 J/MeV)?,

which gives p = 7.49 x 10719 kg - m/s.

1-40. What is the speed of a proton accelerated by a potential differ-
ence of 95 MV?

SOLUTION. The kinetic energy acquired by the proton is

K =qV =(1¢)(95 MV) =95 MeV.
We find the speed from

K = mc(y-1);

1
(939 MeV) | —-1,
1— 2
which gives v =0.42c.

1-41. What is the speed of an electron whose kinetic energy is 1.00
MeV?
SOLUTION. We find the speed from

95 MeV

K = me(y-1);

100 MeV = (0.511 MeV) [ ——— — 1],
1— B2

which gives v = 0.941 c.

1-42. What is the speed of an electron when it hits a television screen
after being accelerated by the 25000 V of the picture tube?

SOLUTION. The kinetic energy acquired by the electron is

K =qV = (1¢)(0.025 MV) = 0.025 MeV.
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We find the speed from

K = me(y-1);

0.025 MeV = (0.511 MeV) (1 — 1) ,
1-—p2
which gives v = 0. 302 c.

1-43. Two identical particles of rest mass m approach each other at
equal and opposite speeds, v. The collision is completely inelastic and
results in a single particle at rest. What is the rest mass of the new
particle? How much energy was lost in the collision? How much kinetic
energy is lost in this collision?

SOLUTION. If M is the mass of the new particle, for conservation of
energy we have

2(K +mc?) = Mc%
2yme? = M2,
which gives
M = 2ym.

Because energy is conserved, there was no loss.
The final particle is at rest, so the kinetic energy loss is the initial
kinetic energy of the two colliding particles:

Kioss = 2K = (M —2m)c* = 2mc? (y — 1).

1-44. Calculate the speed of a proton (m = 1.67 x 10727 kg) whose
kinetic energy is exactly half its total energy.
SOLUTION. The total energy of the proton is

F = K+ ch;
2K = K+ ch,

which gives K = mc?.
We find the speed from

K =ymc* — mc? = mdé?,
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or

1
V= — =2
V1-—p2
which gives v = 0. 866 c.
1-45. What is the speed and momentum of an electron (m = 9.11 x

103! kg) whose kinetic energy equals its rest energy?
SoLUTION. We find the speed from

K = yme? — mc® = mé?,

or

1
:7:27
Uy

which gives v = 0. 866 c.
The momentum of the electron is

p = ymu=(2)(9.11 x 107*! kg)(0.866)(3.00 x 10% m/s)
4.73 x 107?* kg - m/s.

1-46. Suppose a spacecraft of mass 27 000 kg is accelerated to 0.21 c.
(a) How much kinetic energy would it have? (b) If you used the classical
formula for kinetic energy, by what percentage would you be in error?
SOLUTION. (a) The kinetic energy is

K = mc(y-1)
= % m/s)? .
— (27000 kg)(3.00 x 10 m/s) (m 1)

= 5.54x10" J=5.5x 10" J.
(b) When we use the classical expression, we get

Ko = $mv? = 1(27000 kg) ((0.21)(3.00 x 10% m/s))2 =5.35 x 10 J.

The error is
5.35 —5.54

554 =—0.03 = -3%.
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1-47. Calculate the kinetic energy and momentum of a proton (m =
1.67x 10727 kg) traveling 8.4 x 107 m/s. By what percentages would your
calculations have been in error if you had used classical formulae?

SOLUTION. The speed of the proton is

8.4 x 107 m/s
= X 0280
U3 00x 105 mys T 20

The kinetic energy is

K = mé(y—1)= (939 MeV) <1—(01280)21>

= 39 MeV =6.3x 1072 J.
The momentum of the proton is

(1.67 x 10727 kg)(8.4 x 107 m/s)
1 —(0.280)2
= 1.46 x 1072 kg-m/s = 1.5 x 107' kg - m/s.

p = ymv=

From the classical expressions, we get
Ko = 3mv? = 1(1.67 x 10727 kg)(8.4 x 10" m/s)? = 5.9 x 10712 J,

with an error of
5.9-6.3

= —0.06 = —6%.
6.3 %

p=mv=(1.67 x 10727 kg)(8.4 x 107 m/s) = 1.40 x 10~ kg - m/s,

with an error of
1.40 — 1.46

116 =—0.04 = —4%.

1-48. The americium nucleus, 232 Am, decays to a neptunium nucleus,

23TNp, by emitting an « particle of mass 4.00260 u and kinetic energy
5.5 MeV. Estimate the mass of the neptunium nucleus, ignoring its recoil,

given that the americium mass is 241. 05682 u.
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1.5 Energy and mass

SOLUTION. If we ignore the recoil of the neptunium nucleus, the in-
crease in kinetic energy is the kinetic energy of the « particle, which equals
the loss in mass:

Ka = (mAm* (mNp+ma))CQ;
5.5 MeV = (241.05682 u — (mxp + 4.00260 u)) ¢*(931.5 MeV /uc?),

which gives my, = 237. 04832 u.

1-49. An electron (m = 9.11 x 1073! kg) is accelerated from rest
to speed v by a conservative force. In this process, its potential energy
decreases by 5.60 x 1074 J. Determine the electron’s speed, v.

SOLUTION. The increase in kinetic energy comes from the decrease in
potential energy:

K = —AU=mc(y-1);
—(=5.60x 1071 J) = (9.11 x 1073 kg)(3.00 x 10® m/s)?

X (1 — 1> ,
-7

which gives v = 0.804 c.

1-50. Make a graph of the kinetic energy versus momentum for (a) a
particle of nonzero rest mass, and (b) a particle with zero rest mass.

SOLUTION. On Fig. 1.2 the required graphs are drawn in dimensionless
coordinates (£ = p/mc, n = K/mc?).

(a) For any m > 0 the kinetic energy obeys the general equation

K = \/p*c2 + (mc?)2 — mc®.

In particular, when p < mc we get the classical-limit relationship

2
K%p—.
2m

(b) For zero rest mass (m < p/c) the general equation becomes

K = pe.
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K/mc?

7]::

Figure 1.2. Problem 1-50.

1-51. What magnetic field intensity is needed to keep 900-GeV pro-
tons revolving in a circle of radius 1.0 km (at, say, the Fermilab syn-
chrotron)? Use the relativistic mass. The proton’s rest mass is 0.938
GeV/c? (1 GeV =10% eV.)

SOLUTION. The total energy of the proton is

E =myac® = K +mc® =900 GeV +0.938 GeV = 901 GeV,
so the relativistic mass is 901 GeV/c?. We find the speed from

Myrel = 7YMJ
901 GeV/c* = ~(0.938 GeV/c?),

which gives
v = 960. 6,

sov~1.00c.
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1.5 Energy and mass

The speed is constant so the relativistic mass is constant. The magnetic
force provides the radial acceleration:

B = mrel/U27
r
or
g - Mwev _ymv (960.6)(1.67 x 10727 kg)(3.00 x 108 m/s)
qr qr (1.6 x 10719 C)(1.0 x 103 m)
= 3.0T.

1-52. A negative muon traveling at 33 percent the speed of light
collides head on with a positive muon traveling at 50 percent the speed
of light. The two muons (each of mass 105.7 MeV/c?) annihilate, and
produce how much electromagnetic energy?

SOLUTION. Because the total energy of the muons becomes electro-
magnetic energy, we have

E = Ki+mcd+Ky+mad? = 'ylmc2 + 72m02

_ 105.7 MeV n 105.7 MeV — 934 MeV.

V1-1(0.33)2  /1—(0.50)2

1-53. Show that the energy of a particle of charge e revolving in a
circle of radius r in a magnetic field B is given by E (in eV) = Brc in the
relativistic limit (v = ¢).

SOLUTION. The magnetic force provides the radial acceleration:

2
qu _ MyrelV 7
r
or
qBr FE
Mpel = —— = -
v c
With v = ¢, and ¢ = 1 e, we get
1)Brc?
EeV) = )Bre = Bre.
c

Note that the relativistic mass is constant during the revolution.
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1-54. Show that the kinetic energy K of a particle of rest mass m is
related to its momentum p by the equation

VK? 4+ 2Kmc?

Cc

SoLUTION. The total energy is
E = K +mc?
and is related to the momentum by
E? = p* + m?c* = (K + mc?)? = K2 + 2Kmc* + m?c?,

which gives

p262 =K?+ 2Km62,
or
VEK? +2Kmc?

c

1-55. (a) In reference frame S, a particle has momentum p = p,i
along the positive x axis. Show that in frame S’, which moves with speed
v as in Fig. 1.1, the momentum has components

/ UE /
pz:’y pa:_CT ) py:py7
Pl = D2, E'=~(E —pgv).

(These transformation equations hold, actually, for any direction of p.)
(b) Show that p,, py, p., E/c transform according to the Lorentz trans-
formation in the same way as z, y, z, ct.

SOLUTION. (a) We let m be the mass of the particle. Its velocity has
an x-component only, u;, so its momentum components in frame S are

My

=, = O7 == O
The energy of the particle in frame S is
mc?

E=K+md =

V1i—u2/c®

42



1.5 Energy and mass

The velocity in frame S’ is

U = Uy — U U —
Tl —wugv/c2 Y

so the particle’s momentum is

’
/ mug,

Py = ————, p,=0=1p,, p, =0=p..
A1 —u'?/c2

If we consider the denominator, we have

_ ﬁ — 1— (uz —v)?
2 (1 —uyzv/c?)?c?
V(= uzv/c2)? — (u2 = 2uzv + v2)/c2
1 —wuzv/c?

B 2u,v ULV 2 Ug\2  2ugv v\ 2
= %— = (x) - (2) = -()
Uy 1
% (17 c? >
(1 —ui/c?)
v (1 —ugv/c?)’

When we use this and the velocity transformation in the expression for the
momentum, we have

, mul, B ym(ug — v)(1 — uzv/c?) MUy — U

Y ey R T N

vE
v Pz—? .

For the transformation of the energy we have

B mc yme?(1 — ugv/c?) me? — mugv
= = :’}/
1—w?/e? VI1—u2/c? V1—u2/c?
x

= y(E —pyv).
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(b) The transformations are

/ v / !/ ! vr
xzv(x—fct), Yy =y, Z =z, ct:'y(ct——);
c

, vE , , E E  vpg
pz:’}/ p.L_E; ) py:py7 pz:p27 — =9\

Thus we see that p,, py, p., E/c transform in the same way as z, y, 2, ct.

1.6 Doppler shift for light

1-56. A certain galaxy has a Doppler shift given by fo — f = 0. 797 fy.
How fast is it moving away from us?
SOLUTION. For a source moving away from us the Doppler shift is

CcC—7v
f:fO\/C+v~

Thus we have

fo—f _ {— 1-5
fo 1+ 87

_ . 1=5B

0.797 = 1 155

which gives v = 0.921 c.

1-57. A quasar emits familiar hydrogen lines whose wavelengths are
3.0 times longer than what we measure in the laboratory. (a) What is the
speed of this quasar? (b) What result would you obtain if you used the
“classical” (non-relativistic) Doppler shift?

SoLuTION. From ¢ = fA, we see that f = f;/3.0, so the quasar is
moving away from us.

(a) For the Doppler shift we have

_ 1-8.
f - fO m7
fo 1-5
ﬁ - fO 1+ﬂ’
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which gives v = 0.80¢.
(b) For the “classical” Doppler shift, the wavelength from the quasar

is

v+c
A= ,
Jo
and the received frequency is
c c
f - X - v+ Cva
foo_
3.0 1+’

which gives v =2.0c.
1-58. A spaceship moving toward Earth at 0.80c¢ transmits radio
signals at 95.0 MHz. At what frequency should Earth receivers be tuned?
SOLUTION. For a source moving toward the Earth the Doppler shift is

c+ v 1—1— 1+0.80
for/ \[75 = (95.0 MHz) |- = 285 MHz.
o o W1 o0 2

1-59. Starting from Eq. 1.15, show that the Doppler shift in wave-
length is AA/A=v/c, if v < c.
SOLUTION. For a source moving away from us the Doppler shift is

1+5

A=doy/15

If v < ¢, we can use the approximation 1/(1 —z) = 1+ x:

Aoy (1+8)2 =X (1+8).
Thus the fractional change is

AN A=)

—= = =1+p-1=4
" " +8 B
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1.7 General problems

1-60. As a rule of thumb, anything traveling faster than about 0.1 ¢ is
called relativistic—i. e., for which the correction using special relativity is a
significant effect. Is the electron in a hydrogen atom (radius 0.5x 1071 m)
relativistic? Treat the electron as though it were in a circular orbit around
the proton.)

SOLUTION. The electrostatic force provides the radial acceleration:

(& muv

Thus we find the speed from

2 (9.0x10° N-m?/C?)(1.6 x 1012 C)?
(9.11 x 10731 kg)(0.5 x 10=10 m) ~

which gives v = 2 x 10° m/s. Because this is less than 0. 1¢, the electron
is not relativistic.

1-61. An atomic clock is taken to the North Pole, while another stays
at the Equator. How far will they be out of synchronization after a year
has elapsed?

SOLUTION. Because the North Pole has no tangential velocity, the
clock there will measure a year (3.16 x 107 s). The clock at the equator
has the tangential velocity of the equator:

(6.38 x 105 m)(27 rad)
(24 1)(3 600 s/h)

vV =TEWw = =464 m/s.

The clock at the equator will run slow:

tequator = tNorthW A INorth (]— - %ﬁg) .

Thus the difference in times is

1 464 m/s 2
tNorth — tequator = INor 8= 1 17 2 \3.00 x 108 m/s
North quat North 387 = (3.16 x 10 S)Q <3.00><108 m/S)

= 3.8x107%s.

1-62. The nearest star to Earth is Proxima Centauri, 4.3 light-years
away. (a) At what constant velocity must a spacecraft travel from Earth
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if it is to reach the star in 4.0 years, as measured by travelers on the
spacecraft? (b) How long does the trip take according to Earth observers?
SOLUTION. (a) To travelers on the spacecraft, the distance to the star

is contracted:
L=1"Lop\/1-p5%2=(4.31ly)y/1— /2

Because the star is moving toward the spacecraft, to cover this distance in
4.0 yr, the speed of the star must be

v L3N A oo B,

t 4.0 yr

which gives v = 0. 73 ¢. Thus relative to the Earth-star system, the speed
of the spacecraft is 0. 73 c.
(b) According to observers on Earth, clocks on the spacecraft run slow:

. _ t _ 4.0 yr _
Bt T 5 /T (0.73)°

Note that this agrees with the time found from distance and speed:

9 yr.

[50P =—=—>"=5.9yr
Earth v 0.73¢ y
1-63. Derive a formula showing how the apparent density of an object
changes with speed v relative to an observer. [Hint: Use relativistic mass.]
SoLUTION. The dependence of the relativistic mass on the speed is

Myel = Y.

If we consider a box with sides xg, Yo, and zg, dimensions perpendicular to
the motion, which we take to be the x-axis, do not change, but the length
in the direction of motion will contract:

r=—.
Y
Thus the density is

2
_mrel_’ym_ Lo

ryz  Toyozo 1 — B2
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1-64. An airplane travels 1500 km/h around the world, returning to
the same place in a circle of radius essentially equal to that of the Earth.
Estimate the difference in time to make the trip as seen by Earth and
airplane observers. [Hint: Use the binomial expansion.

SOLUTION. We convert the speed: (1500 km/h)/(3600 s/h) = 417
m/s. The flight time as observed on Earth is

2rrg 2m(6.38 X 109 m) 4
tEarth = = =90.62x1 .
Earth v 107 m/s 9.62 x 10% s

The clock on the plane will run slow:

tplanc = lEarth V 1- 52 A tEarth (1 - %ﬂ2) .

Thus the difference in times is

1

tRarth — tplanc - tEarth%B2 = (9 62 x 104 S)* <

M17m/s
2

3.00 x 108 m/s
= 9.3x10 %s.

1-65. (a) What is the speed of an electron whose kinetic energy is
10000 times its rest energy? Such speeds are reached in the Stanford
Linear Accelerator, SLAC. (b) If the electrons travel in the lab through
a tube 3.0 km long (as at SLAC), how long is this tube in the electrons’
reference frame?

SOLUTION. (a) We find the speed from

K = me(y-1);

1
10000me® = m02<1_621>,

which gives

V1—/52=1.00x10"%,

£2=1-1.00x1078.

When we take the square root, we get
B=+v1-100x10"8~1-1(1.00x1078) =1—0.50 x 1075,
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Thus the speed is 1.5 m/s less than c.
(b) The contracted length of the tube is

L= Loy1—2=(3.0km)(1.00 x 10*) = 3.0 x 10~* km = 30 cm.

1-66. How many grams of matter would have to be totally destroyed
to run a 100-W lightbulb for 1 year?
SoLuTION. We find the mass change from the required energy:

E = Pt=mc;
(100 W)(3.16 x 10" s) = m(3.00 x 10° m/s)2,

which gives m = 3.5 x 1078 kg.

1-67. What minimum amount of electromagnetic energy is needed to
produce an electron and a positron together? A positron is a particle with
the same mass as an electron, but has the opposite charge. (Note that
electric charge is conserved in this process. See Example 2-8.)

SoLUTION. The minimum energy is required to produce the pair at
rest:

Bmin = 2mc® = 2(0.511 MeV) = 1.02 MeV = 1.64 x 10713 J.

1-68. A 1.68-kg mass oscillates on the end of a spring whose spring
constant is k = 48.7 N/m. If this system is in a spaceship moving past
Earth at 0.900 ¢, what is its period of oscillation according to (a) observers
on the ship, and (b) observers on Earth?

SOLUTION. (a) Because the spring is at rest on the spaceship, its period

m 1.68 kg
T=2 — =2 —— =1.17 s.
Wk TN 8T N/m s

(b) The oscillating mass is a clock. According to observers on Earth,
clocks on the spacecraft run slow:

is

1.17 s
Tgarth = V1 = ————= = 2.68 s.
Barth =1 1 (0.900)2
1-69. An electron (m = 9.11 x 1073! kg) enters a uniform magnetic
field B = 1.8 T, and moves perpendicular to the field lines with a speed
v = 0.92¢. What is the radius of curvature of its path?
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SOLUTION. The speed is constant so the relativistic mass is constant.
The magnetic force provides the radial acceleration:

2
quB = etV
r
or
. Mt mu (9.11 x 1073 kg)(0.92)(3.00 x 10® m/s)

gB  ¢BY1-F  (L6x10-1 C)(1.8 T)y/I _ (0.92)

= 2.2x107° m=2.2 mm.

1-70. An observer on Earth sees an alien vessel approach at a speed
of 0.60¢c. The Enterprise comes to the rescue (Fig. 1.3), overtaking the
aliens while moving directly toward Earth at a speed of 0.90 ¢ relative to
Earth. What is the relative speed of one vessel as seen by the other?

Enterprise
“20.90c
“'=0.60c

Earth
Figure 1.3. Problem 1-70.

SOLUTION. We take the positive direction in the direction of the En-
terprise. In the reference frame of the alien vessel, the Earth is moving
at —0.60 ¢, and the Enterprise is moving at +0. 90 c relative to the Earth.
Thus the speed of the Enterprise relative to the alien vessel is

v+ —0.60c¢+0.90¢

1+vu//2 ~ 1+ (—0.60)(+0.90) ¢

u

Note that the relative speed of the two vessels as seen on Earth is 0.90 ¢ —
0.60c=0.30c.

1-71. A free neutron can decay into a proton, an electron, and a
neutrino. Assume the neutrino’s rest mass is zero, and the other masses
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can be found in the Appendices A and B. Determine the total kinetic
energy shared among the three particles when a neutron decays at rest.
SoLUTION. The kinetic energy comes from the decrease in mass:

K = (mg— (mp+me+m,))c?

= (1.008665 u — (1.00728 u + 0.000549 u + 0))
x ¢ (931.5 MeV/(uc?))
= 0.78 MeV.
1-72. The Sun radiates energy at a rate of about 4 x 10%¢ W. (a) At
what rate is the Sun’s mass decreasing? (b) How long does it take for the
Sun to lose a mass equal to that of Earth? (c) Estimate how long the Sun

could last if it radiated constantly at this rate.
SOLUTION. (a) We find the rate of mass loss from

Am  AE/At  4x10% W

—_— = = = 4 ]. K k .
At c? (3 x 108 m/s)? x 107 ke/s
(b) We find the time from
A . 10% k
At=21 2 598 x 107 ke — 4% 107 yr.

rate (4.4 x 109 kg/s)(3.16 x 107 s/yr)
(¢) We find the time for the Sun to lose all of its mass at this rate from

At=Bm 2.0 x 10% ke =1 %10 yr.
rate (4.4 x 10° kg/s)(3.16 x 107 s/yr)
1-73. An unknown particle is measured to have a negative charge and
a speed of 2.24 x 10% m/s. Its momentum is determined to be 3.07 x
10722 kg - m/s. Identify the particle by finding its mass.
SOLUTION. The speed of the particle is

224 x10° m/s
Y7 3700 x 105 m/s

=0.747c.

We use the momentum to find the rest mass:

p = ymu;
.74 . 108 3
3.07 % 10—22 kgm/s _ m(O 7 7)(3 00 x 10 m/s),
1— (0.747)2
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which gives m = 9.11 x 107! kg. Because the particle has a negative
charge, it is an electron.

1-74. How much energy would be required to break a helium nucleus
into its constituents, two protons and two neutrons? The rest masses of
a proton (including an electron), a neutron, and helium are, respectively,
1.00783 u, 1.00867 u, and 4.00260 u. (This is called the total binding
energy of the $He nucleus.)

SOLUTION. The binding energy is the energy required to provide the
increase in mass:

E ((2mp + 2my) — Mmue) ?
= (2(1.00783 u) + 2(1. 00867 u) — 4.00260 u)
x ¢ (931.5 MeV-u'-c™?))

= 28.3 MeV.

Note that the two electron masses included in the hydrogen atoms and the
helium atom cancel.

1-75. What is the percentage increase in the (relativistic) mass of a
car traveling 110 km/h as compared to at rest?

SOLUTION. We convert the speed: (110 km/h)/(3600 s/h) = 30.6 m/s.
Because this is much smaller than ¢, the relativistic mass of the car is

Myl = ym ~m (1 + 162).
The fractional change in mass is

2
Myel —MM 1p2 1 _ 1 2_1 306H1/b
m = e -1=30 _2(3.00><108m/s

= 5.19x 107" = (5.19 x 107 *)%.

1-76. Two protons, each having a speed of 0.935 ¢ in the laboratory,
are moving toward each other. Determine (a) the momentum of each
proton in the laboratory, (b) the total momentum of the two protons in
the laboratory, and (c) the momentum of one proton as seen by the other
proton.
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SOLUTION. (a) The magnitudes of the momenta are equal:

(1.67 x 10727 kg)(0.935)(3.00 x 108 m/s)
1—(0.935)2

p = ymu=
= 1.32x 10" *® kg -m/s.

(b) Because the protons are moving in opposite directions, the sum of
the momenta is 0.

(¢) In the reference frame of one proton, the laboratory is moving at
0.935 c. The other proton is moving at +0. 935 c relative to the laboratory.
Thus the speed of the other proton relative to the first is

v+u 40.935¢4 (4+0.935¢)

_ - —0.998c.
1+ vu//c2 ~ 1+ (+0.935)(+0.935) ¢

u

The magnitude of the momentum of the other proton is

mu (1.67 x 10727 kg)(0.998)(3.00 x 108 m/s)

b= i-ee” 1— (0.998)2

= 7.45x107"® kg-m/s.

1-77. Show analytically that a particle with momentum p and energy
FE has a speed given by

bc pc
T E /mQCQ—I—pQ.

SOLUTION. The relation between energy and momentum is

E = +/m2ct + p2c? = cy/m3c2 + p2.

For the momentum, we have

FEv
p=ymv=—7,
c

or
pc pc

E - i
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1-78. A slab of glass moves to the right with speed v. A flash light
is emitted at point A (Fig. 1.4) and passes through the glass arriving at
point B a distance L away. The glass has thickness d in the reference frame
where it is at rest, and the speed of light in the glass is ¢/n. How long does
it take the light to go from point A to point B according to an observer
at rest with respect to points A and B? Check your answer for the cases
v=0,n=1, and for v="c.

glass

| .

e
o8]

Ny
Yy

Figure 1.4. Problem 1-78.

SOLUTION. The speed of light in the medium at rest is ¢/n. We find
the speed in the medium according to the observer from the addition of

velocities:
, (e/n)+v  e/n+v  (¢/n)(1+wvn/c)

1+ (¢/n)v/c2 14wv/(en)  14+v/(cn)

The thickness of the glass to the observer is contracted:
d =d+\/1 - 2.
Thus the time for light to go from A to B is

c v’ c c v

% IR (i _ (/90 +v/(cn)))

1+wn/c

L, dm-1)0-HVI-F

c ¢ 1+wn/c
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1.7 General problems

If v = 0, we have

L dn-1) L-d d
+ = + :
c c c (¢/n)

which is the time for light to travel through the air plus the time to travel
through the glass.
If n =1, we have

which is the same as the time in the case where the glass is not present.
If v = ¢, we have
t'==,
c
which agrees with the fact that the velocity ¢ transforms into c.

1-79. Show that the space-time “distance” (c At)?—(Az)? is invariant,
meaning that all observers in all inertial reference frames calculate the same
number for this quantity for any pair of events.

SOLUTION. From the Lorentz transformation we have

, v , VT
xzv(a:—fct), t:’y(t——z)7
c c

Ar' =~ (Az — BcAt), cAt =~ (cAt - BAx).

or

Thus we have

(cAt)? —(Az')? = ~*((cAt)® — 28 Azc At + B*(Ax)?)
— 7% ((Az)? — 28 Azc At + 5% (c At)?)
= 7 ((cAt)? (1- B*) — (Az)* (1 - B?))
= A2 (1- 52) ((cAt)2 — (Ax)2)
= (cAt)* — (Ax)?.
1-80. The fictional starship Enterprise obtains its power by combining

matter and antimatter, achieving complete conversion of mass into energy.
If the mass of the Enterprise is approximately 5 x 10° kg, how much mass
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1 Special Relativity

must be converted into kinetic energy to accelerate it from rest to one-tenth
the speed of light?

SOLUTION. Because the speed achieved is 0.1¢, we can assume the
mass converted is a small fraction of the mass of the Enterprise. We find
the mass converted from

K=mc*(y—1) = Amc?

1
m| ———-—1 = Am,
V1—(0.1)2
which gives
Am = 0.005m = (0.005)(5 x 10 kg) = 3 x 107 kg.

1-81. A spacecraft (reference frame S’) moves past Earth (reference
frame S) at velocity v, which points along the = and 2’ axes. The space-
craft emits light along its y’ axis as shown in Fig. 1.5. (a) What angle does
this light make with the = axis in the Earth’s reference frame? (b) Show
that light moves with speed ¢ also in the Earth’s reference frame (i.e.,
given ¢ in frame S’). (c¢) Compare these relativistic results to what you
would have obtained classically (Galilean transformations).

y | S
Spacecraft
C=C(j
: v
X
S
Earth
c=7
a

X

Figure 1.5. Problem 1-81.
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1.7 General problems

SOLUTION. (a) The velocity components of the light in the S’ frame
are

A [
uy =0, wuy, =c

We find the velocity components in the Earth frame from the velocity
transformation:
ul +v 0+w
ux = = = ’U;
1+u/v/c2 140

Y= i

v (1 +u’zv/02) 140

Uy =
We find the angle the velocity makes with the z-axis from

tana = ¥ — '1_62 =+/pB2

x

«a = arctan (\/6—2 — 1) .

(b) The magnitude of the velocity is

,/uz—i—u2 \/v2+c2 1—> =c.

(c) Classically we have

SO

Uy = U, +v=0+v=n1;

Uy = U, =C.

The angle would be
f = arctan (ﬁ_l) .

The magnitude would be

u=/uz +ud=cy1+p%
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2 Early Quantum Theory and Models of the Atom

2.1 Review

Hot matter in condensed states nearly always emits radiation with a
continuous distribution of wavelengths rather than a line spectrum. An
ideal surface that absorbs all wavelengths of electromagnetic radiation in-
cident upon it is also the best possible emitter of electromagnetic radiation
at any wavelength. Such an ideal surface is called a blackbody. The wave-
length at the peak of the spectrum of a blackbody radiation, A, is related
to the Kelvin temperature T' by

AN = 2.90x 1073 m- K. (2.1)

This is known as Wien’s law.

Example 2-1. Estimate the temperature of the surface of our Sun,
given that the Sun emits light whose peak intensity occurs in the visible
spectrum at around 500 nm.

SOLUTION. Wien’s law gives

C2.90x10%m-K _ 2.90x10%m K

T =
Ao 500 x 10-9 m

~ 6000 K.

Example 2—2. Suppose a star has a surface temperature of 32500 K.
What color would this star appear?
SOLUTION. From Wien’s law we have,

C290x10%m-K  2.90x10° m-K
B T ~ 3.25x10* K

The peak is in the UV range of the spectrum. In the visible region,
the curve will be descending, so the shortest visible wavelengths will be
strongest. Hence the star will appear bluish (or blue-white).

Quantum theory has its origins in Planck’s quantum hypothesis that
molecular oscillations are quantized: their energy E can only be integer
(n) multiples of 2rhif, where h is reduced Planck’s constant and f is the
natural frequency of oscillation:

Ap =389.2 nm.

E = n2xhf. (2.2)
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2.1 Review

This hypothesis explained the spectrum of radiation emitted by (black)
bodies at high temperature. Einstein proposed that for some experiments,
light could be pictured as being emitted and absorbed as quanta (particles),
which we now call photons, each with energy

E = 2rhf. (2.3)

Example 2-3. Calculate the energy of a photon of blue light, A =
450 nm.
SOLUTION. Since f = ¢/\, we have

_ 2mhe  (6.63 x 1073% J-5)(3.0 x 10® m/s)
oA 4.5x10~"m

or (4.4x 10719 J)/(1.6 x 10712 J/eV) = 2.7 eV.

Example 2—4. Estimate how many visible light photons a 100-W
lightbulb emits per second.

SOLUTION. Let’s assume an average wavelength in the middle of the
visible spectrum, A & 500 nm. The energy emitted in one second (= 100 J)

is E = n2whf where n is the number of photons emitted per second and
f =¢/\. Hence

E = 2rhf =4.4x10719 ],

L B Bx (100 J)(500 x 1079 m)
~2rhf  2mhe  (6.63 x 10734 J-5)(3.0 x 108 m/s)

= 2.5 x 10%,

This is an overestimate since much of the 100 J of electric energy input
is transformed into heat rather than light. If the efficiency is between 1
percent and 10 percent, then the number of photons emitted is on the
order of 10'?, still an enormous number.

Einstein proposed the photoelectric effect as a test for the photon the-
ory of light. In the photoelectric effect, the photon theory says that each
incident photon can strike an electron in a material and eject it if it has
sufficient energy. The maximum energy of ejected electrons is then linearly
related to the frequency of the incident light:

21hf = Kmax + Wo, (2.4)

where f is the frequency of the incoming light, K.y is the maximum
outgoing kinetic energy of the electrons, and Wy is the work function.
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2 Early Quantum Theory

Example 2—-5. What is the maximum kinetic energy and speed of an
electron ejected from a sodium surface whose work function is Wy = 2. 28
eV when illuminated by light of wavelength: (a) 410 nm; (b) 550 nm?

SOLUTION. (a) For A = 410 nm,

2mhe

o2rhf = =4.85x 1071 J=3.03 eV.

From Eq. 2.4, Kpnax =3.03eV —2.28 eV =0.75¢eV, or 1.2 x 10717 J.
Since K = %va, where m = 9.1 x 1073! kg,

[2K
v=1/—=5.1x10° m/s.
m

Notice that we used the nonrelativistic equation for kinetic energy. If v
had turned out to be more than about 0.1 ¢, our calculation would have
been inaccurate by more than a percent or so, and we would probably
prefer to redo it using the relativistic form.

(b) For A = 550 nm, 27hf = 3.61 x 10719 J = 2.26 eV. Since this
photon energy is less than the work function, no electrons are ejected.

Example 2—6. In photosynthesis, the process by which pigments such
as chlorophyll in plants capture the energy of sunlight to change CO,
to useful carbohydrate, about nine photons are needed to transform one
molecule of COy to carbohydrate and Os. Assuming light of wavelength
A = 670 nm (chlorophyll absorbs most strongly in the range 650 nm to
700 nm), how efficient is the photosynthetic process? The reverse chemical
reaction releases an energy of 4.9 eV /molecule of COs.

SOLUTION. The energy of nine photons, each of energy 2rhf = 2whe/\
is

(9)(6.6 x 10734 J - 5)(3.0 x 108 m/s)
6.7x 10" m

=2.7x10718 J =17 eV.

Thus the process is (4.9 eV)/(17 eV) = 29 percent efficient.

The photon theory is also supported by the Compton effect (Fig. 2.1).
A single photon of wavelength A strikes an electron in some material,
knocking it out its atom. The scattered photon has less energy (since
some is given to the electron) and hence has a longer wavelength \'. The
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2.1 Review

Figure 2.1. The Compton effect.

difference in wavelength in terms of the scattering angle ¢
AXN=X =X =Mc(1—cosgp), (2.5)
is called the Compton shift. The quantity

onh
Ac = 22— 0.00243 nm

MeC

is the Compton wavelength.

Example 2—-7. X-rays of wavelength 0.140 nm are scattered from a
block of carbon. What will be the wavelengths of X-rays scattered at (a)
0°, (b) 90°, (c) 180°7

SoLUTION. (a) For ¢ = 0°, cosp = 1, and Eq. 2.5 gives ' = A =
0.140 nm. This makes sense since for ¢ = 0°, there really isn’t any collision
as the photon goes straight through without interacting.

(b) For ¢ =90°, cosp = 0, so

N=XA+A=0.140 nm + 2.4 x 107'? m = 0. 142 nm;

that is, the wavelength is longer by one Compton wavelength.

(¢) For ¢ = 180°, which means the photon is scattered backward,
returning in the direction from which it came (a direct “head-on” collision),
cosp = —1, so

N =X+ 2\¢ = 0.140 nm + 2(0.0024 nm) = 0. 145 nm.
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2 Early Quantum Theory

The photon theory is also supported by the observation of electron-
positron pair production: a photon disappears and produces an electron
and a positron.

Example 2—8. What is (a) the minimum energy of a photon that can
produce an electron-positron pair? (b) What is this photon’s wavelength?

SOLUTION. (a) Because E = mc?, and the mass created is equal to
two electron masses, the photon must have energy

E = 2(9.11 x 107* kg)(3.0 x 10® m/s)?
1.64 x 10713 J = 1.02 MeV.

A photon with less energy cannot undergo pair production.

(b) Since E = 27hf = 27hc/ A, the wavelength of a 1.02-MeV photon
is
~ 2mhe (6.6 x 1073 J-$)(3.0 x 10® m/s)

A E 1.64 x 10713 J

=1.2x107"% m,

which is 0.0012 nm. Such photons are in the gamma-ray (or very short
X-ray) region of the electromagnetic spectrum.

The wave-particle duality refers to the idea that light and matter (such
as electrons) have both wave and particle properties. The wavelength of a
material object is given by

A= @, (2.6)
p

where p is the momentum of the object. This is sometimes called the de
Broglie wavelength. The principle of complementarity states that we must
be aware of both the particle and wave properties of light and of matter
for a complete understanding of them.

Example 2-9. Calculate the de Broglie wavelength of a 0.20-kg ball
moving with a speed of 15 m/s. Discuss.

SOLUTION.

_ 2mh _ 2mh 6.6 x10734 J-s

A=——=—= =2.2x10"* m.
»  muv _ (0.20 kg)(15 m/s) % -

This is an incredibly small wavelength. Even if the speed were extremely
small, say 10~* m/s, the wavelength would be about 1072 m. Indeed, the
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2.1 Review

wavelength of any ordinary object is much too small to be measured and
detected. The problem is that the properties of waves, such as interference
and diffraction, are significant only when the size of objects or slits is not
much larger than the wavelength. And there are no known objects or slits
to diffract waves only 1073° m long, so the wave properties of ordinary
objects go undetected.

But tiny elementary particles, such as electrons, are another matter.
Since the the mass m appears in the denominator in Eq. 2.6, a very small
mass should have a much larger wavelength.

Example 2-10. Determine the wavelength of an electron that has
been accelerated through a potential difference of 100 V.

SOLUTION. We assume that the speed of the electron will be much less
than ¢, so we use nonrelativistic mechanics. (If this assumption were to
come out wrong, we would have to recalculate using relativistic formulae.)
The gain in kinetic energy will equal the loss in potential energy, so %va =
eV and

2V [(2)(1.6 x 10-1° C)(100 V) ]
— — = 9. 1 3.
TV \/ 9.1 x 10-31 kg 5:9x 107 m/s

Then

N oo 2 6.6 x1073 J-s
 omwv (9.1 x 10731 kg)(5.9 x 106 m/s)

= 1.2x107°% m =0.12 nm.

Example 2—-11. The wave nature of electrons is manifested in exper-
iments where an electron beam interacts with the atoms on the surface of
a solid. By studying the angular distribution of the diffracted electrons,
one can indirectly measure the geometrical arrangement of atoms. As-
sume that the electrons strike perpendicular to the surface of a solid (see
Fig. 2.2) and that their energy is low, K = 100 eV, so that they inter-
act only with the surface layer of atoms. If the smallest angle at which a
diffraction maximum occurs is 24°, what is the separation d between the
atoms on the surface?

SOLUTION. Treating the electrons as waves, we need to determine the
condition where the difference in path traveled by the wave diffracted from
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Incident
electron
beam

- —
d

o o o o

o o o o

Figure 2.2. Example 2-11.

adjacent atoms is an integer multiple of the de Broglie wavelength, so that
constructive interference occurs. The path length difference is dsin8; so
for the smallest value of § we must have

dsinf = \.

However, A is related to the (non-relativistic) kinetic energy K by

2 2
p (27h)
K = = .
2me  2meA?
Thus
\ 2rh 6.63x 10734 J s
V2moK — /2(9.11 x 1031 kg)(100 eV)(L.6 x 1020 J/eV)

= 0.123 nm.

The surface inter-atomic spacing is

A _ 0.123 nm
sinf = sin24°

= 0.30 nm.
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2.1 Review

Early models of the atom include the plum-pudding model and Ruther-
ford’s planetary (or nuclear) model. Rutherford’s model, which was cre-
ated to explain the backscattering of « particles from thin metal foils,
assumes that an atom consists of a tiny but massive positively charged
nucleus surrounded (at a relatively great distance) by electrons. The two
main difficulties of the Rutherford model are these: (1) it predicts that
light of a continuous range of frequencies will be emitted; (2) it predicts
that atoms in general are unstable—electrons should quickly spiral into
the nucleus.

Figure 2.3. Example 2-12.

Example 2—12. According to the classical physics, a charge e moving
with an acceleration a radiates at a rate
dE 2k e2a?
a3 3

Find the time interval over which the electron in a classical hydrogen atom
will spiral into the nucleus (Fig. 2.3), starting from the Bohr radius rg.

SOLUTION. For a classical atom, the centripetal acceleration is

2 2
v Fooulomb attraction €
aq = — = = ke 3 5
T me T“Me
dE 2k3 €S 9 e?
SO —_ = ~T% 349 and vt = ke .
dt 3 cIrtmg TMe
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2 Early Quantum Theory

On the other hand,

€2 mev? e?

E = _kei = _kei7

r + 2 2r
dE e dr
S0 — = ke—s—.
dt 2r2 dt

Thus we have a differential equation

dr 4k, et
&~ 3 ama 0=

Separating variables we find

T 3 Am2 [
dt = —— e dr,
T = 1 mec? i é

4 \ kee? c

1 0.511 MeV 0.529 x 10710 m)3

2
(
4 (1.44 MeV - 10-15 m> 3.00 x 108 m/s

= 15.5 ps.

To explain the line spectra emitted by atoms, as well as the stability
of atoms, Bohr theory postulated (1) that electrons bound in an atom can
only occupy orbits for which the angular momentum is quantized, which
results in discrete values for the radius and energy; (2) that an electron in
such a stationary state emits no radiation; (3) that, if an electron jumps to
a lower state, it emits a photon whose energy equals the difference between
the two states; (4) that the angular momentum L of atomic electrons is
quantized by the rule

L = nh, (2.7)

where n is an integer called a quantum number of the orbit. The radii of
all possible orbits in an atom with Z protons and a single electron of mass
m and charge e is given by the Bohr formula

h2n? n?

— = 2.8
Zkee2meg A (2:8)

Tn
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where
o Rh? ~(6.58 x 10722 MeV - 5)%(3 x 10% m/s)?
BT (kee)me (1.44 MeV - 10~ m)(0.511 MeV)
= 0.529x107 " m (2.9)

is the Bohr radius.
The n = 1 state in hydrogen is the ground state, which has an energy
(kee?)?me

By = — = = —13.6 eV;

higher values of n correspond to excited states and their energies are

Z2
Ey =~ By (2.10)

Atoms are excited to these higher states by collisions with other atoms or
electrons or by absorption of a photon of just the right frequency.

Wavelengths of the spectral lines emitted by single-electron (“hydro-
genlike”) atoms are given by the equation

L S (1 1Y o)

A 4dmh3c n'2  n?

where n refers to the upper state and n’ to the lower state. In partic-
ular, n’ = 1 corresponds to the Lyman series, n' = 2 to the Balmer
series (Fig. 2.4), and n’ = 3 to the Paschen series. When the constant
Z%(kee?)?me/4Amh3c in Eq. 2.11 is evaluated with Z = 1, it is found to have
the measured value of the Rydberg constant, R = 1.0974 x 10" m~1.

Example 2-13. Determine the wavelength of the first Lyman line,
the transition from n = 2 to n = 1. In what region of the electromagnetic
spectrum does this lie?

SOLUTION. In this case, 2nhf = Ey — E; = 13.6 eV — 3.4 eV =
10.2 eV = 1.63 x 10718 J. Since A\ = ¢/ f, we have

N o= ©_ 2rhe  (6.63 x 107%* J-5)(3.00 x 10°® m/s)
 f Ey—FE; 1.63 x 10-18 J

1.22 x 1077 m = 122 nm,
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T T T T T T T T
= 1 1 1
§ 8 — == 00
S E) A 22 n2
g 8 o @
E © 3 E D
D > o m 04
I n 1 I I I 1 I I I I 1 I I I I 1 I I I I 1 I I I I 1 1
350 400 450 500 550 600 650
A (nm)

Figure 2.4. Balmer series of lines for hydrogen.

which is in the UV region.

Example 2—-14. Determine the wavelength of light emitted when a
hydrogen atom makes a transition from the n = 6 to the n = 2 energy
level according to the Bohr model.

SOLUTION. We can use Eq. 2.11. Thus

% = (1.097 x 10" m~ 1) <411 - 316) =2.44 x 105 m™1.
So A= (2.44x10° m~1)"! =4.10 x 10~7 m = 410 nm. This is the fourth
line in the Balmer series, and violet in color.

Example 2—-15. Determine the maximum wavelength that hydrogen
in its ground state can absorb. What would be the next smaller wavelength
that would work?

SOLUTION. Maximum A corresponds to minimal energy, and thus the
jump from the ground state to the first excited state, 1 — 2, for which
the energy is (—13.6 eV)(272 — 172) = 10. 2 eV; the required wavelength,
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as we saw in Example 12, is 122 nm. The next possibility is to jump
from the ground state to the second excited state, 1 — 3, which requires
(—13.6 eV)(372 —172) = 12.1 eV and corresponds to a wavelength

¢ 2rhe  (6.63x 10734 J-)(3.00 x 10° m/s)

AT BB (12.1eV)(1.60 x 1019 J/eV)

=103 nm.

Example 2-16. Use the Bohr model to determine the ionization
energy of the He™ ion, which has a single electron. Also calculate the
minimum wavelength a photon must have to cause ionization.

SOLUTION. We want to determine the minimum energy required to
lift the electron from its ground state and to barely reach the free state at
E = 0. The ground state energy of He™ is given by Eq. 2.10 with n = 1
and Z = 2. Since all the symbols in Eq. 2.10 are the same as for the
calculation for hydrogen, except that Z is 2 instead of 1, we see that Ej
will be Z2 = 22 = 4 times the E; for hydrogen. That is,

By =4(—13.6 eV) = —54.4 V.

Thus, to ionize the He' ion should require 54.4 eV, and this value agrees
with experiment. The minimum wavelength photon that can cause ioniza-
tion will have energy 2whf = 54.4 eV and wavelength

—34 7. 8
e & 2mhc _ (6.63 x 1073* J-5)(3.00 >(< 10% m/s) 99,8 1m.
f - 2nhf (54.4 eV)(1.60 x 10-19 J/eV)

If the atom absorbed a photon of greater energy (wavelength shorter than
22.8 nm), the atom could still be ionized and the freed electron would
have kinetic energy of its own.

Example 2-17. Estimate the average kinetic energy of hydrogen
atoms (or molecules) at room temperature, and use the result to explain
why nearly all H atoms are in the ground state at room temperature, and
hence emit no light.

SOLUTION. According to kinetic theory, the average energy of atoms
or molecules in a gas is given by

K = 3kpT,
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where kg = 1.38 x 10723 J /K is Boltzmann’s constant, and 7T is the kelvin
(absolute) temperature. Room temperature is about 7' = 300 K, so

K =2(1.38 x 10723 J/K)(300 K) = 6.2 x 10721 J,
or, in electron volts:

— 6.2 x 10721 J
K: = . 4 .
16x10-0 Jjey 04V

The average kinetic energy is thus very small compared to the energy
between the ground state and the next higher energy state (13.6 eV —
3.4 eV =10.2 eV). Any atoms in excited states emit light and eventually
fall to the ground state. Once in the ground state, collisions with other
atoms can transfer energy of only 0.04 eV on the average. A small fraction
of atoms can have much more energy, but even kinetic energy that is 10
times the average is not nearly enough to excite atoms above the ground
state. Thus, at room temperature, nearly all atoms are in the ground
state. Atoms can be excited to upper states by very high temperatures,
or by passing a current of high energy electrons through the gas, as in a
discharge tube.

De Broglie’s hypothesis that electrons (and other matter) have a wave-
length A = 27h/p gave an explanation for Bohr’s quantized orbits by
bringing in the wave-particle duality: the orbits correspond to circular
standing waves in which the circumference of the orbit equals a whole
number of wavelengths.

2.2 Planck’s quantum hypothesis

2—1. How hot is a metal being welded if it radiates most strongly at
440 nm?
SoLUTION. We find the temperature for a peak wavelength of 440 nm:

S 2.90x10¥ m-K  2.90x107% m-K

— =6. 10° K.
A HOx100m _0-P9xd0

T

2—2. (a) What is the temperature if the peak of a black body spectrum
is at 25.0 nm? (b) What is the wavelength at the peak of a blackbody
spectrum if the body is at a temperature of 2800 K7
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2.2 Planck’s quantum hypothesis

SOLUTION. (a) The temperature for a peak wavelength of 25.0 nm is

C2.90x10¥ m-K  2.90x107% m-K

T = = =1.16 x 10° K.
o 95.0 x 109 m 610
(b) We find the peak wavelength from
2.90x 103 m-K  2.90x 1073 m-K i
Ap T = 9800 K =1.04x10" m
= 1.04 pm.

Note that this is not in the visible range.

2—-3. An HCI molecule vibrates with a natural frequency of 8.1 x
10*® Hz. What is the difference in energy (in joules and electron volts)
between possible values of the oscillation energy?

SOLUTION. Because the energy is quantized, £ = n27hf, the difference
in energy between adjacent levels is

AFE 2rhf = (6.63 x 10734 J-5)(8.1 x 10 Hz) = 5.4 x 10720 J

= 0.34 eV.

2—4. Estimate the peak wavelength for radiation from (a) ice at 0°C,
(b) a floodlamp at 3300 K, (c) helium at 4 K, assuming blackbody emis-
sion. In what region of the EM spectrum is each?

SOLUTION. (a) We find the peak wavelength from

2.90x10%m-K  2.90x10° m-K

= = =1.06 x 107°
P T 273 K Eem
= 10.6 pm.
This wavelength is in the infrared.
(b) We find the peak wavelength from
290103 m-K 2.90x1073m-K
- - =8.79x 1077
P T 3300 K wem
= 879 nm.

This wavelength is in the near infrared.
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(¢) We find the peak wavelength from

2.90x 107 m-K  2.90x10%m-K
T - 4K
= 7.25x107* m = 0.73 mm.

Ap =

This wavelength is in the far infrared.

2—-5. Estimate the peak wavelength of light issuing from the pupil of
the human eye (which approximates a blackbody) assuming normal body
temperature.

SOLUTION. We use a body temperature of 37°C = 310 K. We find the
peak wavelength from

2.90x 103 m-K  2.90 x 107% m - K

_ -6
T = 30K =9.4x107" m

Ap =
= 9.4 ym.
2—6. Planck’s radiation law is given by:

drhicc 5

IAT) = e2mhe/ kT _ |

where I(A,T) is the rate at which energy is radiated per unit area of emit-
ting surface in the normal direction, per unit solid angle, per unit wave-
length interval at wavelength A and Kelvin temperature T. (a) Show that
Wien’s displacement law follows from this relationship. (b) Determine the
value of & from the experimental value of A\, 7 = 2.90 x 1073 m-K. (c) De-
rive the Stefan-Boltzmann law (the 7% dependence of the rate at which
energy is radiated), by integrating Planck’s formula over all wavelengths;
that is, show that

/I(A,T) d\ o< T,

SoLuTION. (a) To find the wavelength when I(A,T) is maximal at
constant temperature, we set dI/d\ = 0:

dl d Ahc®\ 70
d\N d\ \ e2mhc/XksT _q
dmc?h (e2he/ks T (21he/kgTA — 5) + 5)
kT A6 (627rhc/kBT)\ _ 1)2

)
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2.2 Planck’s quantum hypothesis

which gives

2mhe
5 _ QWEC/A/{IBT _ 5 — 0
< /\kBT) c ’

or

_ 2mhe — 5o 2mhe/AkpT
AT
This equation will have a solution A\,T" = constant, which is the Wien
displacement law.

5 -

Figure 2.5. Problem 2-6.

(b) To find the value of the constant, we let z = 2whc/(AkgT), so the
transcendental equation is

5—x=>5e".

One way to solve this equation is to plot each side against = (Fig. 2.5).
We see from the plot that the solution is very close to z = 5. If we let
6 =5—1x, we get

5 =565 ~ 5% = 0.034,
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2 Early Quantum Theory

so x = 4.966. Thus we have
2rhe.
$kB '
27h(3.00 x 108 m/s)
(4.966)(1.38 x 10-23 J/K)’

which gives h = 1.05 x 10734 J - s.

AT =

290x103m-K =

(c) For the rate at which energy is radiated per unit surface area for
all wavelengths we have

o0 © 4rhEAT
/O IONT)dA = /O e

If we change variable to @ = 2nhic/AkgT, then d\ = — (27rhc/kBTx2) dz,
so we have

2(kpT)* /°° a3 dx o T4
0

I\,T =
/0 (A, T)dA (2mh)3c? er —1

2.3 Photon theory of light
and the photoelectric effect
2—7. What is the energy range in eV, of photons in the visible spec-
trum, of wavelength 400 nm to 750 nm?
SOLUTION. The energy of the photons with wavelengths at the ends of
the visible spectrum are

2rhe  (1.24 x 10° eV - nm)

B = onhfy = = =3.10 eV,
! mhiv=— (400 nim) ¢
2rhe  (1.24 x 10% eV - nm)
Ey, = 2nhfy= = =1.65eV.
2 mhfz A2 (750 nm) ¢

Thus the range of energies is 1.65 eV < F < 3.10 eV.
2—8. What is the energy of photons (in €V) emitted by an 88.5-MHz
FM radio station?
SOLUTION. The energy of the photon is
E = 2nhf=(6.63x1073"J-5)(88.5 x 10° Hz) = 5.87 x 10726 J
3.67x 107" eV.
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2.3 Photon theory of light

2-9. A typical gamma ray emitted from a nucleus during radioactive
decay may have an energy of 300 keV. What is its wavelength? Would we
expect significant diffraction of this type of light when it passes through
an everyday opening, like a door?

SoLuTION. We find the wavelength from

¢ 2rhe  1.24x10° eV -nm

- = - =4.1x 1073 nm.
T E 300 x 103 oV x o

)\:

Significant diffraction occurs when the opening is on the order of the wave-
length. Thus there would be insignificant diffraction through the doorway.
2—-10. About 0.1 eV is required to break a “hydrogen bond” in a
protein molecule. What are the minimum frequency and maximum wave-
length of a photon that can accomplish this?
SOLUTION. The photon energy must be at least 0.1 eV. We find the
minimum frequency from

Emin = 27Thfmin;
(0.1eV)(1.60 x 10712 J/eV) = (6.63 x 1073* J - 8) funin,

which gives fuin = 2.4 x 10'3 Hz.
The maximum wavelength is

oo ~3.00 x 10°® m/s
T fin 2.4 % 1013 Hz

=1.2x107° m.

2—-11. What minimum frequency of light is needed to eject electrons
from a metal whose work function is 4.3 x 10719 J?

SOLUTION. At the threshold frequency, the kinetic energy of the pho-
toelectrons is zero, so we have

Kmax = 21hf — Wy =0;
2,]Thfmin = WO;
(6.63x 1073 J-8) fmin = 4.3 x1071 J,

which gives fuin = 6.5 x 104 Hz.
2—-12. What is the longest wavelength of light that will emit electrons
from a metal whose work function is 3. 10 eV?
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2 Early Quantum Theory

SOLUTION. At the threshold wavelength, the kinetic energy of the
photoelectrons is zero, so we have

Kpax = 2whf—Wy=0;
2mhe

= W
AII’laX 07

or
- 2mhe 124 % 103 eV - nm

Amax = Wo 3.10 eV
2—-13. The work functions for sodium, cesium, copper and iron are
2.3,2.1,4.7 and 4.5 eV respectively. Which of these metals will not emit
electrons when visible light shines on it?
SOLUTION. The photon of visible light with the maximum energy has
the least wavelength:

=400 nm.

1.24 % 10° eV - 1.24 x 109 eV -
27 frnax = XAO_e = - zogni/ M 310 V.

Electrons will not be emitted if this energy is less than the work function.
The metals with work functions greater than 3. 10 eV are copper and iron.

2—-14. In a photoelectric-effect experiment it is observed that no cur-
rent flows unless the wavelength is less than 570 nm. (a) What is the work
function of this material? (b) What is the stopping voltage required if
light of wavelength 400 nm is used?

SOLUTION. (a) At the threshold wavelength, the kinetic energy of the
photoelectrons is zero, so we have

Kpax = 2whf—Wy=0;
2mhe 1.24 x 10% eV - nm
= = =2.18 eV.
Wo Armae 570 nm 8e

(b) The stopping voltage is the voltage that gives a potential energy
change equal to the maximum kinetic energy:

Kpax = eV =2nhf — Wy;
1.24 x 103 eV -
(Le)Vy = 108 nfnv 9 18eV=2310eV—2.18¢V
= 0.92eV,
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2.3 Photon theory of light

so the stopping voltage is 0.92 V.

2—-15. What is the maximum kinetic energy of electrons ejected from
barium (Wy = 2.48 eV) when illuminated by white light, A = 400 to
750 nm?

SOLUTION. The photon of visible light with the maximum energy has
the minimum wavelength:

1.24 x 103 . 1.24 x 103 .
2 fone = x)\O.eV nm Zo(g)n;\/ nm:3.10 oV

The maximum kinetic energy of the photoelectrons is

Kax =27hf — Wy =3.10eV —2.48 eV =0.62 eV.

2-16. When UV light of wavelength 255 nm falls on a metal surface,
the maximum kinetic energy of emitted electrons is 1.40 eV. What is the
work function of the metal?

SOLUTION. The energy of the photon is

1.24 x 103 eV - nm 1.24 x 103 eV - nm

2rhf = : = SrEp —=4.86eV.

We find the work function from

Knax = 2whf — Wy;
1.40 eV = 4.86 eV — Wy,

which gives Wy = 3.46 V.

2—17. The threshold wavelength for emission of electrons from a given
surface is 350 nm. What will be the maximum kinetic energy of ejected
electrons when the wavelength is changed to (a) 280 nm, (b) 380 nm?

SOLUTION. The threshold wavelength determines the work function:

2mhe 1.24 x 103 eV - nm
WO = p—
Amax 350 nm

=3.54 ¢eV.

(a) The energy of the photon is

1.24 % 10% oV - 1.24 % 103 oV -
orhf = - er o nggnfnv M 4 43 eV.
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The maximum kinetic energy of the photoelectrons is
Kpax =27hf — Wy =4.43 eV — 3.54 eV = 0.89 eV.

(b) Because the wavelength is greater than the threshold wavelength,
the photon energy is less than the work function, so there will be no ejected
electrons.

2—18. A certain type of film is sensitive only to light whose wavelength
is less than 660 nm. What is the energy (eV and kcal/mol) needed for the
chemical reaction to occur which causes the film to change?

SOLUTION. The energy required for the chemical reaction is provided
by the photon:

o 27rhci 1.24 x 103 eV~nm7 1.24 x 103 eV - nm

—1. .
) ) 660 nm 88 eV

Each reaction takes place in a molecule, so we have

(1.88 eV /molecule)(6. 02 x 10?* molecules/mol)
4186 J/kcal

x (1.60 x 1071 J/eV)
= 43.3 kcal/mol.

EF =

2-19. When 230-nm light falls on a metal, the current through a
photoelectric circuit is brought to zero at a reverse voltage of 1.64 V.
What is the work function of the metal?

SoLUTION. The reverse voltage is the voltage that gives a potential
energy change equal to the maximum kinetic energy:

Knax =€eVo = 2whf — Wy,
1.24 x 103 eV - nm _

(1e)(1.64V) = 0

WOv

which gives Wy = 3.75 eV.

2.4 Photons and the Compton effect

2—20. The quantity 27/i/mc, which has the dimensions of length, is
called the Compton wavelength. Determine the Compton wavelength for

78



2.4 Compton effect

(a) an electron, (b) a proton. (c) Show that if a photon has wavelength
equal to the Compton wavelength of a particle, the photon’s energy is
equal to the rest energy of the particle.

SOLUTION. (a) For electron:

—34 7.
2 _ 0.63x 10 7 J s =243 %1072 m.
mee  (9.11 x 10731 kg)(3.00 x 108 m/s)
(b) For proton:
—34 7.
27rﬁ: 6.63 x 10 J-s 139 %105 m.
mpe  (1.67 x 10727 kg)(3.00 x 108 m/s)
(c) For the energy of the photon we have
2mh 2mhy
E =2nhf = e _ UL

A (27h/mc)

2—-21. X-rays of wavelength A = 0. 120 nm are scattered from a carbon
block. What is the Compton wavelength shift for photons detected at
angles (relative to the incident beam) of (a) 45°, (b) 90°, (c) 180°7

SoLUTION. We find the Compton wavelength shift for a photon scat-
tered from an electron:

_ 27h

MeC

A=A

(1 —cosp).

From the previous problem, 27h/mec = 2.43 x 10712 m for an electron.

(a) A, = A =(2.43 x 10712 m)(1 — cos45°) = 7.12 x 10713 m.

(b) A, = A =(2.43 x 10712 m)(1 — cos90°) = 2.43 x 10712 m.
() AL — A =(2.43 x 10712 m)(1 — cos 180°) = 4.86 x 1072 m.

2—22. For each of the scattering angles in the previous problem, deter-
mine (a) the fractional energy loss of the photon and (b) the energy given
to the scattered electron.

SOLUTION. (a) The energy of a photon is
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For the fractional loss, we have

E-E Ax'-XN1 XN-)

E Al DY
For 45° we get
_E r_ —13
E Ea:/\a )\: 7.12x 107 m 590 x 10-3.
E AL 0.120 x 1079 m 4+ 7.12 x 10~13 m
For 90° we get
E-Ef = 2.43 x 10712
b M= 3107~ m =1.98x 1072,
E AL 0.120 x 1079 m + 2.43 x 1012 m
For 180° we get
E—E. A -\ 4.86 x 10~12
c_Ze A - = —3.89 x 102,
E AL 0.120 x 1072 m +4.86 x 10~12 m

(b) The energy of the incident photon is

2mhe _ L.24x 10% eV - nm 1.24 x 10% eV - nm

A A o 0.120 nm
= 10.3 x 10% eV.

E = 2nhf=

From conservation of energy, the energy given to the scattered electron is
the energy lost by the photon:

E—-F

K=E—-F =
E

E.

For 45° we get

_E-E,
- FE

K. E = (5.90 x 1073)(10.3 x 10% eV) = 60.8 eV.

For 90° we get

E—FE
K, = b

E = (1.98 x 107%)(10.3 x 10® eV) = 204 eV.
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2.4 Compton effect

For 180° we get

_E-E

K. I

E = (3.89 x 1072)(10.3 x 10% eV) = 401 eV.

2-23. (a) Show that the fractional energy loss of scattered photons in
the Compton effect can be written as AM/A. (b) Is this an exact expres-
sion? If not, specify what quantity limits the accuracy and what its value
can be so this formula is accurate to 0.1 percent.

SOLUTION. (a) The wavelength shift for Compton scattering is

2rh
N =)= %(1 — cos ).

The fractional energy loss of the scattered electron is

& B 2mheA ™! — 2mheN L N =X Q
E 2mhel 1 TN X
If M ~ ), this is
AE_M
E X

(b) For the approximation to be accurate to 0.1%, we have

AMTI AT N )

= < 0. .
A1 TS 0.001
This can be written as
2h
(1 — cos ) < 0.001 .
me

Thus for a given incident wavelength, this puts a restriction on the scat-
tering angle:
me

2rh

2—24. In the Compton effect (see Fig. 2.1), use the relativistic equa-
tions for conservation of energy and of linear momentum to show that the
Compton shift in wavelength is given by Eq. 2.5.

cosp > 1—0.001
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2 Early Quantum Theory

SOLUTION. For the conservation of momentum, we have

21h 27h

T T—i—O = cosy +pcosf, or
P 2th  27h
cos = — — oS p;
p ;) o8
2wh
y: 0+0 = ;\r/ sinp —psinf, or
. 2rh .
psinf = Y sin .

If we square and add, to eliminate 6, we get

2 (2nh 2+ 2rh\®  2(2rh)? o
=N )\ PSY v

For energy conservation, we have

27h 2mh
S me = 5 4 (po)? + (me)?,

or

2mh 2mh
7; ¥ me? - % =/ (pc)? + (mc?)2.

When we substitute the result from momentum conservation and square,
we get

<2m)2 )+ (%hc)? , 8(rhe)®

A N AN
74m027rhc ~ dme?mhe
A N
2rhc\ 2 orhc\?  8(whe)? 99
= (/\) + ( 7 ) Y cos p + (mc”)*,

which reduces to

™ 2C2
S CT—

AN



2.4 Compton effect

or
2mh

mc

N—\= (1 —cos ).

2—25. In the Compton effect, a 0.100-nm photon strikes a free elec-
tron in a head-on collision and knocks it into the forward direction. The
rebounding photon recoils directly backward. Use conservation of (rela-
tivistic) momentum to determine (a) the kinetic energy of the electron,
and (b) the wavelength of the recoiling photon.

Before After
hci\ mc? Energy hc/N K+mc?
hiIA 0 Momentum  —h/N p
NN O U 6 —

Figure 2.6. Problem 2-25.

SOLUTION. (a) For the conservation of momentum for the head-on
collision, we have (Fig. 2.6)

2LthO:—27ThﬂJ
A N ’
or
2nh 21h
NPT

For energy conservation, we have

2h 2h
7;c+mc2:%C+K+m62.

When we use the result for momentum conservation, we get

_dmhe
DY

K — pc.

The momentum of the electron is related to its kinetic energy:
pec =V K?+2mc?K.
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Thus we have

4h
T C—K:pc:\/K2+2mc2K.

A

After squaring and reducing, we get

4dthe drhe\ 2

2 K = .

(e ) = ()
(0.511 x 10° eV

1.24 x 103 eV - nm K
0.100 nm

1.24 x 10° eV - nm \ >
0.100 nm ’

which gives K = 574 eV.
(b) We find the wavelength of the recoiling photon from

2nthe 2rhe
= - K.
N A ’
) 1 3 . . 3 )
1.24x10° eV -nm _ 1.24 x 10° eV nm—584eV7
N 0.100 nm

which gives ' = 0.105 nm.

2.5 Photon interactions. Pair production

2—26. How much total kinetic energy will an electron-positron pair
have if produced by a 2.84-MeV photon?
SoLuTION. The kinetic energy of the pair is

K =2nhf —2mc* = 2.84 MeV — 2(0.511 MeV) = 1.82 MeV.

2—-27. What is the longest wavelength photon that could produce a
proton-antiproton pair? (Each has a mass of 1.67 x 10727 kg.)

SOLUTION. The photon with the longest wavelength has the minimum
energy to create the masses:

27h
27h fimin = )\ﬂ- ¢ _ 2me?;
(6.63 x 10734 J - 8)

= 2(1.67 x 10727 kg)(3.00 x 10® m/s),

>\max
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2.6 Wave nature of matter

which gives Apayx = 6.62 x 10716 m.

2—28. What is the minimum photon energy needed to produce a pu*—
u~ pair? The mass of each p (muon) is 207 times the mass of the electron.
What is the wavelength of such a photon?

SOLUTION. The photon with minimum energy to create the masses is

27l frnin = 2me? = 2(207)(0. 511 MeV) = 212 MeV.
The wavelength is

124 % 103 eV - nm

= —6 — —15
A= 212 x 106 eV =5.85x107° nm = 5.85 x 10 m.

2—29. A gamma-ray photon produces an electron-positron pair, each
with a kinetic energy of 345 keV. What was the energy and wavelength of
the photon?

SOLUTION. The energy of the photon is

2rhf = 2(K 4+ mc?) = 2(0.345 MeV +0.511 MeV) = 1.71 MeV.
The wavelength is

5\ 1.24 x 10° eV - nm
171 x 106 eV

=7.24x107*nm="7.24x 107® m.

2.6 Wave nature of matter

2-30. Calculate the wavelength of a 0. 21-kg ball traveling at 0. 10 m/s.
SoLuTION. We find the wavelength from

_2rh _2mh _ 6.63x 107 J-s 39%10-® .

A p  mv  (0.21 kg)(0.10 m/s)

2-31. What is the wavelength of a neutron (m = 1.67 x 10727 kg)
traveling at 5.5 x 10* m/s?

SoLUTION. We find the wavelength from

_2rh _ 2nh 6.63 x 10734 J -8

A = =7.2x10""2 m.
p  mv  (L.67x 10-27 kg)(5.5 x 10* m/s) % m

Note that v < c.
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2—32. Through how many volts of potential difference must an electron
be accelerated to achieve a wavelength of 0.28 nm?
SoLuTION. We find the speed from

\ _ o
p mw’
0,98 x 10-9 6.63 x 10734 J - 5
) m =

(9.11 x 103! kg)v’

which gives v = 2.60 x 10° m/s. Because this is much less than ¢, we can
use the classical expression for the kinetic energy. The kinetic energy is
equal to the potential energy change:

eV=K=1imv? = 2(9.11 x 1073 kg)(2.60 x 105 m/s)?
= 3.08x107"® J=19.2eV.

Thus the required potential difference is 19 V.

2—-33. Calculate the de Broglie wavelength of an electron in your TV
picture tube if it is accelerated by 30000 V. Is it relativistic? How does
its wavelength compare to the size of the “neck” of the tube, typically 5
cm? Do we have to worry about diffraction problems blurring our picture
on the screen?

SoLUTION. The kinetic energy is equal to the potential energy change:

K =¢eV = (1¢)(30.0 x 10* V) = 30.0 x 10* eV = 0. 0300 MeV.

Because this is 6% of mc?, the electron is relativistic. We find the momen-
tum from
E? = (K +mc?)? = p?c + m2ct,
or
p’? = K?+42Kmd
p’c? = (0.0300 MeV)? + 2(0.0300 MeV)(0.511 MeV),

which gives pc = 0.178 MeV, or

(0. 178 MeV)(1. 60 x 103 J/MeV) s
_ —9.47 x 1072 kg - m/s.
b 3.00 x 105 m/s % g-m/s
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2.6 Wave nature of matter

The wavelength is

_2mh 6.63x 10734 J 5

A= = =7.0x10"" m.
P 9.47 x 1072 kg - m/s 70X 1077 m

Because A < 5 cm, diffraction effects are negligible.
2-34. What is the wavelength of an electron of energy (a) 10 eV,
(b) 100 eV, (c¢) 1.0 keV?

SOLUTION. Because all the energies are much less than mc?, we can
use K = p?/(2m), so
27h 2rh 27he
A= 20 — = .
P V2mK  V2mc2K
2 1.24 x 103 .
() A = mhe _ x 10° eV - nm —0.39 nm.
V2me2 K /2(0.511 x 106 eV)(10 eV)
2rh 1.24 x 10% eV -
(b) A = = _ - . o =0.12 nm.
V2me2K - /2(0.511 x 106 eV)(100 eV)
(©) A = 2the 1.24 x 10% eV - nm
V2me2K - /2(0.511 x 10% eV)(1.0 x 103 eV)
= 0.039 nm.

2—-35. Show that if an electron and a proton have the same nonrela-
tivistic kinetic energy, the proton has the shorter wavelength.
SoruTioN. With K = p?/(2m), we have
N 2rh  27h
P V2mK
If we form the ratio for the two particles with equal kinetic energies, we
get

>

p Me

Ao Vomy

3

P
Because mp > me, Ap < Ae.

2—-36. Calculate the ratio of the kinetic energy of an electron to that
of a proton if their wavelengths are equal. Assume that the speeds are
non-relativistic.

87



2 Early Quantum Theory

SoruTioN. With K = p?/(2m), we have
_ 2rh _ 2mh

A .
p 2mK

If we form the ratio for the two particles with equal wavelengths, we get

meKe
b)
mp Ky

1:

or
Ko mp  1.67x107%* kg

K, me 9.11x 10731 kg
2—-37. What is the wavelength of an Oy molecule in the air at room

temperature?
SOLUTION. We find the speed from

=1.84 x 103.

%va = %k’BT;
(32 u)(1.66 x 10727 kg/u)v? = 2(1.38 x 10723 J/K)(300 K),
which gives v = 484 m/s. The wavelength is

orh 6.63 x 1073 J -5
A= - =2.6x10"" m.
mu (32 w)(L.66 x 10-27 kg/u)(484 m/s) x m

2—38. A car with a mass of 2000 kg approaches a freeway underpass
that is 10 m across. At what speed must the car be moving, in order for it
to have a wavelength such that it might somehow “diffract” after passing
through this single “slit”? How do these conditions compare to normal
freeway speeds of 30 m/s?

SoruTION. For diffraction, the wavelength must be of the order of the
opening. We find the speed from

\ o h_2mh
p mw’

6.63 x 10734 J .5

10m = )
(2000 kg)v

which gives v = 3.3 x 10738 m/s. Not a good speed if you want to get
somewhere! At a speed of 30 m/s, A < 10 m, so there will be no diffraction.
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2.7 Electron microscopes

2.7 Electron microscopes

2—39. What voltage is needed to produce electron wavelengths of 0. 10
nm? (Assume that the electrons are nonrelativistic.)
SoLUTION. The kinetic energy of the electron is

> (2mh)? (6.63 x 1073* J - 5)2
2m  2mA2  2(9.11 x 10731 kg)(0.10 x 10~9 m)?2
= 2.41x107'7 J =150 eV.

K =

Because this must equal the potential energy change, the required voltage
is 150 V.

2—-40. Electrons are accelerated by 2250 V in an electron microscope.
What is the maximum possible resolution?
SOLUTION. The wavelength of the electron is

@ _ 27h _ 2mhe _ 1.24 x 103 ¢V - nm
P V2mK  V2mK  /2(0.511 x 106 eV)(2250 eV)
= 2.59 x 1072 nm.

A =

If we neglect aberrations, the maximum possible resolution is on the order
of the wavelength: 0.026 nm.

2.8 Atomic spectra. The Bohr model

2—41. For the three hydrogen transitions indicated below, with n being
the initial state and n’ being the final state, is the transition an absorption
or an emission? Which is higher, the initial state energy or the final state
energy of the atom? Finally, which of these transitions involves the largest
energy photon? (a) n=1,n"=3; (b)n=6,n"=2; (c) n=4,n’ =5.

SOLUTION. The energy of a level is

_13.6 eV

E, = .

n

(a) The transition from n = 1 to n’ = 3 is an absorption, because the
final state, n’ = 3, has a higher energy. The energy of the photon is

1 1

> =12.1eV.
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(b) The transition from n = 6 to n’ = 2 is an emission, because the
initial state, n = 6, has a higher energy. The energy of the photon is

1 1

2nhf = —(Ey — E,) = (13.6 V) <22 -5

) =3.0eV.

(¢) The transition from n = 4 to n’ = 5 is an absorption, because the
final state, n’ = 5, has a higher energy. The energy of the photon is

1 1
2rhf = E, — E, = —(13.6 V) =) 0.31 eV.

The photon for the transition from n = 1 to n’ = 3 has the largest energy.

2—42. How much energy is needed to ionize a hydrogen atom in the
n = 2 state?

SOLUTION. To ionize the atom means removing the electron, or raising
it to zero energy:

13.6 eV  13.6 eV
n2 - 922

2—43. The third longest wavelength in the Paschen series in hydrogen
corresponds to what transition?

SOLUTION. From AFE = 27hc/A, we see that the third longest wave-
length comes from the transition with the third smallest energy: n = 6 to
n' = 3.

2-44. Calculate the ionization energy of doubly ionized lithium, Li*",
which has Z = 3.

SOLUTION. Doubly ionized lithium is like hydrogen, except that there
are three positive charges (Z = 3) in the nucleus. The square of the
product of the positive and negative charges appears in the energy term
for the energy levels. We can use the results for hydrogen, if we replace 2
by Ze?:

Eion =0—-F, = =3.4eV.

Z2(13.6 ¢V)  32(13.6eV) 122V
En =~ 2 = 2 =TT 2
n n

n
We find the energy needed to remove the remaining electron from

122 eV

E:O—E1:O—<— 5

) =122 eV.
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2—45. Determine the wavelength of the second Balmer line (n = 4 to
n = 2 transition). Determine likewise (b) the wavelength of the second
Lyman line and (c) the wavelength of the third Balmer line.

SOLUTION. (a) For the jump from n = 4 to n = 2, we have

71.24><103eV~nm 1.24 x 10% eV - nm

A = = 486 .
B, — BE» —0.85 eV — (—3.4 eV) o
(b) For the jump from n = 3 to n = 1, we have
\ 1.24 x 103 eV - nm 1.24 x 103 eV - nm 102
= = = nm.
Es — Fq —1.5eV —(-13.6 eV)
(c) The energy of the n =5 level is
13.6 eV
E5 = —572 = —0.54 eV.
For the jump from n =5 to n = 2, we have
3 . 3 .
)\:1.24><10 eV.-nm  1.24 x10° eV -nm 434 nm.

E5 — E2 B —0.54 eV — (—3 4 eV)

2—46. Evaluate the Rydberg constant R, using Bohr theory and show
that its value is Roo = 1.0974 x 107" m~1!.
SOLUTION. For the Rydberg constant we have

(kee?)?me
e
(8.99 x 10° N - m?/C?)2(1.602177 x 10719 C)*
47(1.0545716 x 1034 J - 5)3
. (9-109390 x 10731 kg)
(2.997925 x 108 m/s)

1.0974 x 10" m~*.

Ry =

2—-47. What is the longest wavelength light capable of ionizing a hy-
drogen atom in the ground state?
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SoLUTION. The longest wavelength corresponds to the minimum en-
ergy, which is the ionization energy:

(1.24 x 10% eV -nm)  (1.24 x 10% €V - nm)

A= -
FEion (13.6 eV)

=91.2 nm.

Note that shorter wavelengths would give the ejected electron some kinetic
energy.

2—48. What wavelength photon would be required to ionize a hydrogen
atom in the ground state and give the ejected electron a kinetic energy of
10.0 eV?

SOLUTION. The energy of the photon is

2rhf = Eijon + K =13.6 eV +10.0 eV = 23.6 eV.

We find the wavelength from

\ (1.24 x 103 eV -nm)  (1.24 x 103 eV - nm) 595
= = = . O 1.
2nhf (23.6 eV)

2-49. In the Sun, an ionized helium (He') atom makes a transition
from the n = 6 state to the n = 2 state, emitting a photon. Can that
photon be absorbed by hydrogen atoms present in the Sun? If so, between
what energy states will the hydrogen atom jump?

SOLUTION. Singly ionized helium is like hydrogen, except that there are
two positive charges (Z = 2) in the nucleus. The square of the product
of the positive and negative charges appears in the energy term for the
energy levels. We can use the results for hydrogen, if we replace e? by
Ze?:

Z%(13.6 eV) 22(13.6 eV) (54.4 eV)
E,=—- 3 =— 5 .
We find the energy of the photon from the n = 6 to n = 2 transition:

n? n

1 1
E=Fs— Ey=—(54.4¢eV) <62 — 22) =12.1¢eV.
Because this is the energy difference for the n = 1 to n = 3 transition
in hydrogen, the photon can be absorbed by a hydrogen atom which will
jump from n =1 to n = 3.
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2.8 Atomic spectra. The Bohr model

2-50. Construct the energy-level diagram for the He™ ion.
SOLUTION. Singly ionized helium is like hydrogen, except that there are
two positive charges (Z = 2) in the nucleus. The square of the product
of the positive and negative charges appears in the energy term for the
energy levels. We can use the results for hydrogen, if we replace e? by
Ze?:
Z%(13.6 eV) 22(13.6 eV) 54.4 eV

ETL = — = — =
n? n? n?

The diagram is shown in Fig. 2.7.

0 00
-6.04444 3
-13.6
S
<
3 c
o
c
L
-54.4 1

Figure 2.7. Problem 2-50.

2-51. Construct the energy-level diagram for doubly ionized lithium,
Li*T.

SOLUTION. Doubly ionized lithium is like hydrogen, except that there
are three positive charges (Z = 3) in the nucleus. The square of the
product of the positive and negative charges appears in the energy term
for the energy levels. We can use the results for hydrogen, if we replace e?
by Ze?:

Z%(13.6 eV) 32(13.6 eV) (122.4 eV)

E == = — — — A
" n? n2 n?

The diagram is shown in Fig. 2.8.
2—-52. What is the potential energy and the kinetic energy of an elec-
tron in the ground state of the hydrogen atom?
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0 o0
-13.6 3
-30.6 2
S
Q
3 c
@
c
L
-122.4 1

Figure 2.8. Problem 2-51.

SoLUTION. The potential energy for the ground state is

U o= _p @ _ (9.00x10° N-m?/C?)(1.60 x 1071 C)?
- s 0.529 x 1010 m

= —4.36x1078 J=_-27.2¢V.

The kinetic energy is
K=FE —-U=-13.6eV —(—-27.2¢eV) =+13.6 V.

2-53. An excited hydrogen atom could, in principle, have a radius of
1.00 mm. What would be the value of n for a Bohr orbit of this size?
What would its energy be?

SOLUTION. We find the value of n from

ra = TR

1.00x 107 m = n?(0.529 x 107 m),

which gives n = 4.35 x 103. The energy of this orbit is

13, 13,
(BBOV 130V 751077 eV

E = =
n? (4.35 x 103)2

Note that energy differences will be very small.
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2.8 Atomic spectra. The Bohr model

2—54. Is the use of nonrelativistic formulae justified in the Bohr atom?
To check, calculate the electron’s velocity, v, in terms of ¢ for the ground
state of hydrogen, and then calculate y/1 — 2.

SOLUTION. We find the velocity from the quantum condition:

mury = nh;
(9.11 x 1073 kg)v(0.529 x 107 m) = (1)(1.055 x 107%* J - ),

which gives v = 2.18 x 10° m/s = 7.3 x 10~3¢. The relativistic factor is

VI—Br1-1p2=1-27x1075.

Because this is essentially 1, the use of nonrelativistic formulae is justified.
2—-55. Suppose an electron was bound to a proton, as in the hydrogen
atom, by the gravitational force rather than by the electric force. What
would be the radius, and energy, of the first Bohr orbit?
SOLUTION. If we compare the two forces:

2

e
Fc = kcja
T
and
mem
Fg — Gg,
/,12

we see that we can use the hydrogen expressions if we replace k.e? with
Gmemp. For the radius we get

h2
Gm2my
(1.055 x 10734 J - 5)2
(6.67 x 10-11 N - m2/kg?)(9.11 x 10-31 kg)2
x (1.67 x 10727 kg)~*
= 1.20 x 10*° m.

Note that this is many times intergalactic distances.
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The ground state energy is

G?m2m?
_ e p
B = 252
(6.67 x 107" N - m?/kg?)?(9.11 x 10~3! kg)?
2(1.055 x 1034 J - 5)2
x (1.67 x 10727 kg)?

= —4.21x10797 J.

2—56. Show that the magnitude of the potential energy of an electron
in any Bohr orbit of a hydrogen atom is twice the magnitude of its kinetic
energy in that orbit.

SoLUTION. The potential energy for the nth state is

2
U= —ko—.

Tn

The Coulomb force provides the radial acceleration, so we have

e mv?
ke? = )
Ty Tn
or
2
mus = ke—
Tn

Thus the kinetic energy is

muv? kee? 1

K: = = —
2 2ry, 2

1.

2—-57. Correspondence principle: Show that for large values of n, the
difference in radius Ar between two adjacent orbits (with quantum num-
bers n and n — 1) is given by

2r
Ar=rp —rpo1 A=,
n
so Ar/r, — 0 as n — 00, in accordance with the correspondence principle.
(Note that we can check the correspondence principle by either considering
large values of n (n — 00) or by letting i — 0. Are these equivalent?)
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2.8 Atomic spectra. The Bohr model

SoLUTION. For the difference in radius for adjacent orbits, we have
Ar=r, —rTp_1= (n2 —(n— 1)2) r1 = (2n —1)ry.

When n > 1, we get

2r
Ar =~ 2nr; = =2,
n

In the classical limit, the separation of radii (and energies) should be very
small. We see that letting n — oo does this. If we substitute the expression
for r,,, we see that Ar o h?, so letting i — 0 also makes the separation of
radii small.

2-58. (a) For very large values of n, show that when an electron jumps
from the level n to the level n—1, the frequency of the light emitted is equal
to f =wv/27r,. (b) Show that this is also just the frequency predicted by
classical theory for an electron revolving in a circular orbit of radius r,
with speed v. (c¢) Explain why this is consistent with the correspondence
principle.

SOLUTION. (a) We find the frequency of the radiation for a jump from
level n to level n — 1 from

27Thf = E,- En—l;
;o= 122647’)1 1 R Z2k2e*me (n? — (n—1)2
h 823h? \(n—1)2 n? 4ch? n2(n —1)2

212 4 212 4
Z7kge"me 2n  Z7kietme

drh3  nt 27h3n3

%

From the quantum condition we have
MUy, = nh,

or

nh
v = .
MeT'n
Thus we get
v  nh nh B Z%k2et*me
2, 2TMer2  2mmg (n2h2) Zkee?me)®  2mhdnd
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which is the same as the above frequency.
(b) From the classical theory for an electron revolving in a circular
orbit, the time for one revolution is

T 27y,

)

v

so the frequency is
v

f:%:2 ‘
T

(c) Classically an accelerated charge radiates. For circular motion, the
frequency of the radiation is the orbital frequency. This agrees with the
Bohr prediction for large values of n, consistent with the correspondence
principle.

2.9 General problems

2—-59. The Big Bang theory states that the beginning of the universe
was accompanied by a huge burst of photons. Those photons are still
present today and make up the so called Cosmic Microwave Background
Radiation. The universe radiates like a blackbody with a temperature of
about 2.7 K. Calculate the peak wavelength of this radiation.

SoLuTION. We find the peak wavelength from

2.90x 103 m-K 290 x 1073 m-K

— -3
T 2T K =1.1x107"m

Ap =

= 1.1 mm.

2—60. At low temperatures, nearly all the atoms in hydrogen gas will
be in the ground state. What minimum frequency photon is needed if the
photoelectric effect is to be observed?

SoLUTION. To produce a photoelectron, the hydrogen atom must be
ionized, so the minimum energy of the photon is 13.6 eV. We find the
minimum frequency of the photon from

Emin = 27Thfmin;
(13.6 eV)(1.60 x 107 J/eV) = (6.63 x 1073* J - 5) fimin,

which gives fuin = 3.28 x 10'° Hz.
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2—61. A beam of 85-eV electrons is scattered from a crystal, as in
X-ray diffraction, and a first-order peak is observed at § = 38°. What is
the spacing between planes in the diffracting crystal?

SOLUTION. Because the energy is much less than mc?, we can use
K = p?/(2m), so the wavelength of the electron is

y = 2rh  27h 2mhe 1.24 x 103 eV - nm
P V2mK  V2mc2K  /2(0.511 x 106 eV)(85 eV)
= 0.133 nm.

We find the spacing of the planes from

2dsinf = nk;
2dsin38° = (1)(0.133 nm),

which gives d = 0. 108 nm.
2—62. Show that the energy E (in electron volts) of a photon whose
wavelength is A (meters) is given by

o (1.24 x 1079)
—

SOLUTION. For the energy of the photon, we have

E = 2nhf= 2mhe _ (6.63 x 10734 J - 8)(3.00 x 108 m/s)
A (1.60 x 10=19 J/eV)A
1.24 x 107% eV -m

A

2—63. A microwave oven produces electromagnetic radiation at A =
12.2 cm and produces a power of 760 W. Calculate the number of mi-
crowave photons produced by the microwave oven each second.

SOLUTION. The energy of the photon is

B o_ hf_27rhc_(6.63><10*34J~s)(3.00><108 m/s)
e 12.2x10-2 m

1.63 x 10724 J.

99



2 Early Quantum Theory

Thus the rate at which photons are produced in the oven is

P 760 W

_ _ 26 e
= T T x10%1] 4.66 x 10°° photons/s.

2—-64. Sunlight reaching the Earth’s surface has an intensity of about
1000 W/m?2. Estimate how many photons per square meter per second
this represents. Take the average wavelength to be 550 nm.

SOLUTION. The energy of the photon is

1.24 x 103 . 1.24 x 103 .
ohf — X (i\ev o 258 ev-onm ooy,
nm

We find the intensity of photons from

I 1000 W/m?
2rhf  (2.25 eV)(1.60 x 10-19 J/eV)

= 2.78 x 10*! photons/(s - m?).

Iphotons

2-65. A beam of red laser light (A = 633 nm) hits a black wall and is
fully absorbed. If this exerts a total force F' = 5.5 nN on the wall, how
many photons per second are hitting the wall?

SOLUTION. The impulse on the wall is due to the change in momentum

of the photons:
n2mh

A Y

FAt=Ap=np=
or

n FA (5.5x107° N)(633 x 1079 m) s
_—— = 5. 3 10 h t .
At 27h 6.63x 1031 J -5 x 107 photons/s

2-66. If a 100-W light bulb emits 3.0 percent of the input energy
as visible light (average wavelength 550 nm) uniformly in all directions,
estimate how many photons per second of visible light will strike the pupil
(4.0 mm diameter) of the eye of an observer 1.0 km away.

SOLUTION. The energy of the photon is

1.24 x 10° eV - 1.24 x 10° eV -
2hf — X er e X558n2/ M 9 95 6V,
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Because the light radiates uniformly, the intensity at a distance L is

P
[=—
A L2’

so the rate at which energy enters the pupil is

E , Pr?
? = IT('T’ = m
Thus the rate at which photons enter the pupil is
n (E/t) Pr?
t 2rhf — 4L2(2nhf)
(0.030)(100 W)(2.0 x 1073 m)?
4(1.0 x 102 m)2(2.25 eV)(1.60 x 10—19 J/eV)

= 8.3 x 10° photons/s.

2—67. An electron and a positron collide head on, annihilate, and
create two 0.90 MeV photons traveling in opposite directions. What were
the initial kinetic energies of electron and positron?

SOLUTION. Because the energies of the photons are equal, their mo-
menta have equal magnitudes. Thus the total momentum of the system
before and after the collision is zero. This means the momentum of the elec-
tron has the same magnitude as the momentum of the positron. Because
they have the same mass, their energies must be equal. From conservation
of energy we have

2(2rhif) = 2(K + mec?),

or

2rhf K + mec?;
0.90 MeV = K +0.511 MeV,

which gives K = 0.39 MeV.

2—68. In Compton’s original experiment he saw X-rays scattered where
the wavelength shifted from 0.0711 nm to 0. 0735 nm. Through what angle
did these X-rays scatter?
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SOLUTION. We find the scattering angle from

N =X = Xc(l—cosp);
7.35x 107 m—7.11 x 107" m = (2.426 x 1072 m)(1 — cos p),

which gives cos ¢ = 0.0107, and ¢ = 89.4°.

2-69. By what potential difference must (a) a proton (m, = 1.67 x
10727 kg), and (b) an electron (m, = 9.11 x 1073 kg), be accelerated to
have a wavelength A = 5.0 x 10712 m?

SOLUTION. The required momentum is

_2h
p= N
or

_ 2mhe _ 1.24 x 103 eV - nm

— =2.48 x 10° eV = 0. 248 MeV.
pe A 5.0 x 1073 nm x © ¢

(a) For the proton, pc < mypc?, so we can find the required kinetic
energy from
p? (pc)? (0.248 MeV)?

K= = = =3.3x107° MeV = 33 eV.
omp | 2mpc2 | 2(938 MeV) 8 ¢ ¢

The potential difference to produce this kinetic energy is

K (33eV)
V_e (1e)

=33 V.

(b) For the electron, pc is of the order of mec?, so we can find the
required kinetic energy from
K = (pc)? + (Mec?)? — mec?
V/(0.248 MeV)2 + (0. 511 MeV)2 — 0.511 MeV
0.057 MeV = 57 keV.

The potential difference to produce this kinetic energy is

V:5:57keV

=57 kV.
e le
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2-70. In some of Rutherford’s experiments (Fig. 2.9) the o particles
(mass = 6.64 x 10727 kg) had a kinetic energy of 4.8 MeV. How close could
they get to a gold nucleus (charge = +79 e)? Ignore the recoil motion of

the nucleus.
®—> &)

a particle nucleus

Figure 2.9. Problem 2-70.

SoLuTION. If we ignore the recoil motion of the gold nucleus, at the
closest approach the kinetic energy of both particles is zero. The potential
energy of the two charges must equal the initial kinetic energy of the «
particle:

ZoZane?
K = keaiAue;
T'min
(8.99 x 10° N - m?/C?)
L (D(79)(1.60 x 107 C)?

Tmin

(4.8 MeV)(1.60 x 10713 J/MeV)

)

which gives rmin = 4.7 x 1074 m.

2-71. By what fraction does the mass of an H atom decrease when it
makes an n = 3 to n = 1 transition?

SOLUTION. The decrease in mass occurs because of the loss in energy
when a photon is emitted:

Am  AE _ (-13.6eV) ()2 —=(3)7%)

_— = = — -8
m mc? 939 x 106 eV 1.29 > 1077,

2-72. For what maximum kinetic energy is a collision between an
electron and a hydrogen atom in its ground state definitely elastic?

SoLUTION. The collision must be elastic as long as the electron does
not have enough energy to raise the hydrogen atom to the n = 2 level, so
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no energy is transferred to the atom. Thus we have

1 1
K< Ey,—FE;=(-13.6¢V) (22 — 12) =10.2 eV.
2—-73. Using Bohr theory, derive an equation for the angular velocity
w, and frequency f, of an electron in a hydrogen atom. Determine (a) for
the ground state and (b) for the first excited state (n = 2).
SoLUTION. The Coulomb force provides the radial acceleration, so we
have

62 mcv%
ke 2 ’
Ty Tn
or
koe?
Un = .
MeTn

For the angular velocity, we get

2 408,72 2.4
kee _ kiedm? _ kZe*me
MeTn> nbho n3ns

where we have used the expression

n?h?

keeZme

T'n

for the radius of the orbit.
For the frequency, we get

fo o On _ keetme
"2 2mnd3R3
(a) For the ground state, we get

wi = (8.99 x10° N-m?/C?)?
(1.60 x 10712 C)*(9. 11 x 1073! kg)
(1)3(1.055 x 10=34 J - 5)3
= 4.11 x 10" rad/s.
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The frequency is

wp 411 x 106 rad/s

_ _ 15
=5 o =6.54 x 107 Hz.

f1

(b) For the first excited state, we get

we = (8.99 x10° N.m?/C?)?
(1.60 x 10712 C)*(9.11 x 1073! kg)
(2)3(1.055 x 10-34 J - 5)3
5.14 x 10" rad/s.

The frequency is

wy _ 5.14 x 10" rad/s

-2 =8.17 x 10** Hz.
2 27 % z

f2

2-T74. Calculate the ratio of the gravitational to electric force for the
electron in a hydrogen atom. Can the gravitational force be safely ignored?
SoLuTION. The ratio of the forces is

F, (Gmemp/TQ) _ Gmemy,
F, (koe?/r2) keoe2
(6.67 x 10~'* N - m? /kg?)
(8.99 x 109 N - m2/C2)(1.60 x 10-19 C)2
x (9.11 x 107% kg)(1.67 x 10727 kg)

= 4.4x107,

Yes, the gravitational force may be safely ignored.

2-75. A child’s swing has a natural frequency of 0.75 Hz. (a) What is
the separation between possible energy values (in joules)? (b) If the swing
reaches a vertical height of 45 cm above its lowest point and has a mass of
20 kg (including the child), what is the value of the quantum number n?
(c) What is the fractional change in energy between levels whose quantum
numbers are n (as just calculated) and n + 1?7 Would quantization be
measurable in this case?
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SOLUTION. (a) Because the energy is quantized, E = n2nhf, the
difference in energy between adjacent levels is

AE = 2nhf = (6.63 x 1073* J-)(0.75 Hz) = 5.0 x 1073* J.
(b) The total energy will be the maximum potential energy, so we have

E=mgh = n2rhf;
(20 kg)(9.80 m/s)(0.45 m) = n(5.0 x 1073+ J),

which gives n = 1.8 x 103°.
(¢) The fractional change in energy is
AE  2rhf 1 1

= = — == =5.6x10"%
E n2rhf n 1L8x10% . ’

not measurable.

2-76. Electrons accelerated by a potential difference of 12.3 V pass
through a gas of hydrogen atoms at room temperature. What wavelengths
of light will be emitted?

SoLuTION. The potential difference produces a kinetic energy of 12.3
eV, so it is possible to provide this much energy to the hydrogen atom
through collisions. From the ground state, the maximum energy of the
atom is

~13.6 eV — (—12.3 eV) = —1.3 eV.

From the energy level diagram, we see that this means the atom could
be excited to the n = 3 state, so the possible transitions when the atom
returns to the ground state are n =3 ton =2, n=3ton=1,and n =2
to n = 1. For the wavelengths we have

1.24 x 103 eV - nm 1.24 x 103 eV - nm

o2 = By~ B, L5V (3dev) Coomm

—— 1.24 x 103 eV -nm _ 1.24 x 10 eV - nm 102 e
E3 — E1 —1.5eV — (—13.6 eV) ’

I 1.24 x 10% eV - nm _ L 24 x 103 eV - nm 199 .
E2 — E1 —3.4eV — (713 6 eV)
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2-77. Atoms can be formed in which a muon (mass = 207 times the
mass of an electron) replaces one of the electrons in an atom. Calculate,
using Bohr theory, the energy of the photon emitted when a muon makes
a transition from n = 2 to n = 1 in a muonic 233Pb atom (lead whose
nucleus has a mass 208 times the proton mass and charge +82e.

SOLUTION. The energy levels are

_Z2k§e4m (82)2k2e(207)m.  (82)2(207)(—13.6 eV)

E’ﬂ = = — =
2hZn2 2h2n2 n?
O 1.89x 107 eV 18.9 MeV
- n2 - n2 :

For the n = 2 to n = 1 transition, the photon energy is

2rhf = Ey — E1 = (—18.9 MeV) (212 — 112) =14.2 MeV.
Note that this would be a gamma-ray photon.

2-78. In a particular photoelectric experiment a stopping potential
of 2.10 volts is measured when ultraviolet light having a wavelength of
290 nm is incident on the metal. Using the same setup, what will the new
stopping potential be if blue a wavelength of 440 nm is used, instead of
the ultraviolet light?

SoLUTION. The energy of the ultraviolet photon is

1.24 x 103 . 1.24 x 103 .
onnfy = L 24X 107V nm 124X 107V mm o0y
A1 290 nm

The stopping potential is the potential difference that gives a potential
energy change equal to the maximum kinetic energy:

Knaxi = €eVor =2whfi — Wo;
(1e)(2.10V) = 4.28 eV — Wy,

which gives Wy = 2.18 eV.
The energy of the blue photon is

1.24x10% eV-nm _ 1.24 x 10° eV - nm

2mhfs = Ao - 440 nm

=2.82 €V.
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We find the new stopping potential from

Kmax2 = 6%2 = 27Thf2 - WO;
(1e)Vpr = 2.82eV—2.18 ¢V,

which gives Vpo = 0.64 V.

2—-79. In an X-ray tube, the high voltage between filament and target
is V. After being accelerated through this voltage, an electron strikes the
target where it is decelerated (by positively charged nuclei) and in the
process one or more X-ray photons are emitted. (a) Show that the photon
of shortest wavelength will have \g = 2whic/eV. (b) What is the shortest
wavelength of X-ray emitted when accelerated electrons strike the face of
a 30-kV television picture tube?

SOLUTION. (a) The electron has a charge e, so the potential differ-
ence produces a kinetic energy of eV. The shortest wavelength photon is
produced when all the kinetic energy is lost and a photon emitted:

2rhe

27Thfmax = )\0 6‘/,
which gives
N — 27he
07 v

(b) Numerically,

2mhe 1.24 x 10% eV - nm
Ao = = =0.041 .
0T oy 30 x 10° eV o

2—80. Show that the wavelength of a particle of mass m with kinetic
energy K is given by the relativistic formula

2mhe
VK2 +2mc2K

SOLUTION. We find the momentum from

E? = (K +mc?)? = p?c® + m2ct,

or
p?c? = K2 4+ 2mc®K.
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The wavelength is
_ 2mh _ 2mhe 2mhe
D pe K2 +2mcK

2—81. What is the kinetic energy and wavelength of a “thermal” neu-
tron (one that is in equilibrium at room temperature)?
SoLuTION. The kinetic energy of a thermal neutron is

A

K = 3kpT = 3(1.38 x 1028 J/K)(300 K) = 6.21 x 10721 J = 0.039 eV.

We find the speed from
K = %va;
6.21x 102" J = 1(1.67 x 10727 kg)v?,

which gives v = 2.73 x 10° m/s.
The wavelength is

onh _ 2rh 6.63 x 10734 J -5

p  mv  (1.67 x 1027 kg)(2.73 x 103 m/s)
= 1.5x107' m =0.15 nm.

A =

2-82. What is the theoretical limit of resolution for an electron mi-
croscope whose electrons are accelerated through 60 kV? (Relativistic for-
mulae should be used.)

SOLUTION. We find the momentum from

E? = (K +mc®)? = p?c + m2t,
or
p?c® = K2 + 2mc*K.
The wavelength is
ZLH _ 2mhe 2mhe

P—

P pe VEK?Z+2mctK
1.24 x 10® eV - nm
/(60 x 103 eV)2 +2(0. 511 x 108 eV)(60 x 103 eV)

4.9 %1073 nm.
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The theoretical resolution limit is of the order of the wavelength, or 5 x
10712 m.

2—83. The intensity of the Sun’s light in the vicinity of the Earth is
about 1000 W/m2. Imagine a spacecraft with a mirrored square sail of
dimension 1.0 km. Estimate how much thrust (in newtons) this craft will
experience due to collisions with the Sun’s photons. [Hint: Assume the
photons bounce off the sail with no change in magnitude of their momen-
tum.]

SOLUTION. The energy of a photon in terms of the momentum is

2mh
E =27hf = 7;C:pc.

If the sail is perpendicular to the sunlight, the rate at which photons are
striking the sail is

N TA IA

At E  pc’
Because the photons reflect from the sail, the change in momentum of a
photon is

Ap = 2p.

The impulse on the sail is due to the change in momentum of the photons:

F At = N Ap,
or
N IA 2IA 21 3)(1 x 103 m)?2
Fe N ppo A _2(1000 W/m*)(1 x 10° m) N
At pe c 3.00 x 108 m/s

2-84. The human eye can respond to as little as 107'® J of light
energy. If this comes with a wavelength at the peak of visual sensitivity,
550 nm, how many photons lead to an observable flash?

SoLUTION. We find the number of photons from

E  E
2rhf  (2rhe/N)

N =

1018 J

— ~
~

((1.24 x 103 €V - nm) /(550 nm)) (1.60 x 10~ J/eV)
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2.9 General problems

2—-85. Light with a wavelength of 300 nm strikes a metal whose work
function is 2.2 eV. What is the shortest de Broglie wavelength for the
electrons that are produced as photoelectrons?

SOLUTION. The energy of the photon is

1.24 x 103 €V - 1.24 x 103 &V -
ohf = X OAeV mn_ Xgognfnv M 413 eV,

The maximum kinetic energy of the photoelectrons is
Kiax =21hf — Wy =4.13eV —2.2eV =1.93 eV.

Because this is much less than the rest energy of the electron,

2
K _ pmax
max — .
2m

Thus the shortest wavelength of the electron is

N 2nh 21h
e Pmax - 2mK max
6.63x 10734 J-s
V/2(9.11 x 10731 kg)(1.93 eV)(1.60 x 10-19 J/eV)

= 88x107'° m =0.88 nm.
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3 Quantum Mechanics

3.1 Review

In 1925, Schrodinger and Heisenberg separately worked out a new the-
ory, quantum mechanics, which is now considered to be the basic theory
at the atomic level. It is a statistical theory rather than a deterministic
one.

An important aspect of quantum mechanics is the Heisenberg uncer-
tainty principle. It results from the wave-particle duality and the unavoid-
able interaction between the observed object and the observer.

One form of the uncertainty principle states that the position x and
momentum p, of an object cannot both be measured precisely at the same
time. The products of the uncertainties, Az Ap,, can be no less than
h(= h/2m):

Az Apy > g (3.1)

Another form states that the energy can be uncertain, or nonconserved,
by an amount AFE for a time At where

AE At > g (3.2)
Example 3—1. An electron moves in a straight line with a constant
speed v = 1.10 x 10° m/s which has been measured to a precision of 0. 10
percent. What is the maximum precision with which its position could be
simultaneously measured?
SOLUTION. The momentum of the electron is

p = mvu=(9.11 x 1073 kg)(1.10 x 10° m/s)
= 1.00 x 107** kg - m/s.
The uncertainty in the momentum is 0. 10 percent of this, or Ap = 1.0 x

10727 kg - m/s. From the uncertainty principle, the best simultaneous
position measurement will have an uncertainty of

R 1.06x1073 J s
~2Ap  (2)(1.0x 10727 kg - m/s)

Ax =0.53x 107" m = 53 nm.
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This is about 1000 times the diameter of an atom.
Example 3—2. What is the uncertainty in position, imposed by the
uncertainty principle, on a 150-g baseball thrown at (42 +1) m/s?
SOLUTION. The uncertainty in the momentum is

Ap =mAv = (0.150 kg)(1 m/s) = 0.15 kg - m/s.
Hence the uncertainty in a position measurement could be as small as

ho 1.06x107% J-s

AT =9 Ap ~ 2)(0.15 kg m)s)

=3.5x10"3% m,

which is a distance incredibly smaller than any we could imagine observing
or measuring. Indeed, the uncertainty principle sets no relevant limit on
measurement for macroscopic objects.

Example 3-3. The J/v¢ meson discovered in 1974, was measured to
have an average mass of 3100 MeV/c? (note the use of energy units since
E = mc?) and an intrinsic width of 63 keV/c?>. By this we mean that
the masses of different J/1) mesons were actually measured to be slightly
different from one another. This mass “width” is related to the very short
lifetime of the J/i¢ before it decays into other particles. Estimate its
lifetime using the uncertainty principle.

SoLUTION. The uncertainty of 63 keV/c? in the J/1’s mass is an
uncertainty in its rest energy, which in joules is

AE = (63 x 10® eV)(1.60 x 1071 J/eV) = 1.01 x 10714 J.
Then we expect its lifetime 7 (= At here) to be

h 1.06 x 10734 J - s

= = ~0.52x 107 s.
9AE  (2)(1.01 x 10-14 J) * °

T

Lifetimes this short are difficult to measure directly, and the assignment
of very short lifetimes depends on this use of the uncertainty principle.
The uncertainty principle applies also for the angular variables:

AL.Ap> T
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3 Quantum Mechanics

where L, is the component of the angular momentum along a given axis
(z) and ¢ is the angular position in the plane perpendicular to that axis.

A particle such as an electron is represented by a wave function .
The square of the wave function, |1|?, at any point in space represents the
probability of finding the particle at that point. The wave function must
be normalized, meaning that

/ Y2V =1, (3.3)
all space

since the particle must be found at one place or another.
In nonrelativistic wave mechanics, 1 satisfies the Schrddinger equation:

)
2m  dx?

+ U(z)(z) = Ey(x), (3.4)

here in its one-dimensional time-independent form, where U is the po-
tential energy as a function of position and E is the total energy of the
particle.

The more general form of of the Schrédinger equation, including time
dependence, for a particle of mass m moving in one dimension, is

()
ot '’

12 0*P(x)

" 2m Ox2?

+ U(x)y(x) =ik

(3.5)

A free particle subject to no forces has a sinusoidal wave function
Y = Asinkx + Bcoskx (3.6)

with the wavenumber

_J2mE _p _2rh_ 2m
FEV TR TR R T A (3.7)

and p is the particle’s momentum. Such a wave of fixed momentum is
spread out indefinitely in space as a plane wave.

A wave packet, localized in space, is a superposition of sinusoidal waves
with a range of momenta.
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-- X
0 L

Figure 3.1. Potential energy U vs x for an infinitely deep square well potential.

For a particle confined to an infinitely deep square well potential, or
rigid box (Fig. 3.1), the Schrodinger equation gives the wave functions
inside the well

nm

2
1 = Asinkx, A:“f and k:f' (3.8)
The energy is quantized,

h2k? w2h?
E = =n?2
om L 2mL?’

(3.9)

where n is an integer. Fig. 3.2 shows the wave functions (Eq. 3.8) and the
probability distribution for n = 1, 2, and 3.

Example 3-4. (a) Calculate the three lowest energy levels for an
electron trapped in an infinitely deep square well potential of width L =
1.00 x 1071 m (about the diameter of a hydrogen atom in its ground
state), (b) If a photon were emitted when the electron jumps from the
n = 2 state to the n = 1 state, what would its wavelength be?

SOLUTION. (a) The ground state (n = 1) has energy

2p2 2 —34 7.)2
T h _ m2(1.055 x 1073% J - 5) 603 1015 1.
o2mL? ~ 2(9.11 x 10~31 kg)(1.00 x 10~10 m)?

By

In electron volts this is

6.03 x 10718 J

E:
"T16x 10719 J/eV

=37.7eV.
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0 L

Figure 3.2. Wave functions and the probability distribution for a particle in a
rigid box for the states with n = 1, 2, and 3.

Then
By, = (2)°E; =151¢eV
Es = (3)°E; =339 eV.
(b) The energy difference is
Fy—E; =151 eV —38 eV =113eV=1.81x 10717 J,

and this would equal the energy of the emitted photon (energy conserva-
tion). Its wavelength would be

c _ 2mhe (6.63 x 1073* J - 5)(3.00 x 10® m/s)
f E 1.81 x 10-17 ]
= 1.10x107® m = 11.0 nm,

>\:

which is in the ultraviolet region of the spectrum.
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Example 3-5. Show that the normalization constant A for all wave
functions describing a particle in an infinite potential well of width L has

a value of A =+/2/L.

SOLUTION. The wave functions are
nwT

7/1:ASIHT

To normalize 1, we must have (Eq. 3.3)

L L 2
— 2 0y — 2 (g 2T
1—/0 [¢] dx—/o A (sm 7 ) dx.

We need integrate only from 0 to L since ¢p = 0 for all other values of
x. To evaluate this integral we let § = nmz/L and use the trigonometric
identity sin®6@ = 2(1 — cos 20). Then, with dz = L d6/(nr), we have

nm L AQL nm
1 = Az/ sin? @ () do = — (1 — cos 20) do
0 nmw 2nm

0
2
= E (9— ;sin29>

2nm

nm B A2L

o 2

Thus A? = 2/L and
2
A=1/—=.
L
Example 3-6. A tiny bacterium with a mass of about 1074 kg is
confined between two rigid walls 0. 1 mm apart. (a) Estimate its minimum
speed, (b) If, instead, its speed is about 1 mm in 100 s, estimate the
quantum number of its state.
SOLUTION. (a) The minimum speed occurs in the ground state, n = 1;
since £ = %mvg, we have

B 28 [ w*h* _ mh _ m(1.055 X 10734 J - 5)
U N T TV T L T (107 kg) (104 m)

~ 3x107'% m/s.

This is a speed so small that we could not measure it and the object would
seem at rest, consistent with classical physics.
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(b) Given v = 1073 m/100 s = 107° m/s, the kinetic energy of the
bacterium is

E = imv? = $(107* kg)(107° m/s)? = 0.5 x 10724 J.

From Eq. 3.9, the quantum number of this state is

o g (2mI2Y _ [(0.5 % 10724 1)(2)(10-1 kg)(10-4)?
- R ) 72(1.055 x 10-31 J . 5)2

~ v/1x102! ~ 3 x 10,

This number is so large that we could never distinguish between adjacent
energy states (between n = 3 x 101 and 3 x 10'° + 1). The energy states
would appear to form a continuum. Thus, even though the energies in-
volved here are small (« 1 eV), we are still dealing with a macroscopic
object (though visible only under a microscope) and the quantum result
is not distinguishable from a classical one. This is in accordance with the
correspondence principle.

Figure 3.3. Potential energy U vs x for a finite one-dimensional square well.

In a finite potential well (Fig. 3.3), the wave function extends into
the classically forbidden region where the total energy is less than the
potential energy. That this is possible is consistent with the uncertainty
principle. The solutions to the Schrodinger equation in these areas are
decaying exponentials.

Because quantum-mechanical particles can penetrate such classically
forbidden areas, they can tunnel through thin barriers even though the
potential energy in the barrier, Uy is greater than the total energy of
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3.1 Review

the particle, . Quantitatively, we can describe the tunneling probability
with a transmission coefficient, T, and a reflection coefficient, R. Note
that T+ R = 1, since an incident particle must either reflect or tunnel
through. If T is small (< 1), then

_ 16E(Uy — E) o—20L

T
Ug ’

(3.10)

where
2m(Uy — E)

I

This approximate expression is valid when e 2¢L <« 1. In fact, this expo-
nential dependence on the penetration parameter G and on the width of
the barrier L is the most important, and the most useful, feature of the
tunneling formula Eq. 3.10.

Example 3-7. A 50-e¢V electron approaches a quare barrier 70 eV
high and (a) 1.0 nm thick, (b) 0.10 nm thick. What is the probability
that the electron will tunnel through?

SOLUTION. (a) First we write the energy in SI units.

G =

Uy—E=(70eV —50eV)(1.6 x 10717 J/eV) = 3.2 x 107*® J.

Then, using Eq. 3.10, we have

—31 —18
oG — 2\/2(9. 11 x 1031 kg)(3.2 x 10-18 J)

-9 B
1.06 x10-3% J - s (1.0 x 1079 m) = 45.56,

and

_ 16EU — B) —agr _ 1660 VIR0 V) —sss6 _ 5 5, 40—

T
Ug (70 eV)?2

which is extremely small.
(b) For L = 0.10 nm, 2GL = 4.56 and

~16(50 eV)(20 eV)

—4.56 __
T= ooy ¢ 0=0.034

Thus the electron has a 3 percent chance of penetrating a 0. 1-nm-thick
barrier, but only 5 chances in 10?° to penetrate a 1-nm barrier. By reducing

119



3 Quantum Mechanics

the barrier thickness by a factor of 10, the probability of tunneling through
was increased 10'® times! Clearly the transmission coefficient is extremely
sensitive to the values of L, Uy — E, and m.

It can be a challenge to solve the Shrodinger equation for the bound-
state energy levels of an arbitrary potential well. An alternative approach
that can yield good approximate results for the energy levels is the WKB
approximation named for the physicists Gregor Wentzel, Hendrik Kramers,
and Léon Brillouin, who pioneered its application to quantum mechanics.

The WKB approximation begins from three physical statements: (i)
according to de Broglie, the magnitude of momentum p of a quantum-
mechanical particle is p = 27h/A; (ii) the magnitude of momentum is
related to the kinetic energy K by the relation K = p?/2m; (iii) if there
are no conservative forces, then in Newtonian mechanics the energy E for
a particle is constant and equal at each point to the sum of kinetic and
potential energies at that point: E = K +U(z), where « is the coordinate.
These three relations can be combined to find the wavelength of the particle
at a coordinate x: solving the equation

2
E:K+U(m):2l)—m+U(x)

for p yields p = v/2m (E — U(x)), and the equation p = 27h/ A, in its turn,
gives

2mh
V2m (E = U(z))

Thus we envision a quantum-mechanical particle in a potential well U (x)
as being like a free particle, but with a wavelength A(z) that is a function
of position.

As the particle moves into a region of increasing potential energy, U(x)
gets larger approaching F from below (since K > 0) and the quantity
E — U(x) gets smaller, so the particle’s wavelength \(x) gets larger.

At a point where E = U(z), Newtonian mechanics says that the particle
has zero kinetic energy and must be instantaneously at rest. Such point
is called classical turning point, since this is where a Newtonian particle
must stop its motion and reverse direction. As an example, an object
oscillating in simple harmonic motion with amplitude A moves back and

Az) =

(3.11)
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forth between points = —A and x = +A; each of these is a classical
turning point, since there the potential energy %kxz equals the total energy
%kA2. In the WKB expression for A(z), the wavelength at a classical
turning point becomes infinite.

For a particle in a box with length L, the walls of the box are classical
turning points (see Fig. 3.1). Furthermore, the number of wavelengths
that fit within the box must be a half-integer (see Fig. 3.2), so that L =
(n/2)X and hence L/X = n/2, where n = 1, 2, 3, .... [Note that this is a
restatement of Eq. 3.8.] The WKB scheme for finding the allowed bound-
state energy levels of an arbitrary potential well is an extension of these
observations. It demands that for an allowed energy F, there must be a
half-integer number of wavelengths between the classical turning points
for that energy. Since the wavelength in the WKB approximation is not
a constant but depends on x, the number of wavelengths between the
classical turning points a and b for a given value of the energy is the
integral of 1/A(x) between those points:

b
dx n
—_— -, :]_7 27 3, “ e
/a o) 20"

Using Eq. 3.11 for A(z) we find that the WKB condition for an allowed
bound-state energy can be written as

/b V2m(E —U(x))dr = whn, n=1,2 3, .... (3.12)

Example 3—8. As a check on Eq. 3.12, apply it to a particle (a) In an
infinitely deep square well with walls at x = 0 and x = L; (b) In a finite
square well shown in Fig. 3.3. Compare and contrast your results.

SOLUTION. (a) We need to evaluate the integral and find the allowed
energy levels in terms of the WKB approximation. In so doing we take
into account that since the walls of the box are infinitely high, the points
x =0 and x = L are classical turning points for any energy E. Besides,
inside the box, the potential energy is zero. So,

/abmdx:/oL\/mdx:m/oL dr = VamE L.
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Thus Eq. 3.12 gives
V2mE L = nnh
whence it follows that
72h2n?
2mL? "
We see that the allowed energy levels according to the WKB approximation
are the same as those given by Eq. 3.9.

(b) Assume E < Up. Then the classical turning points are at z = 0
and = L. Since U(z) = 0 in the region between the turning points, the
result is the same as (a). The height Uy never enters the calculation. For
the finite square well, the WKB expression given by Eq. 3.12 predicts the
same bound-state energies as for an infinite square well of the same width.
The results (a) and (b) show that the WKB approximation does a poor
job when the potential energy function changes discontinuously, as for a
finite potential well. This technique is best used with smoothly varying
potential U(x). Problems 3-38 and 3-39 consider situations in which the
potential energy function changes gradually and the WKB approximation
is much more useful.

3.2 The wave function

3—1. The neutrons in a parallel beam, each having kinetic energy
4—10 eV, are directed through two slits 1.0 mm apart. How far apart will
the interference peaks be on a screen 1.0 m away?

SoLuTION. We find the wavelength of the neutron from

@ _ 27h
p 2mK

A =

6.63 x 10734 J -5
V/2(1.67 x 1027 kg)(0.025 eV)(1.6 x 10-19 J/eV)
= 1.81x107% m.

The peaks of the interference pattern are given by
dsinf = mA, m=1,2, ...,
and the positions on the screen are

y = Ltané.
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3.3 Uncertainty principle

For small angles, sinf ~ tanf, so we have

_ mLA
Yy = d

Thus the separation is

_ LA (1.0m)(1.81 x 107" m)

, =1.8x 107" m.
d 1L.0x10 % m ~ m

Ay
3—2. Bullets of mass 2.0 g are fired in parallel paths with speeds of
120 m/s through a hole 3.0 mm wide. How far from the hole must you be
to detect a 1.0-cm spread in the beam?
SoLUTION. We find the wavelength of the bullet from

2 2 . 10734 J - s
:ﬂ_ wh: 6.63 x 107°* J - s 9 8% 10-% m.

A p  mv  (2.0x 1073 kg)(120 m/s)

The half-angle for the central circle of the diffraction pattern is given by

1.22

sin D

For small angles, sin 6 ~ tanf, so we have

r = Ltan@mLsin9:1.22L>\;
D
1.22 L(2.8 x 1073 m)
_9 o
0.50x 1072 m = —SELEEE ol T

which gives L = 4.5 x 102" m. Diffraction effects are negligible for macro-
scopic objects.
3.3 The Heisenberg uncertainty principle

3-3. A proton is traveling with a speed of (4.8254-0.012) x 10° m/s.
With what maximum accuracy can its position be ascertained?
SoLUTION. We find the uncertainty in the momentum:

Ap = mAv=(1.67 x 1072 kg)(0.024 x 10°> m/s)
4.00 x 1072* kg - m/s.
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We find the uncertainty in the proton’s position from

b 1.055x 10734 J s
“2Ap  (2)(4.00 x 10724 kg - m/s)

Az =1.3x 107" m.

Thus the accuracy of the position is 0. 66 x 107! m.

3—4. An electron remains in an excited state of an atom for typically
1078 s. What is the minimum uncertainty in the energy of the state (in
eV)?

SoLuTION. We find the minimum uncertainty in the energy of the
state from

—34 7.
Aps B 1055x107% s

_ —-26 1 _ -8
> AT @y X107 I=3.3x107 eV,

3—5. If an electron’s position can be measured to an accuracy of 1.6 x
10~ m, how accurately can its velocity be known?
SoLuTION. We find the uncertainty in the momentum:

ho 1.055x 1073 J .

> =
APZ A T @16 %10 m)

=3.3x 107 kg -m/s.

We find the uncertainty in the velocity from

Ap = mAuv;
3.3x 107 kg-m/s = (9.11 x 1073 kg) Av,

which gives Av = 3.6 x 10% m/s.

3-6. A 12-g bullet leaves a rifle at a speed of 150 m/s. (a) What is
the wavelength of this bullet? (b) If the position of the bullet is known
to an accuracy of 0.55 cm (radius of the barrel), what is the minimum
uncertainty in its vertical momentum? (c) If the accuracy of the bullet
were determined only by the uncertainty principle (an unreasonable as-
sumption), by how much might the bullet miss a pinpoint target 300 m
away?

SOLUTION. (a) We find the wavelength of the bullet from

2 2 : 10734 J-
:ﬂ: 7771: 6.63 x 107°* J-s 8 7% 10~ m

A p  mv (12 x 1073 kg)(150 m/s)
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3.3 Uncertainty principle

(b) We find the uncertainty in the momentum component perpendicu-
lar to the motion:
h 1.055 x 10734 J - s

Apy 2 = —0.96 x 10732 kg - m/s.
P12 38y T @055 x 102 m) x g m/s

(c) We find the possible uncertainty in the y-position at the target from

Yy _ Ay _ Apy
L Vg Pz ’
y ~0.96x 1072 kg-m/s
300m (12 x 1073 kg)(150 m/s)’

which gives y = 1.6 x 10730 m.

3—7. An electron and a 150-g baseball are each traveling 75 m/s mea-
sured to an accuracy of 0.065 percent. Calculate and compare the uncer-
tainty in position of each.

SOLUTION. The uncertainty in the velocity is

0.065
Av = (100) (75 m/s) = 0.0488 m/s.

For the electron, we have

h 1.055 x 10734 J - s

— =1.2x 1073 m.
omAv  (2)(9.11 x 10-31 kg)(0. 0488 m/s) e

Ax >

WV

For the baseball, we have

h 1.055 x 1073 J - s
> = =0.72 x 1073 m.
9mAv  (0.150 kg)(0.0488 m/s) % m

Az

The uncertainty for the electron is greater by a factor of 1.7 x 10%°.

3—8. Use the uncertainty principle to show that if an electron were
present in the nucleus (r ~ 1075 m), its kinetic energy (use relativity)
would be hundreds of MeV. (Since such electron energies are not observed,
we conclude that electrons are not present in the nucleus.) [Hint: a particle
can have energy as large as its uncertainty.]
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SOLUTION. We use the radius as the uncertainty in position for the
electron. We find the uncertainty in the momentum from

Ao 1.055x 1073% J s

Ap> -
P2 oAz (2)(10-15 m)

=0.5275 x 1071 kg - m/s.

If we assume that the lowest value for the momentum is the least uncer-
tainty, we estimate the lowest possible energy as

E = K+md= \/p202 + m2ct = \/(Ap)202 + m2ct
((0.5275 x 107" kg - m/s)*(3.00 x 10° m/s)?

+(9.11 x 1073 kg)?(3.00 x 108 m/s)*)"/?
= 1.58 x 107 J ~ 99 MeV.

3—-9. An electron in the n = 2 state of hydrogen remains there on the
average about 10~% s before jumping to the n = 1 state. (a) Estimate
the uncertainty in the energy of the n = 2 state, (b) What fraction of the
transition energy is this? (¢) What is the wavelength, and width (in nm),
of this line in the spectrum of hydrogen?

SoLUTION. (a) We find the minimum uncertainty in the energy of the
state from

L b 1.055x 10734 J -5
T 2At 0 (2)(1078 s)

=0.53x 10726 J=3.3x 1078 eV.

Note that, because the ground state is stable, we associate the uncertainty
with the excited state.
(b) The transition energy is

1 1
so we have A e
AE 3.3x10 eV:3.2x10’9.

E ~ 10.2eV
(¢) The wavelength of the line is

- 1.24 x 103 eV-nm_ 1.24 x 103 eV - nm

A E n 10.2 eV

=122 nm.
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3.3 Uncertainty principle

If we treat the width of the line as a differential, we have

AFE
AN = —(1.24 x 10° eV - nm)ﬁ.
If we ignore the sign, we get

AN =)\ % = (122 nm)(3.2 x 1079) = 3.9 x 1077 nm.

3—-10. How accurately can the position of a 2. 50-keV electron be mea-
sured assuming its energy is known to 1.00 percent?
SOLUTION. The momentum of the electron is

p = V2mK
V/2(9.11 x 1031 kg)(2.50 keV)(1.60 x 1016 J/keV)
2.70 x 1072 kg - m/s.

Because the changes are small, we can treat them as differentials. Thus
the change in momentum is

1 /2m
ar =3\ ¢ A

Ap 1 AK
p 2 K

or

We find the uncertainty in the electron’s position from

Ae s 2h B 2(1.055 x 10734 J - 5)
~ 2Ap  2p(AK/K)  (2)(2.70 x 10-23 kg - m/s)(0.0100)
= 3.91x1071% m.

3-11. In a double-slit experiment on electrons (or photons) suppose
that we use indicators to determine which slit each electron went through.
These indicators must tell us the y coordinate to within d/2, where d is
the distance between slits. Use the uncertainty principle to show that the
interference pattern will be destroyed. [Note: first show that the angle 6

127



3 Quantum Mechanics

dI |\9L

Figure 3.4. Problem 3-11.

between maxima and minima of the interference pattern is given by %)\ /d,
Fig. 3.4]

SOLUTION. The electron has an initial momentum p, and a wavelength
A = h/p,. For the maxima of the double-slit interference we have

dsin = mA, m=0,1,2, ... .

If the angles are small, the separation of maxima is

A
A max — ;9
0 d

so the angle between a maximum and a minimum is

A

A = —.
o 2d

The separation on the screen will be

AL
H=LA=—.
2d
The uncertainty in the y-position at the slits of d/2 produces an uncer-
tainty in the y-momentum of
h h h

Apy> b = 1
PvZ 9Ay T 2(d)2) ~ d
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3.4 Time-dependent Schrodinger equation

This produces an uncertainty of the y-position at the screen of
Ap =By W) o AL
Da (27h/N) 2md

This is on the order of the separation of maxima and minima, so the
pattern is destroyed.

3.4 Time-dependent Schrodinger equation

3-12. (a) Show that W(z,t) = Ae!**~“! is a solution to the time-
dependent Schrédinger equation for a free particle [U(x) = Uy = constant]
but that ¥(z,t) = Acos(kx — wt) and ¥(z,t) = Asin(kx — wt) are not.
(b) Show that the valid solution of part (a) satisfies conservation of energy
if the de Broglie relations hold, A = 27h/p, w = E/h. That is, show that
direct substitution in Eq. 3.5 gives

2m

SOLUTION. The Schrédinger equation for a free particle is
h? 0%V ov
——— 4+ Ug¥ = ith—.
2m Ox2 + % ot

(a) For the proposed solution ¥ = Ae*(F*=%) we have

ov .
5 = —iwAe' ket — i,
82\11 . i(kx—w
w = ('Lk)QAE (k t) = —kQ\IJ
If we substitute these in the equation, we get
h2

%(—k%) + UV = —i?hw¥ = hwV.

Because both sides have the same functional dependence, the solution is

valid.
For the proposed solution ¥ = A cos(kx — wt) we have

%—f = HAwsin(kz — wt);
0?v 5
preliie —Ak* cos(kx — wt).
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If we substitute these in the equation, we get

h2

3 (—Ak? cos(kz — wt)) + UpAcos(kx — wt) = ihAwsin(kz — wt);
m

h2k?
( 3 + U()) Acos(kz — wt) = ithAwsin(kx — wt).
m
Because cosine and sine functions are different functions of z and ¢, the
solution is not valid.
For the proposed solution ¥ = Asin(kx — wt) we have

oV
T A —wib):
5 w cos(kx — wt);
0% 5 .
o —Ak® sin(kx — wt).
If we substitute these in the equation, we get
h2
“om (—Ak?sin(kz — wt)) + UpAsin(kz —wt) = —ihAw cos(kz — wt);
h2k?
( o + UO) Asin(kxr —wt) = —ihAwcos(kx — wt).

Because cosine and sine functions are different functions of z and ¢, the
solution is not valid.
(b) For the valid solution we have

h2
——— (k20 4+ Up¥ = —i2hw¥ = hw',
2m
or h2k2
hw = + Uo.
2m

3.5 Free particles; plane waves and wave packets

3-13. Write the wave function for (a) a free electron and (b) a free
proton, each having a constant velocity v = 4.0 x 10° m/s.
SOLUTION. The wave function for a free particle is

1 = Asinkx + Bcoskz.
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3.5 Free particles

(a) For the free electron we have

p  mv  (9.11 x 1073! kg)(4.0 x 10° m/s) 9 1
k=2 -T2 —3.5x10°m™".
hoh 1.055 x 1034 J - 5 S

Thus we have
¢ = Asin (3.5 x 10’ m™') 2 + Bcos (3.5 x 10 m™") z.
(b) For the free proton we have

oo P _mv _ (167 10727 kg)(4.0 x 10° m/s)
~h o h 1.055 x 10-34 J - 5

=6.3x 102 m~ L.

Thus we have
1 = Asin (6. 3 x 1012 mfl) x + B cos (6‘ 3 x 102 mfl) x.

3—14. A free electron has a wave function ¥ (x) = Asin(1.0 x 10'%%),
where x is given in meters. Determine the electron’s (a) wavelength, (b)
momentum, (c) speed, and (d) kinetic energy.

SoLUTION. The wave function is

1 = Asin (1.0 x 1010 m_l) x = Asinkzx.
(a) We find the wavelength from

27 27 _10

(b) The momentum is
p=nhk=(1.055x10"**J-5)(1.0 x 10" m™*) = 1.1 x 107%* kg - m/s.
(c) The speed is

1.1 % 107 kg -
P LLxI07 ks m/s 06 s,
m 9.11 x 10—3! kg

(d) The kinetic energy is

2 —24 2
P (1.1 x 10~** kg - m/s) 19
k=2 —=6.1x1071° J = 3.8 eV.
om  2(9.11 x 102! kg) x ¢
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3—15. Show that the uncertainty principle holds for a “wave packet”
that is formed by two waves of similar wavelength A\; and A\s. To do so,
use as the two waves 1 = Asinkyx and ¢ = Asinkox. Then show that
the width of each “wave packet” is Az = 27 /(k1 — ko) = 27/Ak. Finally,
show that Axz Ap = 27h for this simple situation.

SOLUTION. We form the wave packet from

=11 + 1y = Asinkixz + Asinkox,

where k1 = 2w /A1, and ka = 27/X9. If we use a trigonometric identity we
get

1 = A(sinkix + sin koz) = 2Asin (W) cos <(l€1—2k2)x> .

If the wavelengths are almost equal, we have
Ak = ky — ko,
and
k~ %(kl + kg);

thus
1 = 2A cos (% Ak x) sin kzx.

The width of the packet corresponds to the distance from one zero to the
next zero of the cosine function:

% Ak Az =,
which gives
o
AR

The momentum is p = hk, so Ak = Ap/h. When we use this in the
expression for the width, we have

Az

27
Ax = ,
(Ap/h)
or
Ax Ap = 27h.
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3.6 Indefinitely deep square well potential

3.6 Particle in an indefinitely
deep square well potential

3—16. Show that for a particle in a perfectly rigid box, the wavelength
of the wave function for any state is the de Broglie wavelength.
SoLUTION. The energy levels for the particle in a rigid box are

7’L27T2h2 pi

" 2mL? 2m’
Thus the momentum is
B nmh
Pn = 7

The wavefunctions for the rigid box are
Yy = Asink,x,

with k, = nw/L. The wavelength is

which is the de Broglie wavelength.

3—17. What is the minimum speed of an electron trapped in a 0. 10-
nm-wide infinitely deep square well?

SOLUTION. The minimum speed corresponds to the minimum mo-
mentum or the maximum wavelength. This is the lowest energy state, so
Amax = 2L. Thus we have

_ 2mh

Pmin = Amax 3
_ 2mh
MUmin = iv

6.63 x 1073 J -8

A1 x 1073 kg)vmin =
(9- 11> 107 kg Jv 2(0.10 x 109 m)’

which gives v, = 3.6 x 10° m/s.
3—-18. An n = 3 to n = 1 transition for an electron trapped in a rigid
box produces a 240-nm photon. What is the width of the box?
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SOLUTION. The energy levels for the electron in a rigid box are
n?n?h?
2mL? "

For a transition from n3 = 3 to ny = 1, we have

E, =

_ 2mhe ~ (n3 —n)m?h?
2nhf = 3 = AFEF= T R
1.24 x 103 eV - nm

240 nm
3% — 12)%(1.055 x 1073+ J - 5)2
1. 1 —19 = (
x (1.60 x 1071 J/eV) 2(9.11 x 1031 kg)L2

which gives L = 7.6 x 1071 m = 0. 76 nm.

3—19. An electron trapped in an infinitely deep square well has a
ground-state energy E = 8.0 eV. (a) What is the longest wave-length
photon this system can emit, and (b) what is the width of the well?

SOLUTION. (a) The energy levels for the electron in an infinite square
well are 22

T
Ep= 5 = n*Es.
The longest wavelength photon has the least energy, so the transition must
be from ny = 2 to n; = 1. Thus we have

27 hy
onhif = WAC = AE=(n2-nd)E;
(1.24 x 10® eV - nm)

3 = (22-1%)(8.0eV),

which gives A = 52 nm.
(b) We find the width of the well from the ground state energy:

m2h?

omL?’

72(1.055 x 10734 J - 5)2
2(9.11 x 10-31 kg)L2 ’

B =

(8.0eV)(1.60 x 10712 J/eV) =

which gives L =2.2 x 107! m = 0.22 nm.
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3.6 Indefinitely deep square well potential

3—20. The longest-wavelength line in the spectrum emitted by an
electron trapped in an infinitely deep square well is 690 nm. What is the
width of the well?

SOLUTION. The longest wavelength photon has the least energy, so the
transition must be from ny = 2 to n; = 1. Thus we have

_ 2mhe ~ (n3 —n})m?h?
== = AE=T
1.24 x 10% eV - nm

690 nm
22 —12)7%(1.055 x 10734 J - )2
1.60 x 1072 J/eV) = (
X (160 /eV) 2(9.11 x 1031 kg)L2

which gives L = 7.9 x 1071 m = 0.79 nm.

3—21. For a particle in a box with rigid walls, determine whether our
results for the ground state are consistent with the uncertainty principle
by calculating the product Ap Az. Take Ax = L, since the particle is
known to be at least within the box. For Ap, note that although p is
known (= hk), the direction of p is not known, so the x component could
vary from —p to +p; hence take Ap =~ 2p.

SOLUTION. The energy level for the ground state of a particle in a rigid
box is

o TR
2mL2  2m
Thus the momentum is
7h
p1 = f

Because the direction is not known, we have Ap ~ 2p; = 2wh/L. Because
the particle can be anywhere in the box, we have Az = L.
Thus we get

Ap Ax =~ (225) L = 2rh,

which is consistent with the uncertainty principle.
3-22. Write a formula for the positions of (a) the maxima and (b) the

minima in |1|? for a particle in the nth state in an infinite square well.
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SOLUTION. The wavefunctions for the rigid box are
Y = Asink,x,
with k, = nw/L. Thus we have
9 9 (. mmx\2
off = 4% (s °7)
™ sin "%

(a) The maximal value of [¢,|* is A2, which occurs n times. We find
the positions of the maxima from

NTLmax

i = =£1;
sin 17 ;
NTTmax T 37
L 27 27
or I )
mmax<m), m=1,2, ..., n.
n 2

(b) The minimal value of |, |* is 0, which occurs n + 1 times. We find
the positions of the minima from

NTLmin

. — 0
sin 7
’I’L’]Timin _ 0’ T 271_7 :
or I
xmin:<)m, m=20,1, 2, ..., n.
n

3—23. Determine the lowest four energy levels and wave functions for
an electron trapped in an infinitely deep potential well of width 2.0 nm.

SOLUTION. The energy levels for the electron in an infinite potential
well are

o n2m2h?
2mIL?

n?72(1.055 x 10734 J - 5)?

2(9.11 x 10731 kg)(2.0 x 1072 m)2(1.60 x 10=19 J/eV)
= (9.42 x 1072 eV)n?
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3.6 Indefinitely deep square well potential

The wave functions are

2 . nwx
\/—sm =4/
L 20nm 20nm

(1. 00 nm*1/2> sin (1. 57 nm™ nx) .

1/171 =

Thus we have
Ey
Y1
Es
V2
Es
Y3
Ey
V4

(9.42 x 1072 eV)(1)* = 0.094 eV;
(1 00 nm™ 1/2) sin (1.57 nm™ );
(9.42 x 1072 eV)(2

(1 00 nm_1/2> sin
(9.42 x 1072 eV)(3

)

(

) =0.38 eV;
(3 14 nm™ ) ;
)2 =0.85¢V;
(1.00 nm 1/2> sin (4 71 nm™ ) ;
(9.42 x 1072 eV)(4)* = 1.51 eV;
(1. 00 nm 1/2> sin (6 28 nm™ ) .

3—24. An electron is trapped in a rigid box 0.50 nm wide, (a) Deter-
mine the energies and wave functions for the four lowest states, (b) De-
termine the wavelengths of photons emitted for all possible transitions
between these states.

SOLUTION. (a) The energy levels for the electron in a rigid box are

27T2h2

E n -

2m L2

272(1.055 x 10734 J - 5)?

2(9. 11 x 1031 kg)(0.50 x 109 m)2(1.60 x 10-19 J/eV)
= (1.51 eV)n?

The wave functions are

¢n:

2
stm \/050nm 050nm

(2. 0 nm 1/2> sin (2 0nm™ mm‘)
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Thus we have

By = (1.51eV)(1)?=1.51¢eV;
P = (2. 0 nmfl/Q) sin (2. 0 nm~?! 7rx) ;
Ey = (1.51eV)(2)*> =6.03 eV;
Py = (2. 0 nm71/2> sin (4. 0 nm~! 7r1') ;
By = (1.51eV)(3)>=13.6¢V;
Py = (2. 0 nmfl/Q) sin (6. 0nm™! Trx) ;
E, = (1.51eV)(4)?=24.1¢V;

Py (2. 0 nm_l/z) sin (8. 0nm™* 7rx) .

(b) The wavelength of a photon is determined by the energy change:

_ 1.24 x10° eV -nm

A AE

For all possible transitions we have

1.24 x 103 ¢V - nm
A - — 274 nm:
21 6.03 ¢V — 1.51 oV Tt

1.24 x 10% eV - nm
A - — 103 nm;
31 13.6 eV — 1.51 eV s

1.24 x 103 eV - nm
A = = 164 nm;
32 13.6 eV — 6.03 eV i

A\ B 1.24><103eV~nm755nm_
=l oy 1ev_1.5leV :

A\ 1.24 x 103 €V - nm 69
= = nms:
42 24.1eV —6.03 eV ’

1.24 x 103 ¢V - nm
>\ = = 1]. .
43 54.1eV _13.6ev _ L1omm

3-25. Consider an atomic nucleus to be a rigid box of width 10~ m.
What would be the ground-state energy for (a) an electron, (b) a neutron,
and (c) a proton?
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3.6 Indefinitely deep square well potential

SOLUTION. If we consider a one-dimensional system, the energy level
of the ground state is

B 2h?
- 2mlL?’
(a) For an electron we have
72 h? 72(1.055 x 10734 J - 5)?

2mL2  2(9.11 x 10731 kg) (1014 m)2(1.60 x 10-19 J/eV)
= 3.8x10% eV =4 GeV.

(b) For a proton we have

n_ TR 72(1.055 x 10734 J - 5)2
T om L2 T 2(1.67 x 1027 kg) (10~ 14 m)2(1.60 x 1019 J/eV)

= 2.1x10% eV =2 MeV.

(c) For a neutron we have

B — w2h? 72(1.055 x 10734 J - 5)?2
T omaL? T 2(1.67 x 10727 kg)(10-14 m)2(1.60 x 10-19 J/eV)

= 2.1x10°%eV =2 MeV.

3—26. Suppose that the walls of an infinite square well are at x = —L/2
and = L/2. What will be the wave functions for the four lowest energy
levels? Sketch the wave functions and probability densities.

SOLUTION. Because the origin of the z-axis is at the center of the well,
the wavefunctions will alternate between sines and cosines (Fig. 3.5):

2 T 2 . 27mx
7/11:\13005?; 7/12:\/ZSIHT§
/2 3nx /12 . 4dnx

¢3 = Z COS T, Tl)4 = Z S11 T

3—27. An electron is trapped in an infinitely deep potential well of
width L. Determine the probability of finding the electron within %L of
either wall if it is (a) in the ground state, (b) in the n = 4 state. [Hint:

Evaluate fOL/4 )2 da:+f3LL/4 [|? dz.] (c) What is the classical prediction?

139



3 Quantum Mechanics

0 25

>

Y2 hyrol®

=
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=

v gl

X

=

Figure 3.5. Problem 3-26.

SOLUTION. (a) Because the wavefunction is normalized, the probability
is

LA L ,
P :/ V1] dx—i—/ [ |” dax
0 3L/4

E/LM (sin 7%;)2 dx + % /2/4 (sin %)2 dx.
0 3
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3.6 Indefinitely deep square well potential

If we change variable to 6 = wa/L, so d = (7/L) dzx, we have

2 (L\ [™*4 ) 2 (L\ [T )
P = —|—- inf)” do+ — | — ind)” do
(7)) ot e g (D),
w/4 T
= 2 Qflsin% Jrz gf}sin%
m\2 4 0 T\2 4 374
2 (m 1
= —|—-—=]=0.18.
7T<4 2)

(b) For the n = 4 state the probability is

L/4 ) L )
Po= [P et [l de
0 3L/4

2/L/4 <S, 47r:17>2d +2/L <S. 47rx)2d
= — mn — X — 1n — X.
L J, L L Jan4 L

If we change variable to § = 4wx/L, so df = (4w/L) dx, we have

2 (L 7 2 (L am
P = (= in20do+ = | — in% 6 do
I <4ﬂ_)/0 sin +L <4ﬂ_) /37T sin

2 (0 1 . T 2/6 1. A
= E (2_481n29> . + E (2— 4Sln20> .
1 /7«
= 5 (3+3) =0

¢) Classically the electron has equal probability of being anywhere in
the well. Thus the classical prediction is

(AL -0)+(L-3L)

17 = 0.50.

We see that the probability approaches the classical value for large n.

3—28. An electron is trapped in a 1. 00-nm-wide rigid box. Determine
the probability of finding the electron within 0.10 nm of the center of the
box (on either side of center) for (a) n = 1, (b) n = 5, and (c) n = 20.
(d) Compare to the classical prediction.
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SOLUTION. Because the wavefunction is normalized, the probability is

T2 2 T2
P:/w [ dxzf/m sin2$d:p.

1 1

If we change variable to = nwz/L, so df = (nm/L) dx, we have

P=—-(— / sin?0df = — | = — ~sin26
L nm 0.40 nr nm 2 4

(a) For the n = 1 state we have

0.60 nm

0.40 nm

2 (1 1
P== (2(0. 607 —0.40m)— — (sin 1. 20m — sin0. 807r)> =0.39.

(b) For the n = 5 state we have
2 /1 1 . .
P = B 5(0 60(5)m — 0.40(5)7)— 1 (sin 1. 20(5)m — sin 0. 80(5)7)
7r
= 0.20.

(c) For the n = 20 state we have

1
1, . .
— z(sm 1.20(20)7 — sin 0. 80(20)%))

= 0.20.

(d) Classically the electron has equal probability of being anywhere in
the well, so the probability is

Az 0.20 nm

P=—=—
L 1.00 nm

= 0.20.

We see that the probabilities approach the classical value for large n.
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Figure 3.6. Problem 3-29.

3.7 Finite potential well

3—29. Sketch the wave functions and the probability distributions for
the n = 4 and n = 5 states for a particle trapped in a finite square well.

SOLUTION. The wave functions and the probability distributions are
shown on Fig. 3.6.

3—30. An electron with 100 eV of kinetic energy in free space passes
over a finite potential well 50 eV deep that stretches from z = 0 to z =
0.50 nm. What is the electron’s wavelength (a) in free space, (b) when
over the well? (¢) Draw a diagram showing the potential energy and total
energy as a function of x, and on the diagram sketch a possible wave
function.

SOLUTION. We choose the zero of potential energy at the bottom of
the well. In free space outside the well the potential energy is Uy = 50 eV.
We find the total energy from

K = E—Uo;
100 eV = FE —50 €V,

which gives E = 150 eV.
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(a) In free space we have

A
Y oam mA2
272(1.055 x 10734 J - )2

100 eV)(1.60 x 107 J/eV) =
(100 eV)(1.60 x /eV) (9.11 x 1031 kg)x2

which gives A, = 1.2 x 10719 m = 0.12 nm.
(b) Over the well we have

Ko ﬁ _ 27T2ﬁ2.
T om mAZ
272(1. 055 x 1034 J - 5)2

_19 _
(150 eV)(1. 60 > 1072 J/eV) = =35 55 ignz

which gives A, = 1.0 x 1071 m = 0. 10 nm.
(c) See Fig. 3.7.

LANANAAMAARANAA AN NN
\/w\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\

X

Figure 3.7. Problem 3-30.
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3.7 Finite potential well

3—-31. An electron is trapped in a 0. 10-nm-wide finite square well of
height Uy = 1.0 keV. Estimate at what distance outside the walls of the
well the ground state wave function drops to 1 percent of its value at the
walls.

SOLUTION. The wavefunction outside the well (negative x) is

W = Ce,
where (U — B)
2 «Mm{Up —
G —_— T.
We approximate the energy as that of the ground state of an infinite well:
EF = LQhQ
2m L2

72(1.055 x 10734 J - 5)?2
2(9.11 x 10731 kg)(0.10 x 1072 m)2(1.60 x 10-19 J/eV)
= 38¢eV.

Because this is much less than Uy, this should be a good approximation.
We find G from

o 2(9.11 x 10731 kg)(1.00 x 10% eV — 38 eV)(1.60 x 10712 J/eV)
N (1.055 x 10734 J - 5)2 ’

which gives G = 1.59 x 10! m~1.
Because of the continuity of the wavefunction, the value at the wall
(x =0) is Ywan = C. Thus we have

U e
wwall
0.01 = ¢°7,
or
In(0.01) = (1.59 x 10" m™1)z,
which gives * = —2.9 x 107! m, so |z| = 0.03 nm.

3—32. Suppose that a particle of mass m is trapped in a finite potential
well that has a rigid wall at z = 0 (U = oo for < 0) and a finite wall
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0 L

X

Figure 3.8. Problem 3-32.

of height U = Uy at © = L, Fig. 3.8. (a) Sketch the wave functions for
the lowest three states. (b) What is the form of the wave function in the
ground state in the three regions © < 0,0 <z < L, x > L?

SOLUTION. (a) We assume the lowest 3 states are bound in the well.
The corresponding wavefunctions are sketched in Fig. 3.9.

(b) In region I, < 0,

Y =0;
In the well, region II, 0 <z < L,
Y = Asinkz,
where o E
2 _ amb
ke = i
In region III, x > L,
Y = Be 7,
where (U — E)
2 _ «M{Up —
G —_ T.

3.8 Tunneling through a barrier

3—-33. An electron approaches a potential barrier 10 eV high and 0. 50
nm wide. If the electron has a 1.0 percent probability of tunneling through
the barrier, what must its energy be?
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U 2
Uo
=
| 1 1
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X : X
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Figure 3.9. Problem 3-32.

SOLUTION. From the transmission we can find the value of G:

- 16E(U02— E) a1,
Us

or

6E(U —E)\ ;.
Ug '

22U —E)L _ | (16E(Uy — E)
G (28

InT = ln(

One way to solve this equation is to plot each side against E (Fig. 3.10).
This yields E =9.1eV.

3—34. A 1.0-mA current of 1.0-MeV protons strikes a 2.0-MeV-high
potential barrier 2.0 x 10~'3 m thick. Estimate the transmitted current.
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Figure 3.10. Problem 3-33.

SoLuTION. We find the value of G from
2m(Uy — E)
72
2(1.67 x 10727 kg)(2.0 MeV — 1.0 MeV)
(1.055 x 10734 J - 8)2
x (1.60 x 10713 J/MeV),

G2

which gives G = 2.19 x 104 m~!.

or

For the transmission coefficient we have

T 16E(U02— E) o 26L
Us
InT = —-2GL+1In (16E(U02_E)> ;
UO
7 = —(2)(2.19 x 10" m™1)(2.0 x 107"* m) + 1. 39,
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3.8 Tunneling through a barrier

which gives T = 3.4 x 10738,
Thus the transmitted current is

I=1T=(1.0x10"2A)(3.4x1073%) =3.4 x 107* A.

3-35. For part (b) of Example 3-7, what effect will there be on the
transmission coefficient if (a) the barrier height is raised 1 percent, (b) the
barrier thickness is increased by 1 percent?

SOLUTION. (a) If the relative change in Uy is dUy/Uy then the corre-
sponding relative change in T is

dl" Uy dT dUy

T T dUy Uy’
So if Uy is changed by 1%, then T will change by
ar _ Uy dr
T T dUy
percent. With the help of Eq. 3.10 we find

T ~Uo (1+ (L/h)y/2m(To — B)) +2E
T Us— E
. —(10eV) (1 (0.1 % 1079 m)
(70 eV — 50 eV) (0.658 x 10-15 oV - 5)

(3 x 108 m/s)?
2(50 V)

(70 eV — 50 eV)
= —6.5.

6
. \/2(0. S 10° V) o s ev)>

Thus T decreases by 6.5%.
(b) We find the small relative change in T from a small relative change
in the barrier thickness L:

dl  LdTdL  2L\/2m(Uy — E) dL
o h L’

T  TdL L
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or
ar - 2(0.1x 1072 m)
T ~ (0658 x 1015 eV -5)
0.511 x 106 eV
2| m——— V — 1
x\/ ((3x108m/s)2>(7oe 50 eV) (1)
= —4.6.

Thus T decreases by 4.6%.

3—36. Show that the transmission coefficient is given roughly by Eqgs.
3.10 for a high or thick barrier, by calculating |v(L)[?/|¢(0)|?. [Hint:
Assume that v is a decaying exponential inside the barrier.]

SoLUTION. The wavefunction inside the barrier is

P = Ae” % 4 BetCT,

If the barrier is high or thick, ¢(L) = 0, so B ~ 0. Thus we have

b = 1(0)e=C2,

SO 5
[ACOIp—r
[ (0)[*

3-37. A uranium-238 nucleus (Z = 92) lasts about 5 x 10° years
before it decays by emission of an « particle (Z = 2, M = 4Mproton)-
(a) Assuming that the « particle is a point, and the nucleus is roughly
8 fm in radius, estimate the height of the Coulomb barrier (the peak in
Fig. 3.11). (b) The « particle, when free, has kinetic energy ~ 4 MeV.
Estimate the width of the barrier. (c) Assuming that the square well has
U = 0 inside (where U = 0 far from the nucleus), calculate the speed of the
« particle and how often it hits the barrier, and from this (and Eq. 3.10)
estimate its lifetime. [Hint: Replace the 1/r Coulomb barrier with an
“averaged” rectangular barrier of width equal to # that calculated in (b).]

SOLUTION. (a) We assume the potential energy of the a particle
(charge = 2e) is produced by the electric field of the remaining nuclear
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3.8 Tunneling through a barrier

U
Nuclear Coulomb
attraction repulsion
\ / Energy of a
A /
Nuclear
potential
0
Ro| Rs r

Figure 3.11. Potential energy for « particle and (daughter) nucleus, showing the
Coulomb barrier through which the a particle must tunnel to escape (Problems
3-37, 6-34, 6-79 and 7-27).

charge of 90e. Thus the potential energy at a radius of 8 fm is

19
To
(8.99 x 10° N - m?/C?)(2)(90)(1.60 x 10719 C)?2
(8 x 1015 m)(1.60 x 10-19 J/eV)
= 3.24x107 eV = 32.4 MeV.

Uc =

(b) The kinetic energy of the free « particle is also its total energy. At
the exit from the barrier, the kinetic energy is zero, so we find the radius
where the « particle leaves from

E = UT:keﬁ:ke@@;
r To T
f
4MeV = (32.4MeV)(8T7m),

which gives 7 = 64.7 fm. Thus the width of the barrier at an energy of
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4 MeV is
64.7 fm — 8 fm = 56.7 fm.

(c) If the potential energy is zero inside the barrier, we find the speed
of the a particle from

mv?;

(4)(1.67 x 10727 kg)v?,

E=K
(4 MeV)(1.60 x 10713 J/MeV) =

N= N|=

which gives v = 1.4 x 107 m/s.
Because there is a barrier on both sides of the nucleus, the frequency
with which the « particle hits a barrier is

v 1.4 x 10" m/s 88 %1020 &1

7= 5 2(8 x 10-15 m)

To find the transmission coefficient, we assume a square barrier. We
find the value of G from

2m(Uy — E)
h2
2(4)(1.67 x 10727 kg)(32.4 MeV — 4 MeV)
(1.055 x 10-34 J - 5)2

x (1.60 x 1071 J/MeV),

G? =

which gives G = 2.34 x 10> m~! = 2.34 fm ™.

If we take the height as the value of the Coulomb barrier, the thickness
will be less than that found in part (b). The Coulomb potential varies as
1/7, so the assumed thickness of a square barrier will be less than half that
found in part (b). If we use % of the width, L = 18.9 fm, we have

16E(Uy — E) o 20L

Ug
16(4 MeV)(32. 4 MeV — 4 MeV) .
_ —2(2.34 fm~1)(18.9 f
(32.4 MoV )2 exp (=2(2.34 fm™)(18.9 fm))
= 7.9%x107%.
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3.9 The WKB approximation

Each time the « particle hits the barrier, T represents the probability
it gets through. If the lifetime is 7, the number of hits is f7, which has a
probability of one:
1= frT,
or
1 1
O fT (8.8 x 1020 s71)(7.9 x 10-39)

T =1.4x10" s~ 4.5 x 10° yr.

Note that the result is very sensitive to the value of L.

3.9 The WKB approximation

3—-38. The WKB approximation can be used to calculate the energy
levels for a harmonic oscillator. In this approximation, the energy levels are
the solutions to Eq. 3.12. (a) Determine the classical turning points for a
harmonic oscillator with energy E and force constant k. (b) Carry out the
integral in the WKB approximation and show that the energy levels in this
approximation are FE, = hw, where w = \/k/m and n =1, 2, 3, ... [Hint:
recall that h = h/2r. A useful standard untegral is [V A? —a22dx =
1 (xVA? — 22 + A% arcsin (z/|A])). Note that the integrand is even, so
the integral from —z to x is equal to twice the the integral from 0 to z.]
(c) How do the approximate energy levels found in part (b) compare with
the true energy levels given by Eq. 5.67 Does the WKB approximation
give an underestimate or an overestimate of the energy levels?

SOLUTION. (a) At the turning points E = 1ka?p, so

[2F
QZTP::E ?

++/2E/k
/ 2m (E — %k‘xg) dx = nmh.
—\/2E/k

To evaluate the integral, we want to get it into a form that matches the
standard integral given. First we transform the integrand:

2F
Jom (B = Tha?) = \/omB = mike? = v |2 2.
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Then letting A% = 2E/k, a = —/2E/k and b = ++/2E/k we get

b — b
\/mk/ VAZ —x2dx = Qka (m\/Az—mQ—FAQ arcsin (x))

A1) /1o

2F . m (T
mG?arcsm(l) = 2E1/? (2) .

Using WKB, this must be equal to nrwh, so

E,/%:nh.

Recall w = \/k/m, so E = nlw.

(c) We are missing the zero-point-energy offset of hw/2 [Eq. 5.6 suggests
E = hw (n + %)] However, our approximation isn’t bad at all!

3—39. Protons, neutrons, and many other particles are made of more
fundamental particles called quarks and antiquarks (Chapter 8). A quark
and antiquark can form a bound state with a variety of different energy
levels, each of which correspond to a different particle observed in the
laboratory. As an example, the i particle is low-energy bound state of a
so-called charm quark and its antiquark, with rest energy of 3097 MeV;
the 1(2S) particle is an excited state of this same quark-antiquark com-
bination, with a rest energy of 3686 MeV. A simplified representation of
the potential energy of interaction between a quark and an antiquark is
U(z) = A|z| where A is a positive constant and z represents the distance
between the quark and the antiquark. You can use the WKB approxima-
tion to determine the bound-state energy levels for this potential energy
function. In the WKB approximation, the energy levels are the solutions
to Eq. 3.12. (a) Determine the classical turning points for the potential
U = Alz| and for an energy E. (b) Carry out the WKB integral and show
that the allowed energy levels in the WKB approximation are given by

1 /3rmAr\>?
En:2m<7m; ) R n=1,23, ... (3.13)

(Hint: the integrand is even, so the integral from —z to z is equal to
twice the integral from 0 to z.) (c) Does the difference in energy between

154
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successive levels increase, decrease, or remain the same as n increases? How
does this compare to the behavior of the energy levels for the harmonic
oscillator? For the particle in a box? Can you suggest a simple rule that
relates the difference in energy between successive levels to the shape of
the potential energy function?

SOLUTION. (a) At the turning points £ = A|zp|, whence follows

B
rrp — ZEZ
(b) We have
+E/A E/A
/ \/2m(E7A|x|)dx:2/ V2m (E — Alz|) dx.
—-E/A 0

Introduce the new variable y = 2m(E — Ax). Then dy = —2mAdx, and
y=0at x =FE/A and y =2mFE at x = 0. So,

E/A 0
nth = V2m (E — Alz|) dx———A \/gdy
0
2 3

2 3/2
(2mE)
OmE ~ 3mA

B 3mAy

From here follows Eq. 3.13.

(¢) The difference in energy decreases between successive levels. For
example: 12/ —02/3 =1, 22/3 - 12/3 =0.59 . ..
e A sharp oo step gave ever-increasing level differences (~ n?).
e A parabola (~ z?2) gave evenly spaced levels (~ n).
e Now, a linear potential (~ x) gives ever-decreasing level differences

(~ n?/3).

Roughly: If the curvature of the potential (~ second derivative) is bigger
than that of a parabola, then the level differences will increase. If the
curvature is less than a parabola, the differences will decrease.

3.10 General problems

3—40. If an electron’s position can be measured to an accuracy of
2.0 x 1078 m, how accurately can its velocity be known?
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SOLUTION. We find the uncertainty in the momentum:

ho 1.055x 1073 J.s

> =
APZ oA T @)@ 0x 10 m)

=2.64 x107%" kg - m/s.

We find the uncertainty in the velocity from

Ap = mAuv;
2.64x 102" kg-m/s = (9.11 x 107*! kg) A,

which gives Av = 2.9 x 10% m/s.

3—41. Estimate the lowest possible energy of a neutron contained in
a typical nucleus of radius 1.0 x 10715 m. [Hint: A particle can have an
energy at least as large as its uncertainty.]

SOLUTION. We use the radius as the uncertainty in position for the
neutron. We find the uncertainty in the momentum from

ho 1.055x 1073 J.s
Ap > = =0.53 x 107 kg - m/s.
PZ 98z = (2)1.0x 10~ m) . g m/s

If we assume that the lowest value for the momentum is the least uncer-
tainty, we estimate the lowest possible kinetic energy as

(Ap)?2  (0.53 x 10712 kg - m/s)? 19
E = = =0. 1 = 5.2 MeV.
2m 2(1.67 x 1027 kg) 0.83> 1077 J = 5.2 MeV

3-42. The Z° boson, discovered in 1985, is the mediator of the weak
nuclear force, and it typically decays very quickly. Its average rest energy
is 91.19 GeV, but its short lifetime shows up as an intrinsic width of 2.5
GeV. What is the lifetime of this particle?

SoLUTION. We find the average lifetime of the particle from

I 1.055 x 1073* J - s

> = =1.3x10"%s.
SAE ~ (2)(2.5 GeV)(1.60 x 1010 JjGevy 1010778

At

3-43. What is the uncertainty in the mass of a muon (m = 105.7
MeV/c?), specified in eV /c?, given its average lifetime of 2.20 us?
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SOLUTION. We find the uncertainty in the rest energy of the muon
from

—34 1.
Aps 1055107375

> = =24x1002J=1.5x10"1 eV.
2AL  (2)(2.20 x 106 s) x x ¢

Thus the uncertainty in the mass is

AE
Am=—=1.5x 10710 ev/c2.
c
3—44. A free neutron (m = 1.67 x 10727 kg) has a mean life of 900 s.
What is the uncertainty in its mass (in kg)?
SOLUTION. We find the uncertainty in the rest energy of the free
neutron from

—34 7.
AE > h ~1.055 x 10 J-s

> = =0.59 x 10737 J.
2L (2)(900 5) 8

Thus the uncertainty in the mass is

AFE 0.59 x 10737 J
Am=— = =0.65 x 107°* kg.
= (3.00 x 108 m/s)? 8 &

3—-45. Use the uncertainty principle to estimate the position uncer-
tainty for the electron in the ground state of the hydrogen atom. [Hint:
Determine the momentum using the Bohr model of Chapter 2 and assume
the momentum can be anywhere between this value and zero.] How does
this compare to the Bohr radius?

SOLUTION. We can relate the momentum to the radius of the orbit
from the quantum condition:

L = mvr = pr = nh,

SO

for the ground state.
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If we assume that this is the uncertainty of the momentum, the uncer-
tainty of the position is
h h 1
AT 2 onp " 2hirg) 2"
which is a half Bohr radius.

3—46. A neutron is trapped in an infinitely deep potential well 2.0 fm
in width. Determine (a) the four lowest possible energy states and (b) their
wave functions. (c) What is the wavelength and energy of a photon emitted
when the neutron makes a transition between the two lowest states? In
what region of the EM spectrum does this photon lie? [Note: This is a
rough model of an atomic nucleus.]

SOLUTION. (a) The energy levels for the neutron in an infinite well are

27T2h2

E, = 2%
2m L2

72(1.055 x 10734 J - 5)2
2(1.67 x 10727 kg)(2.0 x 10~15 m)2(1.60 x 10-13 J/MeV)
= (51.4 MeV)n?

Thus we have

By = (51.4 MeV)(1)? =51 MeV; Ey = (51.4 MeV)(2)? = 210 MeV;
E; = (51.4 MeV)(3)? = 460 MeV; E; = (51.4 MeV)(4)? = 820 MeV.

(b) The wave functions are

Yy = \/— sm =4/ sin nre
20fm 20fm

= (1.0 fm~ 1/2) sin(0. 50 fm ™! nrz).

Thus we have

1 = (1.0 fm~ 1/2) sin(0. 50 fm ™! 7x);
Yo = (1.0 fm~?)sin(1.00 fm~' 7x);
Y3 = (1.0 fm~Y?)sin(1.50 fm~! 7x);
s = (1.0 fm~/?)sin(2.00 fm ! 7z)
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(¢) The energy of the photon is the energy change:
o9rhf = AE = Ey — Ey = 205 MeV — 51 MeV = 150 MeV.
The wavelength of the photon is

(1.24 x 10® eV - nm)(10~% MeV /eV)(10° fm/nm)
AE
1.24 x 10° MeV - fm  1.24 x 10° MeV - fm
AE B 150 MeV

Aas1 =

= 8.3 fm.

This is gamma ray.

3-47. Estimate the kinetic energy and speed of an « particle (¢ = 2e,
m = 4 proton masses) trapped in a nucleus 107 m wide. Assume an
infinitely deep square well potential.

SOLUTION. If we assume the ground state, the kinetic energy is

n2mw2h2
2mL?
(1)27%(1.055 x 10734 J - )2
2(4)(1.67 x 10-27 kg)(10—14 m)2(1.60 x 10~19 J/eV)
= 5.1x10%°eV =0.5MeV.

K = B =

We find the speed from

p? mo?

Tom © T2

c 4)(1. 10727 kg)v?
(5.1 % 10° eV)(L. 60 x 101 J/eV) (4)(1.67 x 20 glv?

which gives v =5 x 10 m/s.

3—48. Suppose that an electron is trapped not in a square well, but
one whose potential energy is that of a simple harmonic oscillator: U(z) =
%Cm? That is, if the electron is displaced from x = 0, a restoring force
F = —C'z acts on it, where C' is constant. (a) Sketch this potential energy.
(b) Show that = Ae=B=" is a solution to the Schridinger equation and
that the energy of this state is £ = %hw, where w = 2hB/m, and A and B
are constants. [Note: This is the ground state and this energy %hw is the
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3 Quantum Mechanics

0

X

Figure 3.12. Problem 3-48.

zero-point energy for a harmonic oscillator. The energies of higher states
are E, = (n+ 1)1 hw, where n is an integer.]

SOLUTION. (a) The potential energy is sketched in Fig. 3.12.

(b) The Schrodinger equation is

K2 d%y
O W =EFE
" 2m da? t3 v =Ey.
For the proposed solution ¢ = Ae’Bmz7 we have
@ = —2ABxe_Bm2;
dx
d2
TV 9 ABre P 4 4ABRe P
dx?
If we substitute these in the equation, we get
h? —Baz? 2,2,~Bz 1 2 p,—Bz? —Baz?
—5 (24Be P 4 44B%e ) + D Cat e = AP
m
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When we cancel common factors, we get

4B%h% 1 Bh?
( +C>z2+<E>O
2m 2 m

Thus we have a solution if

2 _mC
O 4R2’
and )
o B _hw
m 2
if
2hB
w=—"1.
m

3—-49. A 10-gram pencil, 20 cm long, is balanced on its point. Classi-
cally, this is a configuration of (unstable) equilibrium, so the pencil could
remain there forever if it were perfectly placed. A quantum mechanical
analysis shows the pencil must fall. (a) Why is this the case? (b) Estimate
(within a factor of 2) how long it will take the pencil to hit the table if
it is initially positioned as well as possible? [Hint: Use the uncertainty
principle in its angular form to obtain an expression for the initial angle
w0 = Ap]

SOLUTION. (a) When the pencil, assumed to be a uniform rod, makes
an angle ¢ with the vertical, the torque from its weight about the bottom
point (assumed fixed) creates the angular acceleration:

T = lag
I M2 d?p
Mg§ sing = TR

Classically, if ¢ = 0, there is no torque and thus no rotation. From the
uncertainty principle we have

ALAp >

N | St

)

or

h
21 Aw’

Ap >

161
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Thus ¢ will not always be zero. The resulting torque will cause the pencil
to fall.

(b) We need the equation of motion to determine the time of fall. Most
of the time will be taken while the angle is small. Thus while ¢ < 1, we
have

¢ 3y
a2 207
for which the solution is
o= Aet + Be .

Because ¢ increases with time, we use

o = Ae,
where
3¢ [3(9.80m/s?) .
“=V2 T\ 2020m 2T

If we assume ¢ has the minimum value of Ap at t = 0, then Ap = A.
From the uncertainty principle, the initial angular velocity will be
h h
21Ap — 2(3M2) A’

wog=cA=Aw=

which gives

3h 3(1.055 x 10734 J - 5)

A2 = =
2M ¢ (2)(10 x 10-3 kg)(0.20 m)2(8.57 s~1)

=4.62 x 10732,

which gives A = 2.15 x 10716 rad.
We find the time to fall through %w rad from ¢ = Ae®, or

In (%) = ct;
L7 rad
In(—2 — = . Y
. (3.0 x 10~16 rad) (8.57s70)t,

which gives ¢ = 4.3 s. Because most of the time will be taken while the
angle is small, this should be within a factor of 2.
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3—50. The probability density for finding a particle at a particular
location is |1|2. The average value (), the location of a particle averaged
over many measurements, is given by

= [ Ul do

for a particle in a rigid box. Calculate the average value of x for any value
of n.

SoLUTION. For the average value of the position of a particle in a rigid
box, we have

L L
2
<$>:/0 an\zdmzf/o xsin2$da:.

If we change variable to 6 = nwx/L, so df = (nm/L) dx, we have

2 [ L\ [ 2L (6% Osin20 cos20\|™"
= - | = Osin?0df = —— | — — -
(z) L (mr) /0 S n2m? <4 4 8 ) 0
2L (nPr? o1y _ L
T n2q2 4 8 8) 27

This is expected from the symmetry of the probability distributions.

3—51. By how much does the tunneling current through the tip of a
scanning tunneling microscope change if the tip rises 0. 010 nm from some
initial height above a sodium surface with a work function Wy = 2.28 eV?
[Hint: Let the work function equal the energy needed to raise the electron
to the top of the barrier.]

SOLUTION. The potential difference between the surface and the tip
creates vacant energy levels on one side of the barrier so tunneling can
occur. The change does not appreciably affect the shape of the barrier, so
we assume a square barrier of height Uy. If the work function is the energy
required to raise the electron to the top of the barrier, then Wy = Uy — E.

We find the value of G from

2m(Uy — E)
h2
2(9.11 x 10731 kg)(2.28 eV)(1.60 x 1071 J/eV)
(1.055 x 10734 J - 5)2 ’

G? =
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which gives G = 7.7 x 10° m~1.
We use the distance from the sodium surface to the tip as the width of
the barrier, so the transmission coefficient is

_16E(Uo ~ E) _sar
Ug '
If we find the ratio of the coefficient after the rise of the tip to that
before the rise, we have

T

—2GL
I _ e ? o 2G(LaL)
ZZ—'1 - 672GL1 -

= exp (—2(7.7x 10" m™")(0.010 x 107% m)) = 0.86.

The fractional change is

(T - 1)

=0.8—1=-0.14.
T

Thus the small change in separation (about a tenth of atomic size) produces
a 14% decrease in the tunneling current.

3-52. A small ball of mass 1.0 x 107% kg is dropped on a table from
a height of 2.0 m. After each bounce the ball rises to 80 percent of its
height before the bounce because of its inelastic collision with the table.
Estimate how many bounces occur before the uncertainty principle plays
a role in the problem. [Hint: Determine when the uncertainty in the ball’s
speed is comparable to its speed of impact on the table.]

SOLUTION. From energy conservation, the speed after falling a height
H or to rise to a height H is v = /2gH. If Hy is the initial height and
the height after the first bounce is H; = bHy, the height after n bounces
is H,, = ™ Hy. Thus the speed after the nth bounce is

Vn = /29" Hy.

If we take the height after the nth bounce as the uncertainty in the position
of the ball, we find the uncertainty in the speed from

ApAx >

mAvH, >
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or

h
omH,,’

The uncertainty principle will play a role when the uncertainty in the
speed is on the order of the speed:

h
Av =~ v, = +/29b"Hy >

2mb"H0 ’

Av >

or
52
8gHfm?’
(1.055 x 10734 J - 5)?
8(9.80 m/s?)(2.0 m)3(1.0 x 10-6 kg)2’

b?m,

(0.80)%"

which gives n = 202.
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4 Quantum Mechanics of Atoms

4.1 Review

In the quantum mechanical view of the atom, the electrons do not have
well-defined orbits, but instead exist as a “cloud.” Electron clouds can be
interpreted as an electron wave spread out in space, or as a probability
distribution for electrons considered as particles.

For the simplest atom, hydrogen, the (time-independent) Schrodinger
equation

K2 9 B
—5 VR Uy = By (4.1)

contains the potential energy

where r is the radial distance from the proton to the electron. The solutions
give the same values of energy as the old Bohr theory:

(13.6 V)

B, =-
n n2

n=1,2 3, .... (4.2)
According to quantum mechanics, the state of an electron in an atom
is specified by four quantum numbers: n, £, my, and m.
The principal quantum number, n, can take on any integer value (1, 2,
3, ...) and corresponds to the quantum number of the old Bohr theory.
The orbital quantum number, ¢, can take on values from 0 up to n — 1.
The actual magnitude of the orbital angular momentum L is related to
the quantum number ¢ by

L={({+1)h (4.3)

The energy levels in the hydrogen atom depend on n, whereas in other
atoms they depend on n and /.

The magnetic quantum number, my, can take on integer values from
—¢ to +{. In quantum mechanics, the direction of the angular momentum

166



4.1 Review

2h +------% my=2
L,
h+--4------- m[—1
0 »m,=0
L R VR me=-1
~2h f-------2 me= -2

Figure 4.1. Quantization of angular momentum direction for ¢ = 2.

is usually specified by giving its component along the (arbitrary) z axis.
Then L, is related to my by the equation:

Lz = mgh. (44)

This limitation on the direction of L is called space quantization. For
example, if £ = 2, then my can be —2, —1, 0, +1, +2, and the five different
directions allowed can be represented by the diagram of Fig. 4.1. The
values of L, and L, are not definite, however.

When an external magnetic field is applied, the spectral lines are split
(the Zeeman effect), indicating that the energy depends also on my in this
case (Fig. 4.2a).

The spin quantum number, my, can be —|—% or —%.

Even in the absence of a magnetic field, precise measurements of spec-
tral lines show a tiny splitting of the lines called fine structure, whose
explanation is that the energy depends very slightly on my and m.

Example 4-1. How many different states are possible for an electron
whose principal quantum number is n = 37

SOLUTION. For n = 3, £ can have the values ¢ = 2, 1, 0. For ¢ = 2,
my can be 2, 1, 0, —1, —2, which is five different possibilities. For each

1

of these, m, can be either up or down (+3 or —3), so for £ = 2 there are

2 x 5 =10 states. For £ =1, my can be 1, 0, —1, and since m, can be —|—%
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i — e/ ——
=2 0 =2 0
“—— 3 N\ Y

2 _ZUBB

?:12, my=1 ?:12, Y Y L
0 Y \ Y
-1 Y Y Y -
Am=-1 0o +1
(@ (b)

Figure 4.2. (a) The Zeeman effect. When a magnetic field is applied, an n = 3,
¢ = 2 energy level is split into 5 separate levels, corresponding to 5 different
values of m¢y. An n =2, £ =1 level is split into 3 levels. (b) Problem 4-46.

or —% for each of these, we have 6 more possible states. Finally, for £ = 0,
my can only be 0, and there are only 2 states corresponding to ms = —|—%
and —%. The total number of states is 10 + 6 + 2 = 18, as detailed in the
following table:

n ¢ my mg n £ my mg
3.2 +2 +3 3 2 -2 -1
32 42 -1 3.1 +1 +3
3.2 +1 +3 3.1 +1 —3
3.2 41 -3 31 +3
3.2 0 +3 31 -1
32 0 -3 3.1 -1 +3
3.2 -1 +3 3 2 -1 -3
32 -1 -1 30 +3
3 2 -2 41 3.0 -3

Example 4—2. Determine (a) the energy and (b) the orbital angular
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momentum for each of the states in Example 4-1.

SOLUTION. (a) The energy of a state depends only on n, except for the
very small corrections mentioned above, which we will ignore. Since n = 3
for all these states, they all have the same energy,

Esz—m.:izev) = —1.51¢eV.
(b) For £ = 0,
L= \{(t+1)h=+/00+1)h=0.
For £ =1,

L=y11+1)h=v2h=1.49x 1073 J.s.

Atomic angular momenta are generally given as a multiple of (\/? h in
this case), rather than in SI units. But note that for £ = 1, L is on
the order of 10734 J -s. This means that macroscopic angular momenta
will have such extremely high quantum numbers that the quantization of
angular momentum will not be detectable: L will appear continuous, in
accordance with the correspondence principle. Finally, for ¢ = 2,

L=+22+1)h=V6h

Transitions between states that obey the selection rule A¢ = +1 are
far more probable than other so-called “forbidden” transitions.

The ground-state wave function in hydrogen has spherical symmetry,
as do other ¢ = 0 states:

1

where rg = h2/k6m662 = 0.0529 nm is the Bohr radius. The subscript
100 on v represents the quantum numbers n, £, me: Ypom,-
The probability density, |1/|?, and the radial probability density,

Y100 = e "/, (4.5)

P, = 4nr?|y?,
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4 Quantum Mechanics of Atoms

are both useful to illustrate the spatial extent of the electron cloud. For
the ground state of hydrogen, the probability density is

1
2 —2r/r
[P100]° = pcy e 2/, (4.6)
while the radial probability density becomes

7“2

P=4— e %/ 4.7
3 € (4.7)
and is plotted in Fig. 4.3.
12 [ T T T T T T T T T T T T T T T T T T T T
10f n=1 §
I (=0
8 ]
h rg = 0.053 nm
£ s6f ]
a0
4r -
2t ]
0 L 1 1 1 1
0 1 2 3 4

r/rg

Figure 4.3. The radial probability distribution P; for the ground state of hydro-
gen, n = 1, £ = 0. The peak occurs at r = rg, the Bohr radius.

Example 4-3. Determine the most probable distance r from the
nucleus at which to find the electron in the ground state of hydrogen.

SOLUTION. The peak of the curve in Fig. 4.3 corresponds to the most
probable value of . At this point the curve has zero slope, so we take the
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derivative of Eq. 4.7 and set it equal to zero:

d 2
47 —2r/rB = 0
dr ( > ’

8 8
(:7’: - Z) e~/ =,
! B

Since e goes to zero only at r = oo, it is the term in parentheses
that must be zero:

—2r/rp

8r  8r?
T‘73 - 7’,‘4 == 0
B B
Therefore,
r=rTB.

The most probable radial distance of the electron from the nucleus accord-
ing to quantum mechanics is at the Bohr radius, an interesting coincidence.
Example 4—4. Determine the probability of finding the electron in
the ground state of hydrogen within two Bohr radii of the nucleus.
SOLUTION. We need to integrate P;, from r = 0 out to r = 2rg: that
is, we want to find

2r 2rp ,],.2
P, = / W2 dV = / d— 2/ gy,
r=0 r=0 TB
We first make the substitution
v =2—
B

2

and then integrate by parts ([udv = wv — [vdu) letting v = z* and

dv = e~* dz (and note that do = 2dr/rg):

1 ! —x 1 2 —x —T
P =- 2re T dr = —z%e " + [ 2xe” " dx
2 Jo 2

The second term we also integrate by parts with u = 2z and dv = e~ dx:

1
3 (IQeI —2ze” ¥ + 2/675]0 dx)
4
1
= < 5% 2—x—1>e ¥
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4 Quantum Mechanics of Atoms

We evaluate this at = 0 and at « = 2(2rg)/rg = 4:
Po=(-8-4—-1)e*+e"=0.76

or 76 percent. Thus the electron would be found 76 percent of the time
within 2 Bohr radii of the nucleus and 24 percent of the time farther away.
Note that this result depends on our wave function being properly nor-
malized, which it is, as is readily shown by letting r — oo and integrating
over all space: [;° [¢[?dV = 1.

The first excited state in hydrogen has n = 2. For ¢ = 0, the solution
of the Schrédinger equation (Eq. 4.1) is a wave function that is again
spherically symmetric:

1 r _

Fig. 4.4 shows a plot of the radial probability distribution

2 2
P= 1% (2 - r) e /%8,
8 1h B

States with ¢ > 0 have some directionality in space. For the state with
n = 2, £ = 1, there are three possible wave functions corresponding to
my = +1,0,—1:

z
—r/2r
Por0 = ———=e "/,

/327y,

T+ 1y o—r/2r

o1 = N , (4.9)
Yo1-1 = LW /s

These wave functions are not spherically symmetric. All three of these
states are equally likely, and they all have the same energy.

The arrangement of electrons in multi-electron atoms is governed by the
Pauli exclusion principle, which states that no two electrons can occupy the
same quantum state—that is, they cannot have the same set of quantum
numbers n, £, my, and m.
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4 T T T T T T
n=2

3r /=0 4
~ rg = 0.053 nm
|
E o ]
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0 2 4 6 8 10 12
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Figure 4.4. The radial probability distribution for the n = 2, £ = 0 state in
hydrogen.

As a result, electrons in multi-electron atoms are grouped into shells
(according to the value of n) and subshells (according to £).

Electron configurations are specified using the numerical values of n,
and using letters for ¢: s, p, d, f, etc., for £ = 0, 1, 2, 3, and so on,
plus a superscript for the number of electrons in that subshell. Thus, the
ground state of hydrogen is 1s!, whereas that for oxygen is 1s22s2 2p?.
The periodic table (see Fig. C.1) arranges the elements in horizontal rows
according to increasing atomic number (number of electrons in the neutral
atom). The shell structure gives rise to a periodicity in the properties
of the elements, so that each vertical column can contain elements with
similar chemical properties.

Example 4-5. Which of the following electron configurations are pos-
sible, and which forbidden? (a) 1s%2s?2p®3s?; (b) 152 252 2p% 352 3p° 45?;
(c) 152252 2p5 24!

SOLUTION. (a) This is not allowed, because there are too many elec-
trons in the s subshell in the M (n = 3) shell. The s subshell has m, = 0,
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4 Quantum Mechanics of Atoms

with two slots only: for “spin up” and “spin down* electrons.

(b) This is allowed, but it is an excited state. One of the electrons
in the 3p subshell has jumped up to the 4s subshell. Since there are 19
electrons, the element is potassium.

(c) This is not allowed, because there is no d (¢ = 2) subshell in the
n = 2 shell. The outermost electron will have to be (at least) in the n = 3
shell.

X-rays, which are a form of electromagnetic radiation of very short
wavelength, are produced when high-speed electrons strike a target. The
spectrum of X-rays so produced consists of two parts, a continuous spec-
trum produced when the electrons are decelerated by atoms of the target,
and peaks representing photons emitted by atoms of the target after be-
ing excited by collision with the high-speed electrons (Fig. 4.5). When the
electrons accelerated by the high voltage of the tube collide with the atoms
of the target, they can knock out one of the very tightly held inner elec-
trons. The characteristic X-rays (represented by the peaks) are photons
emitted when an electron in the upper state drops down to fill the vacated
lower state. The K lines result from transitions into the K shell (n = 1).
The K, line is a transition that originates from the n = 2 (L) shell, the
Kp line from the n = 3 (M) shell. An L line is due to a transition into the
L shell, and so on.

The peaks are are characteristic of the material used. Measurement of
these peaks allows determination of inner energy levels of atoms and deter-
mination of Z. Indeed, the wavelength of the shortest X-rays emitted will
be inversely proportional to Z2. Actually, for an electron jumping from,
say, the n = 2 to the n = 1 level, the wavelength is inversely proportional
to (Z — 1)? because the nucleus is shielded by the one electron that still
remains in the 1s level. In 1914, H. Moseley found that a plot of A~1/2
versus Z produced a straight line, Fig. 4.6.

Example 4-6. Estimate the wavelength for an n = 2 ton = 1
transition in molybdenum (Z = 42). What is the energy of such a photon?

SOLUTION. We use the Bohr formula with Z2 replaced by (Z —1)? =
(41)2. Or, more simply, we can use the result of Example 2-13 for the
n =2 to n = 1 transition in hydrogen (Z = 1). Since

1

e
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6
- characteristic
__---[-7 radiation
5 e
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/ \ 25 kv

X-ray intensity (arbitrary units)
w
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/ \§ 7777777 15 kY
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Figure 4.5. Spectrum of X-rays emitted from a molybdenum target in a high-
voltage X-ray tube. The characteristic radiation is represented by two sharp
peaks: the higher one corresponds to K, line, while the lower one to Kz line.

we will have
(1.22 x 1077 m)

(41)?

This is close to the measured value (Fig. 4.5) of 0.071 nm. Each of these
photons would have energy (in eV) of:

A= =0.073 nm.

2rhe  (6.63 x 1073* J -5)(3.00 x 10® m/s)
B =2rhf = = =17 keV.
TR = T T 3% 10T m)(1.60 x 10-19 J/eV) ¢

Example 4—-7. High-energy photons are used to bombard an unknown
material. The strongest peak is found for X-rays emitted with an energy
of 66 keV. Guess what the material is.

SOLUTION. The strongest X-rays are generally for the K, line (see
Fig. 4.5) which occurs when photons knock out K shell electrons (the

175



4 Quantum Mechanics of Atoms

10 T T T T T LI— T T T T
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4

Figure 4.6. The plot of A™Y/2 vs. Z for K, X-ray lines (dots). The straight line
with an intercept at Z = 1 represents Mosley’s law (see Problem 4-62).

innermost orbit) and then their place is taken by electrons from the L
shell. We use the Bohr model, and assume the electrons “see” a nuclear
charge of Z —1 (screened by one electron). The hydrogen transition n = 2
to n = 1 would yield about 10.2 eV (see Example 2-13). Then since
energy F is proportional to Z2 (Eq. 2.10), or rather (Z —1)? as we’ve just
discussed, we can write

(Z—-1)? 66 x 10% eV
12 10.2eV

so Z —1=+/6500 = 81, and Z = 82, which makes it lead.

The continuous part of an X-ray spectrum is due to deceleration of
electrons by interaction with atoms of the target (Bremsstrahlung pro-
cess). The continuous spectrum has minimum wavelength (corresponding
to maximum frequency and photon energy) determined by the accelerating
voltage, V', in the X-ray tube:

=6.5 x 105,

2mhe
Ao = .
0 eV

(4.10)
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The cutoff wavelength \g in the bremsstrahlung process do not depend on
the target material.

Example 4—8. What is the shortest-wavelength X-ray photon emitted
in an X-ray tube subjected to 25 kV?

SOLUTION. From Eq. 4.10,

6.6 x 10734 J-5)(3.0 x 10% m/s)

— —11 _
(1.6 x 1019 C)(2.5 x 104 V) 5.0 x 107" m = 0.050 nm.

yo

This agrees well with experiment, Fig. 4.5.
If L is the orbital angular momentum of an electron, the associated
magnetic dipole moment is

le

-1 4.11
7 5 (4.11)

A magnetic dipole moment in a magnetic field B experiences a torque, and
the potential energy of such a system depends on B and the orientation
of p relative to B:

U=—p-B.

If B is in the z direction, then U = u, B, and from Eq. 4.4 and Eq. 4.11
we have

eh
2= ——— my.
K om
The quantity
s = Y 9 97 x 10724 3T (4.12)
2m ' '

is called the Bohr magneton. Then we can write

[y = —BMy. (4.13)

An atom placed in a magnetic field would have its energy split into levels
that differ by AU = upB; this is the Zeeman effect (Fig. 4.2).

The first evidence of space quantization came in 1922 in a famous
experiment known as the Stern—Gerlach experiment. A narrow beam of
neutral silver atoms (and later others) was made to pass through a non-
uniform magnetic field. The field was deliberately made nonhomogeneous
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so that it would exert a force on atomic magnetic moments: the potential
energy —p - B must change in space if there is to be a force. Suppose the
beam of atoms is directed parallel to the y-axis. If B has a gradient along
the z axis, then the force is along z:

Thus the silver atoms would be deflected up or down depending to the
value of p of each atom. If there were only orbital angular momentum, the
deflections would split the beam into an odd number (2¢ + 1) of different
components. But Stern and Gerlach saw instead two distinct lines for
silver. Why there are two lines was eventually explained by the concept of
electron spin. With a spin of %, the electron spin dipole can have only two
orientations in space. Hence the magnetic dipole moment associated with
spin would have only two positions. Thus, the two states for silver seen in
the Stern—Gerlach experiment must be due to the spin of its one valence
electron. Silver atoms must thus have zero orbital angular momentum
but a total spin of % due to this one valence electron (of its 47 electrons,
the spins of the first 46 cancel). Two lines were found also for the H
atom in its ground state, again due to the spin % of its electron since the
orbital angular momentum is zero. The z component of the associated
spin magnetic moment turns out to be related to mg by

Mz = —gpuBms, (4.14)

where g (= 2.0023... for a free electron) is called the g-factor or gyro-
magnetic ratio. Equation 4.14 is the same as Eq. 4.13 for orbital angular
momentum with m, replacing my,. But for the orbital case, g = 1.

An atom can have both orbital and spin angular momenta. The total
angular momentum is the vector sum of the orbital angular momentum L
and the spin S:

J=L+S.

According to quantum mechanics, the magnitude of the total angular mo-
mentum J is quantized:

J=ViG+1)h (4.15)
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For a single electron in the H atom, quantum mechanics gives the result
thatjcanbejzé—i—s:ﬁ—i—%orj:€—s:£—%butneverlessthan
zero, just as for ¢ and s. For the 1s state, / = 0 and j = % is the only
possibility. For p states, say the 2p state, £ = 1 and j can be either % or
%. The z component for j is quantized in a usual way:

mj:.77 j_1u7 _]

For a 2p state with j = %, m; can be % or f%; for j = %, m; can be %, %,
—%, —%, for a total of four states. Note that the state of a single electron
can be specified by giving n, £, m¢, ms, or by giving n, j, £, m; (only one
of these descriptions at a time).

The interactions of magnetic fields with atoms, as in the Zeeman effect
and the Stern—Gerlach experiment, involves the total angular momentum.
Thus the Stern—Gerlach experiment on H atoms in the ground state shows
two lines (for m; = +% and —1, but for the first excited state it shows
four lines corresponding to the four possible m; values (%, %, —%, —%)

The state of an atom, including the total angular momentum quantum
number j, can be specified using the following spectroscopic notation. For
a single electron state we can write nL;, where the value of L is specified

using the same letters spdfg, but in upper case:

L = 0 1 2

4
letter = S P D G

S ST

So the 2P/ state has n =2, £ =1, j = %, whereas 1S5, specifies the
ground state in hydrogen.

The spin magnetic dipole moment also gives splitting of energy levels
even when there is no external field. The interaction energy U can be
expressed in terms of the scalar product of the angular-momentum vectors
L and S:

AU x L - S.

This interaction, which produces a fine structure of spectral lines, is called
the spin-orbit coupling. Its magnitude is related to a dimensionless con-
stant known as the fine structure constant,

keeQ ~ i
he 137

o =
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For example, in the H atom, the 2P — 15 transition is split into two lines
corresponding to 2P /5 — 1S/5 and 2P;/5 — 151/5. The difference in
energy between these two is only about 5 x 107° eV, which is very small
compared to the 2P — 1S transition energy of 13.6 eV—3.4eV = 10.2eV.

A laser is a device that can produce a very narrow intense beam of
monochromatic coherent light. The action of a laser is based on quantum
theory. A photon can be absorbed by an atom if (and only if) its energy
2nhf corresponds to the energy difference between an occupied energy
level of the atom and an available excited state. This is, in a sense, a
resonant situation. If the atom is already in the excited state, it may
of course jump spontaneously to the lower state with the emission of a
photon. However, if a photon with this same energy strikes the excited
atom, it can stimulate the atom to make the transition sooner to the lower
state. This phenomenon is called stimulated emission, and it can be seen
that not only do we still have the original photon, but also a second one
of the same frequency as a result of the atom’s transition. And these two
photons are exactly in phase, and they are moving in the same direction.

The natural population of atoms in thermal equilibrium at any tem-
perature T is given by the Boltzmann distribution

N, = Ce Bn/keT (4.16)

where NN, is the number of atoms in the state with energy FE,,. For two
states n and n/, the ratio of the number of atoms in the two states is

Mo _ e (BB koT (4.17)
Ny

Thus most atoms are in the ground state unless the temperature is very
high. In a two-level system most atoms are normally in the lower state, so
the majority of incident photons will be absorbed. In order to obtain the
coherent light from stimulated emission, two conditions must be satisfied.
First, atoms must be excited to the higher state, so that an inverted popu-
lation (or population inversion) is produced, one in which more atoms are
in the upper state than in the lower one. Then the emission of photons will
dominate over absorbtion. Hence the system will not be in thermal equi-
librium. And second, the higher state must be a metastable state—a state
in which the electrons remain longer than usual so that the transition to
the lower state occurs by stimulated emission rather than spontaneously.
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4.2 Hydrogen atom

The excitation of the atoms in a laser can be done in several ways
to produce the necessary inverted population. In a ruby laser, the lasing
material is a ruby rod consisting of Al;O3 with small percentage of alu-
minum (Al) atoms replaced by chromium (Cr) atoms. The Cr atoms are
the ones involved in lasing. The atoms are excited by strong flashes of
550-nm light, which corresponds to a photon energy of 2.2 eV. As shown
in Fig. 4.7, the atoms are excited from state Ey to state E5. This process
is called optical pumping. The atoms quickly decay either back to Ey or
to the intermediate state Fq, which is metastable with a lifetime of about
3 x 1073 s (compared to 10~% s for ordinary levels). With strong pumping
action, more atoms can be forced into the F; state than are in the FEj
state. Thus we have the inverted population needed for lasing. As soon as
a few atoms in the F; state jump down to Ej, the emit photons that pro-
duce stimulated emission of the other atoms and the lasing action begins.
A ruby laser thus emits a beam whose photons have energy 1.8 eV and a
wavelength of 694. 3 nm.

A E>
0.4 eV‘

E; (metastable)

2.2eV 1.8 eV

Y
Eo

Figure 4.7. Energy levels of chromium in a ruby crystal. Photons of energy

2.2 eV pump atoms from FEy to Fa, followed by decay to the metastable state

F,. Lasing action occurs by stimulated emission of photons in transition from
Fy to Ep.

4.2 Hydrogen atom: Schrodinger equation
and quantum numbers

4—1. For n = 6, what values can ¢ have?
SOLUTION. The value of ¢ can range from 0 to n — 1. Thus for n = 6,
we have
£=0,1, 2, 3,4, 5.
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4-2. For n = 5, ¢/ = 3, what are the possible values of m, and my?
SOLUTION. The value of m, can range from —¢ to +¢. Thus for ¢ = 3,
we have
me=—-3, -2, —1, 0, 1, 2, 3.

The possible values of mg are —%, —l—%.

4-3. How many different states are possible for an electron whose
principal quantum number is n = 47 Write down the quantum numbers
for each state.

SOLUTION. The value of ¢ can range from 0 to n — 1. Thus for n = 4,
we have £ =0, 1, 2, 3. For each ¢ the value of m, can range from —/ to
+£, or 2¢ + 1 values. For each of these there are two values of m,. Thus
the total number for each ¢ is 2(2¢ + 1).

The number of states is

N=20+1)+2(2+1)+2(4+1)+2(6+ 1) = 32 states.

We start with £ = 0, and list the quantum numbers in the order (n, £, my,

Mg ):

(4,)0, 0,-%), (4,0, 0,+3), (4,1,-1,-1), (4,1, -1, +1),
(4,1, 0,-3), (4,1, 0,+3), (41, 1,-3), 41, 1,+3),
(4,2, -2, —-3), (4,2, -2, +3), (4,2, -1,-3), (4,2, -1, +3),
(4,2, 0,-3), (4,2, 0,+3), (42, 1,-3), 42, 1,+3),
4,2, 2,-3), (4,2, 2,+3), (4,3, -3, -3), (4,3, -3, +3),
(4,3, -2, -3), (4,3, -2,+3), 43, -1, -3), (43, -1, +2),
(4,3, 0,-3), (4,3, 0,+3), (43, 1,-3), (43, 1,+3),
(4,3, 2,-3), (4,3, 2,+3), (4,3, 3,-3), (43, 3, +3).

4—4. If a hydrogen atom has my = —3, what are the possible values of

n, £, mg?

SOLUTION. The value of my can range from —¢ to +¥¢, so we have ¢ > 3.
The value of ¢ can range from 0 to n—1. Thus we have n > £+1 (minimum
4).

There are two values of mg: mg = —%, +%.

4-5. A hydrogen atom is known to have £ = 4. What are the possible
values for n, my, and my?
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SOLUTION. The value of ¢ can range from 0 to n — 1. Thus for ¢ = 4,
we have n > 5.
For each ¢ the value of m, can range from —¢ to +¢:

me=—4, =3, =2, —1, 0, 1, 2, 3, 4.

There are two values of my: m, = —%, +1.

4—6. Calculate the magnitude of the angular momentum of an electron
in the n = 4, ¢ = 2 state of hydrogen.

SoLUTION. The magnitude of the angular momentum depends on ¢
only:

L = Wil +1)=h/(2)(2+1)=(1.055 x 107** J-5)v/6
2.58 x 10—34 kg - m%.

4-7. A hydrogen atom is in the 6g state. Determine (a) the princi-
pal quantum number, (b) the energy of the state, (c) the orbital angular
momentum and its quantum number ¢, and (d) the possible values for the
magnetic quantum number.

SOLUTION. (a) The principal quantum number is n = 6.

(b) The energy of the state is

(13.6eV)  (13.6 V)

o=~ = S = 0378 eV

(c) From spdfgh, we see that the “g” subshell has ¢ = 4. The magnitude
of the angular momentum depends on ¢ only:

L = BJi(l+1)=(1.055%x 1073 J-s)y/(4)(4+1) = vV20h
4.72 x 107** kg - m?/s.

(d) For each ¢ the value of m, can range from —¢ to +¢:
me=—4, -3, =2, -1, 0, 1, 2, 3, 4.

4-8. (a) Show that the number of different states possible for a given
value of ¢ is equal to 2(2¢+1). (b) What is this number for £ = 0, 1, 2, 3,
4, 5, and 67
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SOLUTION. (a) For each ¢ the value of m, can range from —¢ to +¢, or
2¢ + 1 values. For each of these there are two values of m,. Thus the total
number of electrons allowed in a subshell is N = 2(2¢ + 1).

(b) For the values of £ we have

¢ = 0, N=2(20)+1) =2

¢ = 1, N=2(21)+1) =6

¢ = 2, N=2(2(2)+1) = 10;
0 = 3, N=2(203)+1)=14;
0 = 4, N=224)+1) =18
¢ = 5 N=2(2(5+1) =22
¢ = 6, N=2(2(6)+1)=26.

4-9. Show that the number of different electron states possible for a
given value of n is 2n2. (See Problem 4-8.)

SOLUTION. From Problem 4-8 the total number of electrons allowed in
a subshell with quantum number ¢ is 2(2¢ + 1). For a state with quantum
number n the value of ¢ can range from 0 to n — 1. Thus we have

n—1 n—1 n—1
—1
N—2;(2ﬁ+1)—4§6£+2;—;1—4(”2)”+2n—2n2.

4-10. An excited H atom is in a 6d state. (a) Name all the states (n, £)
to which the atom is “allowed” to jump with the emission of a photon, (b)
How many different wavelengths are there (ignoring fine structure)?

SOLUTION. (a) The 6d subshell has ¢ = 2. Allowed transitions will be
to any lower value of n with A¢ = £1. Thus the final value of ¢ can be 1
(p) or 3 (f), so we have

5f, 5p, 4f, 4p, 3p, 2p.
(b) If we ignore fine structure, the energy change depends only on the

two values of n. The allowed transitions from n = 6 are ton =5, 4, 3, 2,
so there are 4 wavelengths.
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4.3 Hydrogen atom wave functions

4.3 Hydrogen atom wave functions

4—11. Show that the ground-state wave function, Eq. 4.5 is normalized.
[Hint: See Example 4-4.]

SOLUTION. To see if the ground-state wave function is normalized, we
integrate the radial probability density over all radii:

oo oo 1
/ Arr®[ih1go|* dr = / 4771"2—3 e 2/ qr.
0 0 7TTB

We change variable to = 2r/rg and use the result for the integration in
Example 4-4:

%/0 r’e dr = (—32® —x—1) e—z’gc =0—(—1e") = 1.

4-12. For the ground state of hydrogen, what is the value of (a) v,
(b) |¢|?, and (c) P, at r = rg?

SOLUTION. The ground-state wave function is

1

\/7'('7’%

e "/,

¢100 =

(a) The wave function is

¢100 (TB> =

(b) The probability density is
|¢100(TB)\2 =3¢
T

(¢) The radial probability density is
Pr = 47’(7"2‘1/1100(7””2.

At r = rg we have
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4-13. For the n = 2, ¢{ = 0 state of hydrogen, what is the value of
(a) ¥, (b) [4|%, and (c) P, at r = 5rp?
SOLUTION. The n = 2, £ = 0 wave function is

1
V200 = —F——= <2 — r) e /2B,
/327, "B

(a) The wave function is
b
/3273,

(b) The probability density is

3

/327,

Y200(57B) = (2-5)e %2 =— o=5/2.

|Yp200(57B)|* = 327?% e
(¢) The radial probability density is
Py = 4712 [thogo (1) |2
At r = 5rpg we have
9 . 25 _,
=—e

Pr(5TB):47T(5TB)2W€ = 87"B
B

4—14. Show that 199 as given by Eq. 4.8 is normalized.
SOLUTION. To see if the wave function is normalized, we integrate the
radial probability density over all radii:

/ 471'7"2|1/1200|2 dr = / 471'7"273 9_ ) or/re gy
0 0 327y B

We change variable to = r/rg and expand:
1 [ 1 [ . 1 [
= z2e T dr — = e dx + = zte % dx
2 Jo 2 Jo 8 Jo
=12)-3B)+3i@)=1-3+3=1.
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4.3 Hydrogen atom wave functions

4-15. By what factor is it more likely to find the electron in the ground
state of hydrogen at the Bohr radius (rg) than at twice the Bohr radius
(27“]3)?

SOLUTION. We form the ratio of the radial probability densities:

P.(rg) 4w (7“123/777”%) e=28/TB B e 2 185
P(2rg)  4m ((2rp)2/mry) e~4re/rs 4e4 T

4-16. For the ground state of hydrogen, what is the probability of
finding the electron within a spherical shell of inner radius 0.99rg and
outer radius 1.01rg?

SOLUTION. Because the change in 7 is small, we can use the radial
probability density at r = rg:

drrd
P = Pi(rp) Ar = ——B ¢=25/75(0.02 ) = 0.08¢~2 = 0.011 = 1. 1%.

Trp

4—-17. For the n = 2, ¢ = 0 state of hydrogen, what is the probability
of finding the electron within a spherical shell of inner radius 4. 00 rg and
outer radius 5.007g?

SOLUTION. The n = 2, ¢ = 0 wave function is

1
o0 = —F——=¢ (2 — r) e /2B,
/327, B

The radial probability density is

7"2 r 2
Pr(r) = 4mr|ihggo|* = (2 - ) e /e,

87’% B

To find the probability we integrate the radial probability density:

5.0075 .2 2
r r _
P [ (o 2)
4007 STB B

We change variable to = r/rg and expand:

5.00 |
P = / — (422 — 42® + 2)e " dx
4.00
_ 1,.2 1.4\ —=|5-00
= (—§x —r—1l—-gx )6 4.00
0.173 = 17.3%.
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4 Quantum Mechanics of Atoms

4-18. (a) Show that the probability of finding the electron in the
ground state of hydrogen at less than one Bohr radius from the nucleus is
32 percent. (b) What is the probability of finding a 1s electron between
r=1rgand r = 2rg?

SoLUTION. (a) To find the probability we integrate the radial proba-

bility density:
2
P= /TB 47”; e 2/ms dr.
0 WTB

We change variable to = 2r/rg and use the result for the integration in
Example 4-4:

2
P = %/0 x2e_mdx:(—%m2—x—l)e_w|§

(—2—-2—1)e 2 — (~1) = 0.32 = 32%.

(b) To find the probability we integrate the radial probability density:

27 2
P= / CAm s gy,
8

B mre
We change variable to = 2r/rg and use the result for the integration in
Example 4-4:

4
P = %/2 xQe*Idx:(—%xQ—x—l)e*wE

= (-8—4-1e*—(-2-2—-1)e? =0.44 = 44%.

4-19. Determine the radius r of a sphere centered on the nucleus
within which the probability of finding the electron for the ground state
of hydrogen is (a) 50 percent, (b) 90 percent, (c) 99 percent.

SoLUTION. To find the probability for the electron to be within a
sphere of radius r, we integrate the radial probability density:

7‘4 2

't o

P:/ e 2r/Te gy,
0

TR
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4.3 Hydrogen atom wave functions

We change variable to ' = 2r’/rg and use the result for the integration
in Example 4—4:

1 x ’ ’
P = 7/ %% dy’ = (—%mQ —— 1) e *
0

x

2
= 17(%z2+z+1)e*“’.

0

(a) For the probability to be 50% we have
(322 +x+1) e =0.50.

A numerical calculation gives x = 2.68, so r = 1. 34 rp.
(b) For the probability to be 90% we have

(322 +x+1) e =0.10.

A numerical calculation gives x = 5.32, so r = 2. 7rg.
(¢) For the probability to be 99% we have

(322 4+ x+1) e =0.01

A numerical calculation gives x = 8.40, so r = 4.2rg.

4—-20. (a) Estimate the probability of finding an electron, in the ground
state of hydrogen, within the nucleus assuming it to be a sphere of radius
r = 1.1fm. (b) What would be the probability if the electron were replaced
with a muon, which is very similar to an electron (Chapter 8) except that
its mass is 207 times greater?

SOLUTION. (a) Because r < rg, we assume the probability density is
constant and equal to the value at r = 0:

3 _ 3
P = 136—0(47”;)):4(7") :4(1.1><1015m)
Ty 3 3 \re 3\0.529 x 10-10 m

= 1.2x 107

(b) From the Bohr theory, we have rg oc 1/m. Thus P, o< 1/73 oc m3.

If we form the ratio we have

Pmuon o ( Mmuon >3 .

Pelectron Melectron ,
Pmuon 3
(1.2x10-14) (207)%,
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4 Quantum Mechanics of Atoms

which gives Ppyon = 1.1 X 107,
4—21. Determine the average radial probability distribution P, for the
n = 2, { =1 state in hydrogen by calculating

P, = 4mr? (§v210]* + § 211 [* + $l21-1)?) -

SOLUTION. The three wave functions are

z
PYor0 = —ee— e /2B
3271,
x+1
o1 = 7215 e,
64mry
T—wy /2r
Po1o1 = ———=e /7B,
647,

The radial probability density is

P, = Arr? (31v210)® + 2211 |? + Lvo1-1]?)
C (24 et e i@ e
= = z —(T 1 xr—1 —(r —1 X 1 e
2415, g T g Y
2 4
_ r 2 2 2\ ,—r/rB _ r —r/rB
oq (Y e 2473 ¢

4-22. Use the result of Problem 4-21 to show that the most probable
distance r from the nucleus for an electron in the 2p state of hydrogen is
r = 4rg, which is just the second Bohr radius.

SOLUTION. From the result for Problem 4-21 the radial probability

density is
4

r — . 5 /e
24ry

We find the most probable distance by setting the first derivative equal to
Zero:

dP, 1 ré

T _ 4 3_ 0 —7"/7‘]3 =0
dr 24r3 ( " rB) ‘ ’
43 = ﬁ,
B
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4.3 Hydrogen atom wave functions

which gives r = 4rp.
4-23. Show that the mean value of r for an electron in the ground
state of hydrogen is 7 = %TB, by calculating

o
T = / r|¢100|2dV = / 7“|’(/)100|247T7“2 dr.
all space 0
SOLUTION. We find the mean value of r from

(oo} (oo} 1
T = / 7|00 24mr? dr = / Arr®— e/ dr.
0 0

T,
We change variable to « = 2r/rp:

B _ B 3
— e dr = — 3l = Zrp.

", 4 2

4-24. Show that the probability of finding the electron within 1 Bohr
radius of the nucleus in the hydrogen atom is (a) 3. 4 percent for the n = 2,
¢ = 0 state, and (b) 0.37 percent for the n = 2, £ =1 state.

SOLUTION. (a) The n =2, £ = 0 wave function is

1 .
Y200 = —— (2 - r) e~"/2me,
V32, B

The radial probability density is

T2 r 2
Pi(r) = 47Tr2|w200|2 _ = (2 _ TB) e T/TB
B

To find the probability for 0 < r» < rg, we integrate the radial probability

density:
Y TB 702 r 2
P:/ 3 <2> e~/ dr,
o 8rg B

We change variable to x = r/rg and expand:

P

1
Lo, 2 3 4y, ,—x 1,.2 14) —z|!
/Og(éla: — 4’ +at)e T dr = (—32* —x —1— ga) e,

1+(-2-1-1-3%)e ' =0.034 = 3.4%.
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4 Quantum Mechanics of Atoms

(b) From the result for Problem 4-21 the radial probability density is

T4

HDYT
To find the probability for 0 < r < rg, we integrate the radial probability

density:
r 4
P:/B T5e*T/TBd7'.
o 24y

—r/re

We change variable to z = r/rp:
1 ! 4 —x 1 4 3 2 —z|l
P = 2 Oxe“dx:ﬂ(—x —4x® — 122 —24x—24)e“’0

= 14+ 4(-1-4-12—24—24)e”" =0.0037 = 0.37%.

4-25. Show that ¢199 (Eq. 4.5) satisfies the Schrédinger equation (Eq.
4.1) with the Coulomb potential, for energy
kZetm
2h?
SOLUTION. The Schrédinger equation is

(B Py )

E=-

v~ By,

2m \ 822 = 9y = 922 r

where r? = 22 4+ y? + 22. For later use we find a partial derivative:

or ar
2r— =2 — = —.
e R
We find the partial derivatives of the ground-state wave function 1¢q:
oy oY Or e/ T
Oz or Ox A/, r’
Py e orw 6”“B<1 wﬁ)
dx? r3\/mry Oxr g/ \r 1?0z

ef'r/rB 2 72
(2 1e2)
rre\/mry \TTB T
—r/re 11
)
rrEA/TTY TR T
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4.3 Hydrogen atom wave functions

By exchanging = with y and z, we have
9? e /B 1 1
5 s (o)
Oy e/ rrg T
0? e~/re 11
)
0z ”“B\/ﬁ rrg T

When we put these in the Schrédinger equation and use 72 = x2 42 + 22,
we get

h2e7/TB (3 L (1 N 1)) B koe? e~ 7/TB s e—T/TB
2mrry/mrs, rrg 12 rooN/mrg Ty
If we cancel common factors, we have
h? h? koe?
2mrg  mrrg r

=F.

If we look at the second and third terms and use rg = k2 / kee?m, we get

K2 _ koe? ~0
mr (h?/kee2m) ro
Thus we have
_ K2 _ k§e4m
om (h2/kee2m)’ 2hn?

4-26. For the n = 2, ¢/ = 0 state in hydrogen, what is the probability
of finding the electron within the smaller peak in the radial probability
distribution, Fig. 4.47

SoLuTION. From Fig. 4.4 we see that the first peak is from r = 0 to
r = 2rg. The n = 2, £ = 0 wave function is

1
VY200 = ———= <2 — T) e "/?rs,
/327 TB

The radial probability density is

7"2 r 2
Pr(T) = 47T7'2|'l/}200|2 = 8? (2 — 7’B> 6_7'/7.]3.
B
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4 Quantum Mechanics of Atoms

To find the probability for 0 < r < 2rp, we integrate the radial probability

density:
2rs 2 r\2
P:/ — (2—) e "/7B dr.
0 8ry B

We change variable to « = r/rg and expand:

2
1 .
/0 §(4x2 —d2® +at)e "dr = (—i2P-z-1- %:ﬁl) efﬂi

1—0.947 =0.053 = 5.3%.

4—27. The wave function for the n = 3, ¢ = 0 state in hydrogen is

1 2 212
— 1 o —r/3r]3 .
300 7%277#% ( 3rm + 72 ) e

(a) Determine the radial probability distribution P, for this state, and
(b) draw the curve for it on a graph. (c¢) Determine the most probable
distance from the nucleus for an electron in this state.

SOLUTION. (a) The n = 3, ¢ = 0 wave function is

1 2r 2r2
— 1 o —’I”/3’I"B .
Va0 = s ( 3rp T 27r?3> ‘

The radial probability distribution is

4r? 2r 272 \?
Pr —4 2 2 — 1— —27‘/37"]3.
(r) = 40| 2773 ( 35 | 27r]23) ¢

(b) See Fig. 4.8.

(¢) To find the most probable distance from the nucleus, we find the
maxima by setting the first derivative equal to zero. If we change variable
to x = r/rp, we have

4 20 222\’ 9 _9
_as ar —2x/3
P (x) <1 3 + 27) x‘e .
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4.3 Hydrogen atom wave functions

20 L B I L HL A R B B B B
15} n=3 ]
~ (=0
| L
g 1.0 rg =0.053nm A
o
05 -_ -
00 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 n
0 10 15 20 25 30

r/rg

Figure 4.8. Problem 4-27.

If we suppress the constant in front, the derivative is
dP, 2¢  22%\° 222

roo_ 1= 42 o0 — —2z/3
dz < 3‘+27) <x 3 )6

2x 222 2  Adx
op2e—2w/3 (1 _ 2L A\ (2 2T
+are 5 o7 5T o7

2  2a2
e < 5 T o7 )

X<(1§) (1?+§f)+x(§+§§)>

2 2 3
= 2x62w/3<12m+2x > (15x+12x Qx)_(l

3 27 327 81

Thus we have



4 Quantum Mechanics of Atoms

which is the minimum at r = 0;

2r 222
1-—+—]=0.
( 3+27>

Because this is a factor in v, its two solutions are the other minima at x
=1.90, 7.10;
5¢r 1222 223

i) 1—— ——=0

(i) 377 s
which can be solved numerically for the three solutions, which are x = 0. 74,
4.19, 13.07. These correspond to the three peaks in the distribution. The
highest peak is the most probable distance: r = 13 rg.

4.4 Complex atoms. The exclusion principle.
The periodic table

4—28. List the quantum numbers for each electron in the ground state
of nitrogen (Z = 7).

SOLUTION. We start with the n = 1 shell, and list the quantum num-
bers in the order (n, £, mg, my):

(1’0’0’_%)’ (17070’—’_%)5 (250707_%)? (2a070)+%>7
(2’17_17_%)’ (2’1’_1’4—%)5 (231707_%)

Note that, without additional information, there are other possibilities for
the last three electrons.

4-29. List the quantum numbers for each electron in the ground state
of (a) carbon (Z = 6), (b) magnesium (Z = 12).

SOLUTION. (a) We start with the n = 1 shell, and list the quantum
numbers in the order (n, ¢, mg, my):

(17070a_%)5 (17070a+%)5 (250707_%)a (2a0707+%)7
(2517_17_%)5 (2517_1a+%)

Note that, without additional information, there are other possibilities for
the last two electrons.
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4.4 Complex atoms

(b) We start with the n = 1 shell, and list the quantum numbers in the
order (n, £, mg, ms):

(1,0,0,-3),  (1,0,0,+3), (2,0,0,-3), (2,0,0,+3),
(2’1’71’7%)’ (2’17*17+%)a (2;17077%)’ (2,1,0,+%)7
(2’171’_%)’ (271717—'_%)’ (370707_%)7 (370,0,"'%).

4—30. How many electrons can be in the n = 6, £ = 3 subshell?

SOLUTION. The number of electrons in the subshell is determined by
the value of /. For each ¢ the value of my, can range from —¢ to +¢, or
2¢ + 1 values. For each of these there are two values of m,. Thus the total
number for £ = 3 is

N=220+1)=2(2(3)+1) =14

electrons.

4-31. What is the full electron configuration for (a) selenium (Se),
(b) gold (Au), (¢) uranium (U)? [Hint: See Appendix C.]

SOLUTION. (a) Selenium has Z = 34:

152252 2p% 352 3p5 3410 452 4p*.
(b) Gold has Z = 79:
152 252 2p° 352 3p% 3d10 452 4p8 4d'° 4114 55% 5pb 5d'° 651
(¢) Uranium has Z = 92:
152 252 2p° 352 3p® 3d'0 45% 4p8 4d'° 4 f14 552 5p° 5d'° 652 6p° 52 6d* 75

4-32. For each of the following atomic transitions, state whether the
transition is allowed or forbidden, and why: (a) 4p — 3p; (b) 2p — 1s; ()
3d — 2d; (d) 4d — 3s; (e) 45 — 2p.

SOLUTION. (a) The 4p — 3p transition is forbidden, because Af # +1.

(b) The 2p — 1s transition is allowed, Al = —1.

(¢) The 3d — 2d transition is forbidden, because A¢ # £1.

(d) The 4d — 3s transition is forbidden, because Af # +1.

(e) The 4s — 2p transition is allowed, Al = +1.
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4 Quantum Mechanics of Atoms

4-33. Using the Bohr formula for the radius of an electron orbit (Eq.
2.8), estimate the average distance from the nucleus for an electron in the
innermost (n = 1) orbit in uranium (Z = 92). Approximately how much
energy would be required to remove this innermost electron?

SOLUTION. From the Bohr formula for the radius, we see that r < 1/7,

SO
ri (0.529 x 10710 m)

TU:—:

Z 92

The innermost electron would “see” a nucleus with charge Ze. Thus we
use the energy of the hydrogen atom:

=5.8x 107" m.

(13.6 eV)Z2  (13.6 eV)(92)?
n2 - 12

so the binding energy is 0. 115 MeV.

4-34. Estimate the binding energy of the third electron in lithium
using Bohr theory. [Hint: This electron has n = 2 and “sees” a net charge
of approximately +1e.] The measured value is 5.36 eV.

SOLUTION. The third electron in lithium is in the 2s subshell, which
is outside the more tightly bound filled 1s shell. This makes it appear as
if there is a “nucleus” with a net charge of +1e. Thus we use the energy
of the hydrogen atom:

13.6 eV 13.6eV
By = UBOV) _ (BGV) oy,
n 2

Ey=— = —1.15 x 10° eV,

so the binding energy is 3.4 eV.

Our assumption of complete shielding of the nucleus by the 1s electrons
is probably not correct.

4-35. Show that the total angular momentum is zero for a filled sub-
shell.

SOLUTION. In a filled subshell, we have 2(2¢ + 1) electrons. All of the
my values

0, —0+1, ... ,0, ... ,£-1,¢

are filled, so their sum is zero. For each m, value, both values of m, are
filled, so their sum is also zero. Thus the total angular momentum is zero.

4-36. Let us apply the exclusion principle to an infinitely high square
well (Chapter 3). Let there be five electrons confined to this rigid box
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4.5 X-ray spectra

whose width is L. Find the lowest energy state of this system, by plac-
ing the electrons in the lowest available levels, consistent with the Pauli
exclusion principle.

SOLUTION. The energy levels of the infinite square well of width L are

T2h2n2
" omI?

An electron in the well has two quantum numbers: n and mg; = :I:%. To be
consistent with the Pauli exclusion principle, a maximum of two electrons
can be in each level. The lowest energy state will have two electrons in
the n = 1 state, two electrons in the n = 2 state, and one electron in the
n = 3 state. The total energy is

m2h%12 m2h%222  7©2R232  197%AR?

FE =2F 2F FE.=2 2 = .
1+ 2B+ b 2m L2 + 2mL? + 2m L2 2m L2

4.5 X-ray spectra and atomic number

4-37. What are the shortest-wavelength X-rays emitted by electrons
striking the face of a 30-kV TV picture tube? What are the longest wave-
lengths?

SOLUTION. The shortest wavelength X-ray has the most energy, which
is the maximum kinetic energy of the electron in the tube:

5= 1.24x10% eV-nm _ 1.24 x 10° eV - nm

_ —0.041 nm.
E 30 x 10° eV i

The longest wavelength of the continuous spectrum would be at the limit
of the X-ray region of the electromagnetic spectrum, generally on the order
of 1 nm.
4-38. If the shortest-wavelength bremsstrahlung X-rays emitted from
an X-ray tube have A = 0.029 nm, what is the voltage across the tube?
SOLUTION. The shortest wavelength X-ray has the most energy, which
is the maximum kinetic energy of the electron in the tube:

3 . 3 .
E:1.24><10 eV nm _1.24 <10 eV M 10% eV — 43 keV.
A 0.029 nm

Thus the operating voltage of the tube is 43 kV.
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4 Quantum Mechanics of Atoms

4-39. Show that the cutoff wavelength \¢ is given by

(1240 nm)
do =
Vv
where V is the X-ray tube voltage in volts.
SOLUTION. The energy of the photon with the shortest wavelength
must equal the maximum kinetic energy of an electron:

2rhe
Ao

2nhfy = eV,

or

2rhe  (6.63 x 1073* J - $)(3.00 x 10% m/s)(10° nm/m)
eV (1.60 x 10-19 J/eV)(1 e)V

= (1.24x10* V-nm)/V.

4—40. Use the result of Example 4-6 to estimate the X-ray wavelength
emitted when a cobalt atom (Z = 27) jumps from n =2 to n = 1.

SoLUTION. With the shielding provided by the remaining n = 1 elec-
tron, we use the energies of the hydrogen atom with Z replaced by Z — 1.
The energy of the photon is

1 1

2nhf = AE = —(13.6 eV)(27 — 1)? (22 -

) =6.90 x 10% eV.

The wavelength of the photon is

1.24 x 103 eV-nm  1.24 x 103 eV - nm
— = =0.18 nm.

A AFE 6.90 x 103 eV

4—41. Estimate the wavelength for an n = 2 to n = 1 transition in
iron (Z = 26).

SOLUTION. With the shielding provided by the remaining n = 1 elec-
tron, we use the energies of the hydrogen atom with Z replaced by Z — 1.
The energy of the photon is

11
2rnhf = AE = —(13.6 eV)(26 — 1)? <22 - 12) =6.38 x 10% eV,
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4.5 X-ray spectra

The wavelength of the photon is

B 1.24 x 103 eV~nm7 1.24 x 103 eV - nm

A =
AFE 6.38 x 103 eV

=0.19 nm.

4-42. Use Bohr theory to estimate the wavelength for an n = 3 to
n = 1 transition in molybdenum. The measured value is 0.063 nm. Why
do we not expect perfect agreement?

SOLUTION. If we assume that the shielding is provided by the remain-
ing n = 1 electron, we use the energies of the hydrogen atom with Z
replaced by Z — 1. The energy of the photon is

1 1

onhf = AE = —(13.6 eV)(42 — 1)2 <32 -

> =2.03 x 10* eV.
The wavelength of the photon is

= =0.061 .
AE 2.03 x 10% oV i

5= 1.24x10° eV-nm _ 1.24 x 10° eV - nm

We do not expect perfect agreement because there is some partial shielding
provided by the n = 2 shell, which was ignored when we replaced Z by
Z — 1.

4—43. A mixture of iron and an unknown material are bombarded
with electrons. The wavelength of the K, lines are 194 pm for iron and
229 pm for the unknown. What is the unknown material?

SOLUTION. The K, line is from the n = 2 to n = 1 transition. We
use the energies of the hydrogen atom with Z replaced by Z — 1. Thus we
have

2nhf = AE « (Z —1)?,

SO
Ao (Z —1)72

When we form the ratio for the two materials, we get

AX  (Ziron — 1)2. 229 pm (26 —1)2

Airon (Zx —1)27 194pm  (Zx —1)2’

which gives Zx = 24, so the material is chromium.
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4 Quantum Mechanics of Atoms

4-44. Use conservation of energy and momentum to show that a mov-
ing electron cannot give off an X-ray photon unless there is a third body
present, such as an atom or nucleus.

SoLUTION. For the emission of a photon, energy and momentum are
conserved in any reference frame. If we consider the frame in which the
electron is initially at rest, its momentum is 0 and its energy is mc?. The
emitted photon will have momentum 27h/\ = 2whf/c and energy 27whf.
The final momentum of the electron will be opposite to that of the photon
with magnitude p. Thus we have

. 2whf
momentum conservation : 0 =p-—

energy conservation : mc? = +/p2c2 + m2ct + 27hf.
When we combine the two equations to eliminate p, we get
(mc?)? — dxhfmc® + (2rhf)? = (27hf)? + m2ct,

which gives i f = 0. Thus no photon is emitted. If a third body is present,
some momentum can be transferred to it; a photon can be emitted.

4.6 Magnetic dipole moments. Total angular momentum

4—45. Verify that the Bohr magneton has the value ug = 9.27 x
10724 J/T (see Eq. 4.12).
SoLUTION. For the Bohr magneton we have

L (1.60 x 10719 C)(1.055 x 10734 J - 5)
L=

- =9.27 x 10724 J/T.
om 2(9.11 x 10-21 kg) 8 /

4—46. Suppose that the splitting of energy levels shown in Fig. 4.2a
was produced by a 2.0-T magnetic field. (a) What is the separation in
energy between adjacent my levels for the same ¢? (b) How many different
wavelengths will there be for 3d to 2p transitions, if m, can change only
by £1 or 07 (c¢) What is the wavelength for each of these transitions?

SoLUTION. (a) The additional energy term in a magnetic field is

U=-up,B=—ugm;B.
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4.6 Magnetic dipole moments

Thus the separation of energy levels is

AU = AmeupB = (1)(9.27x 1072* J/T)(2.0 T) = 1.9 x 107% J
= 1.2x107*eV.

(b) The 3d level, with £ = 2, will split into 5 levels. The 2p level, with
¢ =1, will split into 3 levels. With the restriction that Amy = 0, £1, there
will be only 3 wavelengths from the 9 transitions, as shown on the diagram
(Fig. 4.2b).

(c) If we assume the hydrogen energy levels, we find the wavelength for
the n’ = 3 to n = 2 transition, which is also the wavelength for Am, = 0,

from
1 11 S (11

which gives A\g = 656.10 x 10~ m = 656. 10 nm. Because the splitting of
the levels is much smaller than their separation, we can find the wavelength
change from

2mhe
E = ;
)\ )
2mhe 2mhe AX
AE = —— A\=— —
A2 Ao

(1.24 x 103 eV - nm) AN
(656.10 nm) (656.10 nm)’

which gives AX = £+0. 04 nm. Thus the wavelengths are 656. 06 nm, 656. 10
nm, 656. 14 nm.

4-47. In a Stern—Gerlach experiment, Ag atoms issued from the oven
with an average speed of 700 m/s and passed through a magnetic field
gradient dB/dz = 1.5 x 10® T/m for a distance of 4.0 cm. (a) What is the
separation of the two beams as they emerge from the magnet? (b) What
would the separation be if the g-factor were 1 for electron spin?

SOLUTION. (a) We take the original direction of the atomic beam as
the z-axis and the direction of the force from the magnetic field gradient
as the z-axis. The force is

+1.2x107%eV = —

dB

dB
F,=p,— = —gHBMs

dz
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4 Quantum Mechanics of Atoms

This constant force will produce a constant acceleration. The time to
traverse the field is

T (4.0 x 1072 m)

=5.71x107°
Vo (700 m/s) . >

so the deflection of one of the beams is

at?>  F.t?  gupm, (dB/dz)¢?

2 2m 2m

(2.0023)(9.27 x 10724 J/T)(1)(1.5 x 103 T/m)(5.71 x 107 s)?
2(107.9)(1.66 x 1027 kg)

= 1.26x 107* m.
Thus the separation is
22 =2.52 x 107" m = 0.25 mm.
(b) Because the separation is proportional to g, we have

, 2.52x107'm

2 = =1.26x107*m=0.1 )
Z 5 0023 6x107" m=20.13 mm

4-48. (a) Write down the quantum numbers for each electron in the
aluminum atom, (b) Which subshells are filled? (c) The last electron is
in the 3p state; what are the possible values of the total angular momen-
tum quantum number, j, for this electron? (d) Explain why the angular
momentum of this last electron also represents the total angular momen-
tum for the entire atom (ignoring any angular momentum of the nucleus).
(e) How could you use a Stern—Gerlach experiment to determine which

value of j the atom has?
SOLUTION. (a) Aluminum has Z = 13. We start with the n = 1 shell,
and list the quantum numbers in the order (n, £, mg, my):

(1,0,0,-1), (1,0,0,43), (2,0,0,—3), (2,0,0,+3), (2,1,-1,-}),
2,1,-1,4+1), (21,0,-1), (2,1,0,+2), (2,1,1,-1),  (21,1,41),
(3,0,0,—3), (3,0,0,+3), (3,1,0,—3).

Note that, without additional information, there are other possibilities for
the last electron.
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4.6 Magnetic dipole moments

(b) The filled subshells are n =1, { =0;n =2, =0;n =2, { = 1;
n=3,¢=0
(¢) The possible values of the total angular momentum of the last

electron are
Cfpaigal 1
i= 22 2
(d) The 3p electron is the only electron not in a filled subshell. The an-
gular momentum of a filled subshell is zero, so the total angular momentum
of the atom is the angular momentum of the 3p electron.
(e) When the beam passes through the magnetic field gradient, the

deﬂecting force will be proportional to mj. Ifj= %, the values of m; are

iZ, and there will be two lines. If j = , the values of m; are i%, i%,
and there will be four lines. Thus the number of lines shows the value of
mj.

4-49. What are the possible values of j for an electron in (a) the 3p,
(b) the 4f, and (c) the 4d state of hydrogen? What is J in each case?

SOLUTION. (a) For the 3p state, { = 1 and s = 3. Thus the values of
J are

The values of J are

J

Vil +1)h=/35h=3V3E

J = Vi(j+D)h=/23h=1VI5M
(b) For the 4f state, £ = 3 and s = 3. Thus the values of j are
j=Ll+s=3+£}=3 1

The values of J are

J ViG+1)h=1/3Th=1V35k
J = Vi+1)h=1/I3h=3V63N

(c) For the 4d state, £ = 2 and s = %. Thus the values of j are

s _ 1 _ 3 5
j=LlEts=2+35=3, 3.
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The values of J are

J

ViG+1)h=4/32h=L1V15R
J = ViG+1)h=1/3Zh=3V35n

4-50. For an electron in a 5g state, what are all the possible values of
J, my, J, and J,7
SOLUTION. For the 5¢g state, / =4 and s = % Thus the values of j are

- _ 1 _7 9
j=lEts=4+t3=3, 3.

For j = %, we have

mo= 53 -b bbb 0
J o= ViGTDh=\/33h= 3Tk
J. = mjh=—In, —3n, —3n, —Lh, L, 3h, 3R, Ih
For j = %, we have
mo= 355335355
J = ViG+Dh= ﬁh:%\/ﬁh,
J. = mjh=—2%h, —Ih, —3h, —3h, —Lh, n, 3h, 3h, Ih, R

4-51. The difference between the 2Pz /5 and 2P, /5 energy levels in hy-
drogen is about 5x 10 eV, due to the spin-orbit interaction. (a) Taking the
electron’s (orbital) magnetic moment to be 1 Bohr magneton, estimate the
internal magnetic field due to the electron’s orbital motion, (b) Estimate
the internal magnetic field using a simple model of the nucleus revolving
in a circle about the electron.

SoLUTION. (a) The additional energy term for the spin-orbit interac-
tion is

U= —usB, = —gupmsB,.
Thus the separation of energy levels is
AU = AmsguBBna

(5x107° eV)(1.60 x 107" J/eV) = (3 —(—3)) (2.0023)

x (9.27 x 107 J/T)B
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4.7 Lasers

which gives B,, = 0.4 T.
(b) If we consider the nucleus to be a charge e revolving in a circle of
radius r, the effective current is

e ev MeCUT el

(2rr/v) ~ 2mr 2mmer?  2mmer?’

where L is the orbital angular momentum of the electron, because the
nucleus has the same v and r. The electron is at the center of this circular
current, so the magnetic field is

p=tol _ _pock
2r  drmers’

If we use the Bohr quantization, L = nh, and r = n?rg, we have

toenhi (po/4m) eh
B = —
4rmenSrd mendrd

(1077 T -m/A)(1.60 x 10712 C)(1.055 x 10734 J - s)
(9.11 x 10-3! kg)(2)5(0. 529 x 10-10 m)3
= 0.4T.

This is consistent with the result from part (a).

4.7 Lasers

4-52. A laser used to weld detached retinas puts out 25-ms-long pulses
of 640-nm light which average 0.64 W output during a pulse. How much
energy can be deposited per pulse and how many photons does each pulse
contain?

SOLUTION. The energy of a pulse is

E = PAt = (0.65 W)(25 x 1073 s) = 0.016 J.
The energy of a photon is
2nhe  1.24x10%eV-nm  1.24 x 10% eV - nm

=5 By 640 nm eV
Thus the number of photons in a pulse is
E 0.016 J

= 5.2 x 10*® photons.

N = =
2rhf  (1.94 eV)(1.6 x 10719 J/eV)
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4-53. Estimate the angular spread of a laser beam due to diffraction
if the beam emerges through a 3.0-mm-diameter mirror. Assume that
A = 694 nm. What would be the diameter of this beam if it struck a
satellite 300 km above the Earth?

SoLuTION. We find the angular half width of the beam from

122X 1.22(694 x 10~ m)

A = = =2 1074
d 3.0x10 3 m 8 107" rad,

so the angular width is # = 5.6 x 10™* rad. The diameter of the beam
when it reaches the satellite is

D =70 = (300 x 10*> m)(5.6 x 107* rad) = 1.7 x 10% m.

4-54. Suppose that the energy level system in Fig. 4.7 is not not being
pumped and is in thermal equilibrium. Determine the fraction of atoms
in levels Fy and F; relative to Ey at T'= 300 K.

SOLUTION. In thermal equilibrium we find the fraction of atoms rela-
tive to those in Ey from

—19
N2 _ S*AE/]CBT — exp < (2 2 eV)(l 60 x 10 J/GV))

Ny (1.38 x 1023 J/K)(300 K)
= 1.2x107°%;

N ammer _ exp  (1.8eV)(1.60 x 1071 J/eV)

N (1.38 x 10—23 J/K)(300 K)
= 6.1x1073%

4-55. To what temperature would the system in Fig. 4.7 have to be
raised (see Problem 4-54) so that in thermal equilibrium the level E5 would
have half as many atoms as Fy. (Note that pumping mechanisms do not
maintain thermal equilibrium.)

SoLuTION. We find the temperature from

N2 —  o—AE/ksT,

Ny ’
1 (2.2 eV)(1.60 x 10712 J/eV)
- = exp|— ,
2 (1.38 x 10-23 J/K)T
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which gives T = 3.7 x 10* K.

4-56. Show that a population inversion for two levels (as in a pumped
laser) corresponds to a negative Kelvin temperature in the Boltzmann
distribution. Explain why such a situation does not contradict the idea
that negative Kelvin temperatures cannot be reached in the normal sense
of temperature.

SOLUTION. If we assume the population follows the Boltzmann distri-
bution, we have

Na — o~ ABE/ksT.
Ny '

(N AE
n|{—|=——.
Ny kT

If N3/Ny > 1, then In(N2/Ny) > 0. Thus T' < 0. There is no contradiction
because the system is not in thermal equilibrium.

or

4.8 General problems

4-57. The ionization (binding) energy of the outermost electron in
boron is 8.26 €V. (a) Use the Bohr model to estimate the “effective charge,”
Zeog, seen by this electron. (b) Estimate the average orbital radius.

SOLUTION. (a) Boron has Z = 4, so the outermost electron has n = 2.
We use the Bohr result with an effective Z:

(13.6 eV)(Zog )
Ey, = I E—
13.6 eV)(Zeg)?
g96ev = _U36eV)(Zew)”
92
which gives Z.gz = 1.56. Note that this indicates some shielding by the
second electron in the n = 2 shell.
(b) We find the average radius from
2 2 -10
T:n7’1:2(0.529><1() m):1.4><10710m.
Zoft 1.56
4-58. Show that there can be 18 electrons in a “g” subshell.
SOLUTION. From spdfg, we see that the “g” subshell has ¢ = 4, so the

number of electrons is

N =2(20+1) =2(2(4) + 1) = 18 electrons.
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4 Quantum Mechanics of Atoms

4-59. What is the full electron configuration in the ground state for
elements with Z equal to (a) 27, (b) 36, (c) 387 [Hint: See Appendix C.]

SOLUTION. (a) For Z = 27 we start with hydrogen and fill the levels
as indicated in the periodic table:

152 25% 2p° 352 3p% 3d" 452

Note that the 4s2 level is filled before the 3d level is completed.
(b) For Z = 36 we have

152252 2p% 352 3p% 3d1° 452 4p°.
(c) For Z = 38 we have
152252 2p% 352 3p8 3d'0 452 4p8 552,

Note that the 5s? level is filled before the 4d level is started.

4—60. What are the largest and smallest possible values for the angular
momentum L of an electron in the n = 5 shell?

SOLUTION. The value of ¢ can range from 0 to n — 1. Thus for n = 5,
we have £ = 4. The largest magnitude of L is

L = hJe(l+1)=(1.055x1073* J-s)\/(4)(4 + 1)
= 4.72x 1073 kg-m?/s.

The smallest value of L is 0.

4-61. Estimate (a) the quantum number ¢ for the orbital angular
momentum of the Earth about the Sun, and (b) the number of possible
orientations for the plane of Earth’s orbit.

SoLUTION. (a) We find the quantum number for the orbital angular
momentum from

Mearin 27 R?
L = MearenvR = % = I+ 1);

(5.98x10%* kg)2m(1.50x 10 m)?
(3.16x107 s)

= (1.055x1073* J-s)\/£(£ + 1),

which gives £ = 2.5 x 1074,
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(b) The value of my, can range from —¢ to +¢, or 2¢ + 1 values, so the
number of orientations is

N=20+1=2(25x10™)4+1=5.0x 107,

4-62. Use the Bohr theory (especially Eq. 2.11) to show that the
Moseley plot (Fig. 4.6) can be written

A2 = a(Z —b),

where b =~ 1, and evaluate a.
SOLUTION. The wavelength of the photon emitted for the transition
from n’ to n is

1_Z%kee'me (1 1 — R, 7> 11y

A 4drh3c n? n/? n2 n?
The K, line is from the n’ = 2 to n = 1 transition, and the other n =1
electron shields the nucleus, so the effective Z is Z — 1:

1 , (1 1 (1 1 3 )

Thus we have
1 3R
— =(Z -1/ ——,
7S
which is the equation of a straight line, as in the Moseley plot, with b = 1.
The value of a is

0= /3 Ro = /3(1.0974 x 107 m~") = 2869 m™ /2.

4—63. Determine the most probable distance from the nucleus of an
electron in the n = 2, ¢ = 0 state of hydrogen.
SOLUTION. The n = 2, £ = 0 wave function is

1
Y200 = ——= (2 - T) e /2B,
\V/32mr, B
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4 Quantum Mechanics of Atoms

The radial probability density is

r? r\°
P.(r) = 4mr? 2o (2——) /e
) = dmrluol? = £y (2 1)
To find the most probable distance from the nucleus, we find the maxima
by setting the first derivative equal to zero. If we change variable to

x =r/rg, we have

1
P.(z) = %x2(2 — )% ",

If we suppress the constant in front, the derivative is

dP,
dzx

= 22(2—2)%e* —22%(2 —x)e " — 222 —x)%e "
= 2(2-2)(2® —6x +4)e " =0.

Thus we have
z=0,

which is the minimum at r = 0;
2—z=0.
Because this is a factor in 1), this is the other minimum at z = 2.
2?2 —6x+4=0,

with solutions = = 0.76, 5.24. These correspond to the two peaks in the
distribution. The highest peak is the most probable distance:

r=05.24rp.

4—64. In the so-called vector model of the atom, space quantization
of angular momentum (Fig. 4.1) is illustrated as shown in Fig. 4.9. The
angular momentum vector of magnitude L = hiy/¢(¢ + 1) is thought of as
precessing around the z axis (like a spinning top or gyroscope) in such a
way that the z component of angular momentum, L, = myh, also stays
constant. Calculate the possible values for the angle 6§ between L and
the z axis (a) for £ = 1, (b) £ = 2, and (c) £ = 3. (d) Determine the
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4.8 General problems

Figure 4.9. Problems 4-64 and 4-65. The vector model for orbital angular
momentum. The orbital momentum vector L is imagined to precess about the
z axis; L and L, remain constant, but L, and L, continually change.

minimum value of @ for £ = 100 and ¢ = 10°. Is this consistent with the
correspondence principle?
SOLUTION. The magnitude of the angular momentum is given by

L=h/l+1),
and the z-component is given by
L, =myh.
Thus the angle between L and the z-axis is given by

Lz meh my
cosf = — =

L~ Jit+O)h Jit+1)

For each ¢ the value of m, can range from —/ to +¥, so there are 2¢ + 1
values for 6.
(a) For £ = 1 the magnitude of L is

L=h/(1)(1+1) =V2h
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4 Quantum Mechanics of Atoms

The angles for the 3 values of my are

cosf 3 = %:1%7 or 6, = 45°, 5 = 135°;
costly = %:O, or B = 90°.

Thus the possible values for £ = 1 are 45°, 90°, 135°.
(b) For ¢ = 2 the magnitude of L is

L=n1/(2)(2+1) =V6h

The angles for the 5 values of my are

cosly 5 = %:i 2, orf =35.3° 05 =144.7°
cosly 4 = %:j: &, orf=65.9° 6y =114.1%
cosfls = %:0, or #3 = 90°.

Thus the possible values for £ = 2 are 35.3°, 65.9°, 90°, 114.1°, 144.7°.
(¢) For ¢ = 3 the magnitude of L is

L=m/(3)(3+1) = V12h

The angles for the 7 values of my are

cost ; = j—%:i 3, or 6; = 30.0°, 67 = 150.0°;

cosby g = j—l% =4 %, or O = 54.7°, 0 = 125.3°;

cosfly 5 = %:i,/ﬁ7 or B3 = 73.2°, 65 = 106. 8°;
cosfy = \/%:0 or 04 = 90°.

Thus the possible values for £ = 3 are 30.0°, 54.7°, 73.2°, 90°, 106. 8°,
125.3°, 150.0°.
(d) The minimum value of 6 has the largest value of m,. For £ = 100,

we have 100
€08 Opmin = =0.995,
(100)(100 + 1)
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or

Opmin = 5. 71°.
For ¢ = 10%, we have
106 B 1
V(A09)(105 +1) V14106
~ 1-1(1075) = 0.9999995,

cosOpin =

or

Omin = 0.0573°.

This is consistent with the correspondence principle; L could align with
the z-axis when n — oo.

4-65. The vector model (Problem 4-64) gives some insight into the
uncertainty principle for angular momentum, which is

AL Ap> ¢
for the z component. Here ¢ is the angular position measured in the plane
perpendicular to the z axis. Once my for an atom is known, L, is known
precisely, so AL, = 0. (a) What does this tell us about ¢? (b) What
can you say about L, and L,, which are not quantized (only L and L,
are)? (c) Show that although L, and L, are not quantized, nonetheless

/L2 4 L2 = hy et +1) —m3 is.

SOLUTION. (a) From AL, Ay > /2, we see that if AL, =0, Ap —
0o. Thus the angle ¢ is unknown.

(b) If  is unknown, then the direction of the component of L perpen-

dicular to the z-axis is unknown, so L, and L, are unknown.
(c) From L? = L2 + L2 + L2, we have

((0+1)h* = L3 + L +mjh®,

or

I+ L2 = A0+ 1) —m?.

4-66. Show that the diffractive angular spread of a laser beam, ~ \/a,
is precisely what you might expect from the uncertainty principle. [Hint:
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Since the beam’s width is constrained by the dimension of the aperture a,
the component of the light’s momentum perpendicular to the laser axis is
uncertain.]

SOLUTION. We find the uncertainty in the momentum component per-
pendicular to the motion, when the width of the beam is constrained to a
dimension a:

h h
Ap, > —— = —.
Py Z 9Ny T 2a
The half angle of the beam is given by the direction of the velocity (or
momentum):
sinf = 2.
p
We assume that the angle is small: sinf = 6, and we take the minimum
uncertainty to be the perpendicular momentum, so we have

Py _ (B/2a) A

~ — = -

p  (27R/N)  4ma’

The angular spread is
20 ~ A ~ é
2ma  a
4-67. Silver atoms (spin = %) are placed in a 1.0-T magnetic field
which splits the ground state into two close levels. (a) What is the differ-
ence in energy between these two levels, and (b) what wavelength photon
could cause a transition from the lower level to the upper one? (c) How
would your answer differ if the atoms were hydrogen?

SOLUTION. (a) The additional energy term in a magnetic field is
U=—-usB=—gupmsB.
Thus the separation of energy levels is
AU = AmggupB = (2 —(-1))(2.0023)(9.27 x 1072* J/T)(1.0 T)
= 19%x107® J=1.2x10""eV.
(b) We find the wavelength from

1.24 x10° eV-nm _ 1.24 x 10° eV -nm
AU T 1.2x 1074 eV
1.07x 10" nm = 1.1 cm.

A =
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(¢) From the periodic table we see that the participating electron is
in the 5s' state. Thus the splitting for both atoms is of a single s-state
electron, so there will be no difference.

4—68. Estimate the angular spread of a laser beam due to diffraction
if the beam emerges through a 4.0-mm diameter mirror. Assume that
A = 694 nm. What would be the diameter of this beam if it struck (a) a
satellite 1000 km above the Earth, or (b) the Moon?

SoLUTION. We find the angular half width of the beam from

_ 122X 1.22(694 x 107 m)

A =
b d 4.0x 1073 m

=2.1x10"% rad,

so the angular spread is § = 4.2 x 10~ rad.
(a) The diameter of the beam when it reaches the satellite is

D =70 = (1000 x 10*> m)(4.2 x 10~* rad) = 4.2 x 10? m.
(b) The diameter of the beam when it reaches the Moon is
D =7r0=(3.84 x 10° m)(4.2 x 107* rad) = 1.6 x 10° m = 160 km.

4-69. Populations in the H atom. Use the Boltzmann factor (Eq. 4.16)
to estimate the fraction of H atoms in the n = 2 and n = 3 levels (relative
to the ground state) for thermal equilibrium at (a) 7= 300 K and (b) T' =
6000 K. [Note: Since there are eight states with n = 2 and only two with
n = 1, multiply your result for n = 2 by % = 4; do similarly for n = 3/]
(¢) Given 1.0 g of hydrogen, estimate the number of atoms in each state
at T = 6000 K. (d) Estimate the number of n =3 ton =1 and n =2 to
n = 1 photons that will be emitted per second at T' = 6000 K. Assume
that the lifetime of each excited state is 1078 s.

SOLUTION. (a) Because the Boltzmann factor compares two single
energy levels, to find the fraction in the 8 n = 2 levels relative to the 2
n = 1 levels, we multiply by %:

& _ §6—AE/kBT
Ny 2

. ((—3.4 eV) — (~13.6 eV)) (1.60 x 1012 J/eV)
P (‘ (1.38 x 10-23 J/K)(300 K) )

= 3x107
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The n = 3 level has £ = 0,1, 2, so the number of states is 2 + 6 + 10 = 18.
Thus we have

N3 18 _ap/keT

N
— gex _((=L.5eV) = (=13.6 eV)) (1.60 x 107 J/eV)
- P (1.38 x 10-23 J/K)(300 K)

= 7x1072%3,
(b) At the new temperature we have
Ny §6—AE/kBT
Ny 2

. ((=3.4 eV) — (=13.6 eV)) (1.60 x 101° J/eV)
e <_ (1.38 x 1023 J/K)(6000 K) )

= 1.1x1078

N3 LSG—AE/kBT

N1 2

e (_((—1.5 eV) — (—13.6 eV)) (1.60 x 1019 J/eV))
(1.38 x 10-23 J/K)(6 000 K)

= 6.3x 107",
(c¢) We find the number of hydrogen atoms in 1.0 g from
(1.0 g)(6.02 x 10** atoms/mol)

N = 1.0 g/mol =6.02 x 10%* atoms.
Because the fraction in the excited states is very small, we use this for Ny:
Ny = (1.1x107%)(6.02 x 10?%) = 6.6 x 10'5;

N3 = (6.3 x107')(6.02 x 10?*) = 3.8 x 10**.

(d) If the lifetime of the excited state is 1078 s, the rate at which
photons are emitted is

Ny 6.6x 1015

ny = e e ~7x10% photons/s;
N- 3.8 x 104
ny = ?‘3 = ﬁ ~ 4 x 10*? photons/s.
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4-70. A very simple model of a “one-dimensional” metal consists of
N electrons confined to a rigid box of width L. We neglect the Coulomb
interaction between the electrons (this is called the “independent electron
model” and does remarkably well in predicting many properties of real
metals). The Fermi energy of a metal is the energy of the most energetic
electron when the metal is in its ground state (7" = 0 K). (a) Calculate
the Fermi energy for this one-dimensional metal, taking into account the
Pauli exclusion principle. You can assume for simplicity that N is even.
(b) What is the smallest amount of energy that this metal can absorb?
Consider the limit of your answer for large N. (The relatively small value
you should obtain is indicative of how metals can readily conduct).

SOLUTION. (a) The energy levels for a rigid box are given by

n2mw2h2
" omL?

There are two electrons in each level, corresponding to the two different
spin states. With IV electrons, the quantum number of the highest filled

state is
N

5.
At T = 0 K, the highest energy of an electron in the ground state is the
energy of the highest filled state:

Nhighest =

N272h?

Bp—=—" "
P "8mL?

(b) The smallest energy absorption will raise an electron to the next
unfilled state:

(V72 -+ 1) = (2)?) mon
AE = Enhighest+1 - Enhighest = 2mL?2
(N +1)n2h? _ N7?h?  4Ep
omL2  2mL?2 N

4—71. If the principal quantum number n were limited to the range
from 1 to 6, how many elements would we find in nature?
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SoLUTION. Each shell with quantum number n can contain 2n? elec-
trons. Thus the maximum number of electrons in the shells from n =1 to
n==6Iis

6
N = Z 2n? = Qén(n +1)2n+1) = é(G)(6 +1)(12+1) = 182.

n=1

Because each electron corresponds to one proton in an atom, there would
be a maximum of 182 elements.

4-72. It is possible for atoms to be excited into states with very
high values of the principal quantum number. Electrons in these so-called
Rydberg states have very small ionization energies and huge orbital radii.
This makes them particularly sensitive to external perturbation, as would
be the case if the atom were in an electric field. Consider the n = 50 state
of the hydrogen atom. Determine the binding energy, the radius of the
orbit, and the effective cross sectional area of this Rydberg state.

SOLUTION. The binding energy of the state is

_13.6eV _ 13.6 eV

B, = = =5.4%x107" eV.
2 (50)2 e

The radius of the orbit is
r=n?rg = (50)%(0.529 x 107 m) = 1.32 x 1077 m.
The effective cross-section is
oc=nar’=7(1.32x 107" m)* = 5.5 x 107 m?.

4-73. In the analytical technique known as electron spin resonance
(ESR), materials with atoms having one or more unpaired electrons are
placed in a variable magnetic field plus a constant radio frequency (RF)
electric field. The magnetic field splits the energy of the unpaired electrons
according to the two possible spin orientations. If the splitting is the same
as the photon energy which is available from the RF radiation, a resonant
absorption takes place. This can be detected, and is a measure of the
g-factor of the electrons in those atoms. The g-factor for molecules and
solids can be different than for electrons in atoms, due to the chemical
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interactions in the material. Therefore, ESR provides a fingerprint of the
system. In a particular ESR experiment, the RF radiation has a fixed
wavelength of 2.0 cm. As the magnetic field is varied, a resonance is
observed at 0.476 T. What is the g-factor for the unpaired electrons in the
sample?

SOLUTION. The additional energy term in a magnetic field is

U= —psB=—gupmsB.

For resonance the separation of energy levels is the energy in the photon:

2mh
2nhf = T;C = AmsgupB;

1.24 x 10® eV - nm

(2.0 cm)(107 nm/cm)
X (1.60 x 1071 J/eV) = (L —(=1))g

x (9.27 x 1072* J/T)(0.476 T),

which gives g = 2. 25.
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5 Molecules and Solids

5.1 Review

Quantum mechanics explains the bonding together of atoms to form
molecules. In a covalent bond, the electron clouds of two or more atoms
overlap because of constructive interference between the electron waves.
The positive nuclei are attracted to this concentration of negative charge
between them, forming the bond. An idonic bond is extreme case of a
covalent bond in which one or more electrons from one atom spend much
more time around the other atom than around their own. The atoms
then act as oppositely charged ions that attract each other, forming the
bond. These strong bonds hold molecules together, and also hold atoms
and molecules together in solids.

One description of the potential energy of a diatomic molecule is given
by the Morse potential,

U(r)y=D (6720‘(7”77’0)/7“0 — 2670‘(7“7”))/”)) (5.1)

where r is the separation of the atoms. The function U(r) contains two
parameters D and « that are determined from experiments. For instance,
for the Hs molecule D = 4.74744 eV, o« = 1.440. There is an optimal
separation of the atoms, rg in Fig. 5.1, at which the energy is lowest.
This is the point of greatest stability for the hydrogen molecule, and rg
is the average separation of atoms in the Hs molecule. The bottom of
the potential-energy curve is the binding energy. For the Hy molecule, the
binding energy is ~ 4.75 eV, and ry = 0.074 nm.

Example 5—1. In the potassium iodide molecule, assume that the K
and I atoms are bond ionically by the transfer of one electron from K to
I. (a) The ionization energy for K is 4.34 eV, and the electron affinity of
Iis 3.06 eV. What energy is needed to transfer an electron from K to I,
to form KT and I~ ions from neutral atoms? This is sometimes called the
activation energy E,. (b) A model potential-energy function for the KI
molecule is the Lennard—Jones potential:

U(r) = 4¢ <(j)12 - (:)6) +E, (5.2)
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Figure 5.1. Potential-energy for H> molecule and for a simple harmonic oscillator

(Usno = %ka, with © =7 — ro).

where o and ¢ are adjustable parameters. The E, term is added to ensure
the correct asymptotic behavior at large r. At the equilibrium separation

distance, r = 19 = 0.305 nm, U(r) is a minimum. Now U(rg) is the
negative of the dissociation energy: U(rg) = —3.37 eV. Evaluate o and e.

(c) Calculate the force needed to break up a KI molecule.

SOLUTION. (a) We add the reactions

K+4.34eV — Kt4e™

I+e” — I +3.06eV
to obtain

K+1+(4.34-3.06) - KT +1".
The activation energy is 1.28 eV.
(b) Here is the derivative:
aUu  4e

dr_o<_12 (i)w%(i)?)'
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At r = rg we have dU/dr = 0. Hence

g13_1 g7
To _2 To ’

so o = 271/6(0.305) nm = 0.272 nm. Then also

12

9-1/6 9—1/6,. \ ©
U(ro) = 46(( TOTO) —( TOTO) + E,
1 1
= de(-—Z)+E.=—c+E,
s<4 2)+ €+

whence
e=FE,—U(rg) =1.28eV 4+ 3.37 eV =4.65 eV.

A potential-energy diagram for the KI ionic bond is shown in Fig. 5.2,
where we have set U = 0 for free K and I neutral atoms. It takes 4.65 eV
to break the KI bond and form the KT and I~ ions. The energy to separate
the KI into K and I atoms (the binding energy) is 3.37 eV.

(c) The force is given by the equation

rio-4 - (12(2)" -0 %))

To find the maximum force we calculate

o (e (3)(2)) o

whence
o 42\ /¢
rrupture - (156> '
Hence
 4(4.65 eV) 42\ 1/ 42\
Enax - m (12 (156) — 6 ﬁ = 741.0 eV/nm
(1.6 x 10719 N - m)
= —(41.0) (109 m) = —6.55 nN.
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Figure 5.2. Potential-energy diagram for the KI bond.

Therefore the applied force required to rupture the molecule is 6.55 nN
away from the center.

Also important are weak bonds (or van der Waals bonds), which are
generally dipole attractions between molecules. For example, Fig. 5.3
shows two molecules, which have permanent dipole moments, attracting
one another.

Example 5—-2. The DNA molecule consists of two intertwined lin-
ear chains. Sticking out from each monomer (link in the chain) is one of
four bases (nucleotides): adenine (A), guanine (G), thymine (T), or cyto-
sine(C). In the double helix, each base from one strand bonds to a base in
the other strand. The correct matches, A-T and G—-C, are more tightly
bound than are the improper matches. Calculate the interaction energy
between the C=0 dipole of thymine and the H—N dipole of adenine, as-
suming that the two dipoles are lined up as shown in Fig. 5.3. Dipole
moment measurements give gg = —qgn = 0.19¢ = 3.0 x 1072° C, and
gc =—qo =0.42e = 6.7 x 10720 C.

SoLUTION. The interaction energy will be equal to the potential energy
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Figure 5.3. The CT—O~ and H"—N~ dipoles attract each other. These dipoles
may be part of larger molecules.

of one dipole in the presence of the other, since this will be equal to the
work needed to pull the two dipoles infinitely far apart. U will consist of
four terms:

U =Ucu + Ucx + Uon + Uon,

where Ucy means the potential energy of C in the presence of H, and
similarly for the other terms. We do not have terms corresponding to C
and O, or N and H, because the two dipoles are assumed to be stable
entities (the bonds C=0 and H—N remain intact). The potential energy
for two point charges is

142
Uy = ke L2
T

where r is the distance between them. So,

U=k (chH L deax | dodn | qoqN)
rcH TCN TOH TON

Using the distances shown in Fig. 5.3, we get:
(6.7)(3.0) . (6.7)(—3.0) n (—6.7)(3.0)
0.31 0.41 0.19
(—6.7)(=3.0)\ (10720 ©)2
0.29 ) 1079 m
= —1.82x107%* J=-0.11eV.

U

(9 x 10° N -m?/C) (

The potential energy is negative, meaning 0.11 eV of work (or energy
input) is required to separate the molecules. That is, the binding energy
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of this “weak” or hydrogen bond is 0.11 eV. This is only an estimate, of
course, since other charges in the vicinity would have an influence too.

When atoms combine to form molecules, the energy levels of the outer
electrons are altered because they now interact with each other. Additional
energy levels also become possible because the atoms can vibrate with
respect to each other, and the molecule as a whole can rotate. The energy
levels for both vibrational and rotational motion are quantized, and are
very close together (typically, 10~! eV to 1073 eV apart). Each atomic
energy level thus becomes a set of closely spaced levels corresponding to the
vibrational and rotational motions. Transitions from one level to another
appear as many very closely spaced lines. The resulting spectra are called
band spectra.

The quantized rotational energy levels are given by

h2
Erot:L(L—kl)ﬁ, L=0,1,2 ---, (5.3)

where I is the moment of inertia of the molecule.

Example 5-3. Show that the moment of inertia of a diatomic mole-
cule rotating about its center of mass can be written

I = pr?, (5.4)

where
mims

mi + mo

is the reduced mass, and r is the distance between the atoms.

SOLUTION. The moment of inertia of a single particle of mass m a
distance r from the rotation axis is I = mr2. Hence for our diatomic
molecule (Fig. 5.4)

2 2
I = mqr] + mars.

Now r = r1 4+ r9 and myir; = meors because the axis of rotation passes

through the center of mass. Hence

miri
M =7 —To=7T7T— ;
ma

SO
r moT
ry = = .
! 1+(m1/m2) mi + mo

227



5 Molecules and Solids

Rotation __:
axis f

Figure 5.4. Diatomic molecule rotating about a vertical axis.

Similarly,
mar
Ty = ———————.
mi 4+ mo
Then
2 2
mar mir myma(my + mg)r?
I = m|——— ) +mo = 3
mi + mo mi + mo (m1 + mg)
mimsz
= ——r?=uw?
mi + mo
where
mimsa
b=
mi + mo

which is what we wished to show.

Transitions between rotational energy levels are subject to the selec-
tion rule: AL = +1. The energy of a photon emitted or absorbed for
a transition between rotational states with angular momentum quantum
number L and L — 1 will be

2
ABpoy = By — By q = # (5.5)

Example 5—4. A rotational transition L = 1 to L = 0 for the molecule
CO has a measured absorption wavelength A = 2.60 mm (microwave re-
gion). Use this to calculate (a) the moment of inertia of the CO molecule,
and (b) the CO bond length, r. (c) Calculate the wavelengths of the next
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three rotational transitions, and the energies of the photon emitted for
each of these four transitions.
SOLUTION. (a) From Eq. 5.5, we can write

L 2he
— =AFE=2 = .
Vi whf N
With L =1 (the upper state) in this case, we solve for I:
;o hL \o= P (1,055 x 1073 J - $)(2.60 x 10~ m)
" 27he ' 21 27(3.00 x 10° m/s)

= 1.46 x 10746 kg - m?.

(b) The masses of C and O are 12.0 and 16.0 u, respectively, where
1u=1.66 x 10727 kg. Thus the reduced mass is

r= mi + mo B 28.0
= 6.86 u.

(1.66 x 10727 kg) = 1.14 x 1072¢ kg

Then, from Eq. 5.4, the bond length is

1.46 x 10746 kg - m? 10
= =1.13x 10~ =0.11 .
r= \/7 \/ 114 x 10-2 kg 3x107" m=0.113 nm

) From Eq. 5.5, AE o< L. Hence A =c¢/f = Qth/AE is proportional
to L 1. Thus, for L = 2 to L = 1 transitions, Ay = ,)\1 = 1.30 mm.
ForLzStoL:2,)\3:%)\2:0.87mm. AndforL:4toL:3,
Ay = 0.65 mm. All are close to measured values. The energies of the
photons, 27hf = 2whc/), are respectively 4.8 x 107% eV, 9.5 x 107% eV,
1.4 x 1073 eV, and 1.9 x 1073 eV.
The energy levels for vibrational motion are given by

Egp, = 2m(v + 3RS, v=0,1,2 ..., (5.6)
where f is the classical natural frequency of vibration for the molecule:

1 |k

I=5:\u (5.7)
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Transitions between energy levels are subject to the selection rule Av =
+1, so allowed transitions occur only between adjacent states and all give
off photons of energy

AEvib = 27Thf (58)

Example 5-5. (a) Use Eq. 5.1 to estimate the value of the stiffness
constant & for the Hy molecule, and then (b) estimate the fundamental
wavelength for vibrational transitions.

SOLUTION. (a) We set r = ro + « where z/rg < 1, and expand U(r)
in powers of x/rg up to second-order terms:

U(r)=D (—1 + (M)2> =D+ § ka?.

To

This yields

a2
Eo- 2D<)
To

2(4.747 eV)(1.6 x 107 J/eV) (

1.440 2
0.074 x 10~° m

— 575 N/m.

This value of k£ would also be reasonable for a macroscopic spring.
(b) The reduced mass is

1
= % = % = 5(1.0u)(1.66 x 107" kg) = 0.83 x 10" kg.

Hence, using Eq. 5.7,

0.83 x 10—27 k
A= % = QWC\/Q = 271'(30 X 108 m/s)\/f)';;l\f/rng = 2264 nm,

which is in the infrared region of the spectrum.
Example 5-6. Given that the hydrogen molecule emits infrared radi-
ation of wavelength around 2300 nm, (a) what is the separation in energy
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between different vibrational levels, and (b) what is the lowest vibrational
energy state?
SOLUTION.

(a) AEp, = 2nhf= 27;%

~ (6.63x 1073 J-)(3.00 x 10° m/s) 0.54 oV
(2300 x 1079 m)(1.60 x 10-19 J/eV) '

(b) The lowest vibrational energy has v = 0 in Eq. 5.6:
E = $27hf =0.27 eV.

A transition from a state with quantum numbers v and L, to one with
quantum numbers v + 1 and L £+ 1 (see the selection rules above), will
absorb a photon of energy:

AE - AEvib + A-Erot
2
27Tﬁf—|—(L+1)h— foorL—-L+1, L=0,1,2,---
= ;2 I (5.9)
27rhf—L7 forL—-L—-1, L=1,2,3,---,

where we have used Egs. 5.5 and 5.8. Equations 5.9 predict an absorption
spectrum like that shown in Fig. 5.5, with transitions L — L — 1 on the
left and L — L + 1 on the right.

Example 5-7. Estimate the moment of inertia of the HCl molecule
using the absorption spectrum shown in Fig. 5.5. For the purpose of a
rough estimate you can ignore the difference between the two isotopes.

SOLUTION. The locations of peaks in Fig. 5.5 should correspond to
Egs. 5.9. We don’t know what value of L each peak corresponds to in
Fig. 5.5, but we can estimate the energy difference between peaks to be
about AE’ = 0.0025 e¢V. Then from Egs. 5.9, the energy difference between
two peaks is given by

h2
AE' = AEp —ABL = —.

Then
K2 (6.626 x 10734 J - s/2m)?

I= = =2.8x 107" kg - m?.
AE  (0.0025 eV)(1.6 x 10-19 J/eV) . & m
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L—~L-1 L—~L+1
(AL=—-1) (AL=+1)

Relative absorption

Il ! 1 Il 1 Il 1 Il ! 1

0.33 0.34 0.35 0.36 0.37  0.38
Energy (eV)

Figure 5.5. Absorption spectrum for HCI molecules. Each line has a double
peak because chlorine has two isotopes of different mass and different moment
of inertia.

If we use the results of Example 5-3, we can get a better idea of what this
number means. We write I = pur? and calculate p:

1.0 u)(35
§= mTler;Q _ | ;G)(H W (1.6 x 102" kg/u) = 1.6 x 1027 k.

Then the bond length is given by (Eq. 5.4)

1/2 —47 o 2\ 1/2
po (L) o (28210 ke m =1.3x10"0 m,
L 1.6 x 10-27 kg

which is the expected order of magnitude for a bond length.

Some solids are bound together by covalent and ionic bonds, just as
molecules are. The potential energy of an ion in a crystal can be written
2

e B
U=—-ake—+ — (5.10)
r

/rffL

where r is the separation distance between neighboring ions, and «, called
the Madelung constant, depends on the geometry of the crystal.
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In metals, the electrostatic force between free electrons and positive
ions helps form the metallic bond.

In the free-electron theory of metals, electrons occupy the possible en-
ergy states according to the exclusion principle. Quantity g(E) is the den-
sity of states, such that g(E)dFE is the number of states per unit volume
with energy between E and F + dE):

™

1 [2m)\*?
g(E):22(h2> EY?, (5.11)

Example 5-8. Estimate the number of states in the range 5.0 to
5.5 eV available to electrons in a 1.0-cm cube of copper metal.

SOLUTION. Since g(E) is the number of states per unit volume per unit
energy interval, the number N of states is approximately (it is approximate
because AE is not small)

N ~ g(E)V AE,

where the volume V' = 1.0 cm® = 1.0 x 1075 m? and AE = 0.50 eV. We
evaluate g(E) at 5.25 eV, and find (Eq. 5.11):

N =~ g¢(E)VAE

1 209.1x10% kg) \Y?
272 \((1.055 x 10734 J - 5)2
x ((5.25 eV)(1.6 x 107" J/eV))
x (1.0 x 107% m3)(0. 50 eV)(1.6 x 107 J/eV)
~ 8x10%

1/2

in 1.0 cm®. Note that the type of metal did not enter the calculation.

At T = 0 K, all possible states are filled up to a maximum energy level
called the Fermi energy, Fr, the magnitude of which is typically a few eV.
To determine Ey, we integrate Eq. 5.11 from £ =0 to F = FEp:

Er
g:/o 9(E) dE, (5.12)
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where N/V is the number of conduction electrons per unit volume in the
metal. Then, solving for Fg, the result (see Example 5-9) is

B2 (3m2N\ %P

The average energy in this distribution (see Problem 5-31) is
E = 3Ep. (5.14)

All states above Eg are vacant at T = 0 K. At normal temperatures
(300 K) the distribution of occupied states is only slightly altered and is
given by the Fermi-Dirac probability function (or Fermi factor)

1

f<E) = e(E—Er)/ksT 4 1° (515)

The density of occupied states, no is the product of the density of possible
states, g(E), and the probability that those states will be occupied, f(E):

1 <2m>3/2 VE

no(E) =g(E)f(E) = (5.16)

272 \ h2 e(E—Er)/ksT 4 1°

Example 5-9. For the metal copper, determine (a) the Fermi energy,
(b) the average energy of electrons, and (c) the speed of electrons at the
Fermi level (this is called Fermi speed).

SOLUTION. (a) We combine Egs. 5.11 and 5.12:

N 2m Ny e 1 (2m\ Y2
Vo o2r2 \ R2 0 2712 \ h2 37F
Solving for Er, we obtain

2 2 2/3
Ep = i 31N 7
2m Vv

and this is Eq. 5.13.
If we assume there is one free electron per atom, then the density of free
electrons, N/V | would be the same as the density of Cu atoms. The atomic
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mass of Cu is 63.5 u, so 63.5 g of Cu contains one mole or 6.02 x 10%
free electrons. The mass density of copper is p = 8.9 x 103 kg/m3, where
p = m/V. So the number of conduction electrons per unit volume in
copper is

N N (1 mole)
(m/p) - m(1 mole) P
6.02 x 10%2 electrons
- ( 63.5 x 103 kg
= 84x10®m3

<l=

> (8.9 x 10% kg/m"”)

Hence for copper

(1.055 x 10734 J-s)% 08 _3\\2/3
Br = 372(8.4 x 10
F 2(9.1 x 1031 kg) (37%(8.4 < 107 m™%)
1
X
1.6 x 1019 J/eV

= T.0eV.

(b) From Eq. 5.14, E = 2Ep = 4.2 eV.
(¢) In our model, we took U = 0 inside the metal, so E = kinetic energy
= %va. Therefore, at the Fermi level, the Fermi speed is

/2 (7.0eV)(1.6 x 10719 J/eV) 6
= =1. 1
v = \/ 91><10 T kg 6 x 10° m/s,

a very high speed. The temperature of a classical gas would have to be
extremely high to produce an average particle speed this large.

In a crystalline solid, the possible energy states for electrons are ar-
ranged in bands. Within each band the levels are very close together,
but between the bands there may be forbidden energy gaps. Good con-
ductors are characterized by the highest occupied band (the conduction
band) being only partially full, so there are many accessible states avail-
able to electrons to move about and accelerate when a voltage is applied.
In a good insulator, the highest occupied energy band (the valence band)
is completely full, and there is a large energy gap (5 to 10 eV) to the
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next highest band, the conduction band. At room temperature, molecular
kinetic energy (thermal energy) available due to collisions is only about
0.04 eV so almost no electrons can jump from the valence conduction
band. In a semiconductor, the gap between valence and conduction bands
is much smaller, on the order of 1 eV, so a few electrons can make the tran-
sition from the essentially full valence band to the nearly empty conduction
band.

Example 5-10. It is found that the conductivity of a certain semi-
conductor increases when light of wavelength 345 nm or shorter strikes it,
suggesting that electrons are being promoted from the valence band to the
conduction band. What is the energy gap, E,, for this semiconductor?

SOLUTION. The longest wavelength, or lowest energy, photon to cause
an increase in conductivity has A = 345 nm, and it can transfer to an
electron an energy

2mhe  (6.63 x 19734 J-5)(3.00 x 10® m/s)

E. =92thf = = =3.6 eV.
e = 20 = T = (315 X 109 m)(1.60 x 10-1 J/eV) ¢

Example 5-11. Use the Fermi-Dirac probability function, Eq. 5.15,
to estimate the order of magnitude of the numbers of free electrons in
the conduction band of a solid containing 10?! atoms, assuming the solid
is at room temperature (T = 300 K) and is (a) a semiconductor with
E, ~1.1¢V, (b) an insulator with E; ~ 5 eV. Compare to a conductor.

SOLUTION. At T = 0, all states above the Fermi energy Er are empty,
and all those below are full. So for semiconductors and insulators we can
take Er to be about midway between the valence and conduction bands,
and it does not change significantly as we go to room temperature.

(a) For the semiconductor, the gap E; =~ 1.1 eV, so E— Ep ~ 0.55 eV
for the lowest states in the conduction band. Since at room temperature
we have kgT = 0.026 eV, then (F — Er)/kgT =~ 0.55 eV /0.026 eV = 21

and
1 1

_ ~ o~ -9
H(B) = T5= By it el

Thus about 1 atom in 10° can contribute an electron to the conductivity.
(b) For the insulator with E — Ep ~ 5.0 eV — £(5.0 eV) = 2.5 eV, we

get

L 1 —42
f(E) = €2:5/0.026 11 96 107
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Thus in an ordinary sample containing 10?! atoms, there would be no free
electrons in an insulator (102! x 10742 = 10721), about 102 (10%! x 107?)
free electrons in a semiconductor, and about 102! free electrons in a good
conductor.

Example 5-12. The energy gap for silicon is 1.14 eV at room tem-
perature while that of zinc sulfide (ZnS) is 3.6 eV. Which one of these is
opaque and which is transparent to visible light?

SOLUTION. Visible light photons span energies from roughly 1.8 eV to
3.2 eV (E = 2nhf = 2nhe/\, where A = 400 nm to 700 nm and 1 eV =
1.6 x 1072 J). Light is absorbed by the electrons in a material. Silicon’s
gap is small enough to absorb these photons, thus bumping electrons well
up into the conduction band, and so silicon is opaque. On the other hand,
zinc sulfide’s energy gap is too wide to absorb visible photons, and so the
light can pass through the material; it can be transparent.

In a doped semiconductor, a small percentage of impurity atoms with
five or three valence electrons replace a few of the normal silicon atoms
with their four valence electrons. A five-electron impurity produces an
n-type semiconductor with negative electrons as carriers of current. A
three-electron impurity produces a p-type semiconductor in which positive
holes carry the current. The energy level of impurity atoms lies slightly
below the conduction band in an n-type semiconductor, and acts as a
donor from which electrons readily pass into the conduction band. The
energy level of impurity atoms in a p-type semiconductor lies slightly above
the valence band and acts as an acceptor level, since electrons from the
valence band easily reach it, leaving holes behind to act as charge carriers.

A semiconductor diode consists of a p-n junction and allows current to
flow in one direction only. Simple theory for the current versus the bias
voltage across a p-n junction yields the equation

I=1 (eeV/kBT - 1) . (5.17)

Eq. 5.17 is valid for both positive and negative values of V'; note that V'
and I always have the same sign. In striking contrast to the symmetrical
behavior of resistors that obey Ohm’s law and give a straight line on an
I-V graph, a p-n junction conducts more readily in the direction from p
to n than the reverse. The current in a typical diode varies as shown in
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Fig. 5.6. As V becomes very negative, I approaches the value —I5. The
magnitude I is called the saturation current.

3F T T 15F T s
g
o o < 10+ 1
o £
X - 5t ]
- Tt - Is
-3k , h oL .
-0.1 -0.05 0 0.05 0 0.5
V (volts) V (volts)

Figure 5.6. Current through a diode as a function of applied voltage. Left:
reverse bias, right: forward bias. Note the different scales on the vertical axis
for the forward and reverse conditions.

Example 5-13. The diode whose current-voltage characteristics are
shown in Fig. 5.6 is connected in series with a 4. 0-V battery and a resistor.
If a current of 10 mA is to pass through the diode, what resistance must
the resistor have?

SOLUTION. In Fig. 5.6, we see that the voltage drop across the diode
is about 0.7 V when the current is 10 mA. Therefore, the voltage drop
across the resistor is 4.0 V—-0.7V=3.3V,so R=V/I = (3.3V)/(1.0x
1072 A) = 330 Q.

A p-n junction diode can be used as a rectifier to change ac to dc. A
simple rectifier circuit is shown in Fig. 5.7. This half-wave rectification is
not exactly dc, but it is unidirectional. More useful is a full-wave rectifier
circuit, which uses four diodes as shown in Fig. 5.8. At any given instant,
either one pair of diodes or the other will conduct current to the right.
The output voltage is positive for all half-cycles, and the root-mean-square
voltage is higher than it is for the half-wave rectifier.

A simple junction transistor consists of a crystal of one type of doped
semiconductor sandwiched between two crystals of the opposite type. Both
pnp and npn transistors are made. the three semiconductors are given the
names collector, base, and emitter. Consider an npn transistor connected
as shown in Fig. 5.9. The arrow is always placed on emitter and indicates
the direction of (conventional) current flow in normal operation. A voltage
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Diode p
o oa
AC o
source @
AC (A, I:IR’ Output
source ) R Output
e—-ob
b

Figure 5.7. A simple (half-wave) rec- Figure 5.8. Full-wave “bridge-type”
tifier circuit using a semiconductor rectifier. The capacitor C' helps to
diode. smooth out the current.

Vo is maintained between the collector and emitter by the battery Ec.
The voltage applied to the base is called the base bias voltage, Vpg. If
VBE is positive, conduction electrons in the emitter are attracted into the
base. Since the base region is very thin (perhaps 1 pm) most of these
electrons flow right across into the collector, which is maintained at a
positive voltage. A large current, I¢, flows between collector and emitter
and a much smaller current, Iz, through the base. A small variation in the
base voltage due to an input signal causes a large change in the collector
current and therefore a large change in the voltage drop across the output
resistor R¢. Hence transistor can amplify electrical signals and finds many
other uses.

Normally, a small ac signal is to be amplified. and when added to the
base bias voltage causes the voltage and current at the collector to vary
at the same rate but magnified. Thus what is important for amplification
is the change in collector current for a given input change in base current.
The current gain is defined as the ratio

Br="2 (5.18)
B
where ip and i¢ are the ac base current (input signal) and ac collector
current (output). Similarly, the voltage gain is

output (collector) ac voltage

By = (5.19)

input (base) ac voltage
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"C{
Rg fE >
Input Ve
signal Ve
o1

Figure 5.9. An npn transistor used as an amplifier.

A pnp transistor operates like an npn, except that holes move instead
of electrons. The collector voltage is negative, and so is the base voltage
in normal operation.

An integrated circuit consists of a tiny semiconductor crystal or “chip”
on which many transistors, diodes, resistors, and other circuit elements
have been constructed using careful placement of impurities.

5.2 Bonding in molecules. Potential-energy diagram.
Weak (van der Waals) bonds

5—1. Estimate the binding energy of a KCI molecule by calculating the
electrostatic potential energy when the K+ and Cl~ ions are at their stable
separation of 0.28 nm. Assume each has a charge of magnitude 1.0e.

SoLUTION. With the reference level at infinity, the binding energy of
the two ions is

e? 2.30 x 10728 J-m
Bindji =-U=ke— =
inding energy r 0.28 x 1079 m

= 821 x107¥ J=5.1eV.

5—2. Binding energies are often measured experimentally in kcal per
mole, and then the binding energy in eV per molecule is calculated from
that result. What is the conversion factor in going from kcal per mole to
eV per molecule? What is the binding energy of KCl (= 4.43 eV) in kcal
per mole?
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SOLUTION. We convert the units:

(1 kcal/mol)(4 186 J/kcal)
(6.02 x 1023 molecules/mol)(1.60 x 1019 J/eV)
= 0.0435 eV /molecule.

For KCI we have

1 kcal/mol =

1 keal /mol
0.0435 eV /molecule

5—3. The measured binding energy of KCl is 4.43 eV. From the result
of Problem 5-1, estimate the contribution to the binding energy of the
repelling electron clouds at the equilibrium distance rg = 0. 28 nm.

SOLUTION. With the repulsion of the electron clouds, the binding
energy is

(4.43 eV /molecule) = 10? kcal/mol.

Binding energy = —U — Ucjouds;
4.43eV = 5.1eV — Ucloud57

which gives Ucougs = 0.7 eV.

5—4. Estimate the binding energy of the Hy molecule, assuming the
two H nuclei are 0.074 nm apart and the two electrons spend 33 percent
of their time midway between them.

SOLUTION. When the electrons are midway between the protons, each
electron will have a potential energy due to the two protons:

U — _p (2)(0.33)e* (4)(0.33)(2.30 x 10728 J - m)
T TR T (0,074 x 1079 m)(1.60 x 1019 J/eV)
— —25.6eV.

The protons have a potential energy:

v oy 2.30 x 10728 J - m
P T TR T 0,074 x 1079 m)(1.60 x 10-19 J/eV)

= +19.4 €V.

When the bond breaks, each hydrogen atom will be in the ground state
with an energy E; = —13.6 eV. Thus the binding energy is

Binding energy = 2E; — (2Uqp + Upp)
2(—13.6 eV) — (2(—25.6 V) + 19.4 eV) = 4.6 oV.
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5—5. Apply qualitative reasoning to show why the molecule Hes is not
formed. Show also why the Hej molecular ion is formed (with a binding
energy of 3.1 eV at rg = 0.11 nm).

SOLUTION. The neutral He atom has two electrons in the ground

state, n = 1, [ = 0, my = 0. Thus the two electrons have opposite spins,
mg = j:%. If we try to form a covalent bond for the two atoms, we see that
an electron from one of the atoms will have the same quantum numbers
as one of the electrons on the other atom. From the exclusion principle,
this is not allowed, so the electrons cannot be shared.
We consider the Hej molecular ion to be formed from a neutral He atom
and an He™ ion. If the electron on the ion has a certain spin value, it is
possible for one of the electrons on the atom to have the opposite spin.
Thus the electron can be in the same spatial region as the electron on the
ion, so a bond can be formed.

5.3 Molecular spectra
5—6. Show that the quantity h?/I has units of energy.
SoLUTION. The units of h?/I are

(J-s)? J? J? J?

= = = — = J.
ke-m? (kg-m/s?)m N-m J

5-7. What is the reduced mass of the molecules (a) NaCl; (b) Ny;
(c) HCI?
SOLUTION. The reduced mass of the molecule is

mims

mi + mo ’
(a) Using data from the periodic table, for NaCl we have

a 22. . 452
[ MNaMCl :( 9898 u)(35.45 7u):13.941 "
mNa + maql 22.9898 u + 35.4527 u

(b) For Ny we have

14. 0067 u)(14. 0067
po N w)( W 70034 u.
mx +my  14.0067 u + 14.0067 u
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(¢) For HCI we have

1.00794 )(35. 4527
= mamar w( W _ 0.9801 .
mu +me 100794 u + 35.4527 u

5-8. The so-called “characteristic rotational energy,” h%/2I, for Ny is
2.48 x 10~* eV. Calculate the Ny bond length.
SOLUTION. The reduced mass of the Ny molecule is

MNMN (14.0067 u)(14.0067 u)

N = N +mn 14,0067 u + 14.0067 u "

We find the bond length from

h? h?
o ZMNTQ;
2.48x107% eV (1.055 x 10734 J - 5)2
0.625 x 1019 eV/J  2(7.0034 u)(1.66 x 10-27 kg/u)r2’

which gives 7 = 1.10 x 1071 m.

5-9. The fundamental vibration frequency for the CO molecule is
6.42 x 10'3 Hz. Determine (a) the reduced mass, and (b) the effective
value of the constant k. Compare to k for the Hs molecule.

SOLUTION. (a) The reduced mass of the CO molecule is

12.0 u)(16.0
po_memo _ (120w(16.0w) _ o o0
mc +mo 12.0 u+16.0 u

(b) We find the effective spring constant from

1k

fo= 5y
T\ u
1 k

6.42x 10" Hz = —
. z 27 \/ (6.86 w)(L. 66 x 10-27 kg/u)’

which gives k = 1.85 x 10®> N/m. This is 3.4 times the constant for Ha.
5-10. Explain why there is no transition for ¥ = 2xhf in Fig. 5.5.
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SOLUTION. The total energy change for the absorption or emission is
AE = AEVib + AErOt = 27Thf + AErOt'
If AE = 27nhf, we have AF,o; = 0. When L changes by AL, we get

AEy = g (L+AL)(L+AL+1)— L(L+1))

2

I
= 5; 2L+ 1+AL)AL

Thus AE,. = 0 requires AL = 0, which is a violation of the selection rule
AL = +1.

5-11. (a) Calculate the characteristic rotational energy, h?/2I, for the
O2 molecule whose bond length is 0.121 nm. (b) What are the energy and
wavelength of photons emitted in a L =2 to L = 1 transition?

ES * 5 C * 55
[ ; > [« r >
Figure 5.10. Problem 5-11. Figure 5.11. Problem 5-12.

SOLUTION. (a) The moment of inertia of Oy about its CM (Fig. 5.10)
is

r\2 1
=2 <7) — “mor?.
mo 9 2mo7“
We find the characteristic rotational energy from
hj B h? B (1.055 x 10734 J - 5)?
21  mor?  (16.0 u)(1.66 x 10=27 kg/u)(0.121 x 10=9 m)?2

= 2.86x1072 J=1.79x 107* eV.

(b) The rotational energy is
h2
Eiot = L(L + 1)5 .
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Thus the energy of the emitted photon from the L = 2 to L = 1 transition
is
h? h?
2ihf = ABe = (2)2+1) - ()(1+1) =4
= 4(1.79x 107* eV) =7.16 x 107* eV.

The wavelength is

orhe  1.24 x 103 eV -
€ _ Lme x 10 eVenm oo 106 im = 1.73 mm,

A= — — -
f2rhf T.16x 104 eV

5—12. The equilibrium separation of H atoms in the Hy molecule is
0.074 nm (Fig. 5.1). Calculate the energies and wavelengths of photons
for the rotational transitions (a) L=1to L =0, (b) L =2 to L =1, and
(¢)L=3to L =2.

SOLUTION. The moment of inertia of Hy about its CM (Fig. 5.11) is

2 2
I = 2my (g) ==

We find the characteristic rotational energy from

o (1.055 x 1034 J - 5)?

2 — mpr?  (1.67 x 10727 kg)(0.074 x 10~° m)?2
= 1.22x1072' J=7.61 x 1073 eV.

The rotational energy is
72
Eiot = L(L + 1)5.
Thus the energy of the emitted photon from the L to L — 1 transition is

h? h?
2 =AFot=(L)(L+1)—(L-1)(L)) — =2L—.
7S = A = (L)L +1) — (L~ 1)(L) o =200
(a) For the L =1 to L = 0 transition, we get
h? -3 -2
2nhf =207 = 2(1)(T.61 x 107 eV) = 1.52x 102 eV.
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The wavelength is

c 2mhe 1.24 x 103 eV - nm

- - —8.16 x 10* nm = 0.082 mm.
[ 2rhf T 52 %102y — 5 16> 10" nm =0.082 mm

)\ =

(b) For the L =2 to L =1 transition, we get
h2
2nhf =2Los = 2(2)(7.61 x 1072 eV) =3.04 x 1072 eV.

The wavelength is

¢ 2mhe  1.24 x 10% eV - nm
A=-— = 